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1 Preface

These are notes live-tex’d from a course in Morse Theory at the University of Georgia in Spring
2020, so any errors or inaccuracies are very likely my own. The first portion of this course was
taught by Akram Alishahi, and the latter by Weiwei Wu.

D. Zack Garza, March 18, 2020

2 Thursday January

Recall: For M™ a closed smooth manifold, consider a smooth map f : M" — R.
Definition 2.0.1 (Non-degenerate Critical Points).

o'f

$i8$j

A critical point p of f is non-degenerate iff det(H = (p)) # 0 in some coordinate system

U.

Proposition 2.1 (The Morse Lemma).
For any non-degenerate critical point p there exists a coordinate system around p such that

flar, e swn) = f0) = af —af = —ad b ook

A is called the index of f at p.

L J

Lemma 2.2 (Relating Index to Eigenvalues).
A is equal to the number of negative eigenvalues of H(p).
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2.1 Proof of Morse Lemma

Proof .
A change of coordinates sends H(p) — A"H(p)A, which (exercise) has the same number of
positive and negative values.

Exercise: show this assuming that A is invertible and not necessarily orthogonal. Use
the fact that A*H A is diagonalizable.
This means that f can be written as the quadratic form

-2 0 0 0 O
0 -2 0 00
0 0 0 0
0O 0 0 2 0
0O 0 0 0 2

2.1 Proof of Morse Lemma

Suppose that we have a coordinate chart U around p such that p— 0 € U and f(p) = 0.

2.1.1 Step 1

Claim 1.
There exists a coordinate system around p such that

fl@) =" wiwjhij(x),

ij=1

where h;j(x) = hji(x).

Proof .
Pick a convex neighborhood V of 0 € R".
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2.1 Proof of Morse Lemma

Restrict f to a path between x and 0, and by the FTC compute

ld oty
I:/O f(t:m,txfl; ,tTn) dt = f(z1, - ,2n) — f(0) = f(z1, -, Tn).

since f(0) = 0.
We can compute this in a second way,

Lof of of 16f
I=) 0™ T 02t e ‘T”dtjzx’/ (@)
N of of _ Ogq .99
We thus have f(z) = ;xlgz(x) where B, (0) =0, and B2, = @il D, I +gz+x26:ni + -4
Ogn
x”@xi'

When we plug x = 0 into this expression, the only term that doesn’t vanish is g;, and thus

0

8.;}; (0) = ¢:(0) and g;(0) = 0.

Applying the same result to g;, we obtain g;(x Z xjhij(x), and thus f(x Z gl
1,j=1

We still need to show h is symmetric. For every pair 4,j, there is a term of the form

hi; hji . )
Tl < g oo et JELylw) = W (i.e. symmetrize/average h), then f(z) =

2 THURSDAY JANUARY



2.1 Proof of Morse Lemma

n
Z zjz;H;j(x) and this shows claim 1.
ij=1

2.1.2 Step 2: Induction

Assume that in some coordinate system Uy,

Fp ) =2yl s £ 2yl 0+ > vy Hij(yn,  yn)-
1,j2>r

Note that H,(0) is given by the top-left block of H;;(0), which is thus looks like

Note that this block is symmetric.
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2.1 Proof of Morse Lemma

Claim 2 (1).
There exists a linear change of coordinates such that H,,(0) # 0.

D% f L[ of
he f: h = H;; H;;(0) =2H,;;(0), hus H;;(0) = = .
We can use the fact that 0z, (0) ;(0) + Hj;(0) ;(0), and thus H;;(0) 5 (81'2-8.%]')

Since H(0) is non-singular, we can find A such that A’H(0)A has nonzero rr entry, namely by
letting the first column of A be an eigenvector of H(0), then A = [v,---] and thus H(0)A = [Av, - -]
and A'Dv] = [A|v]?,---].

So

> wiyiHi(yn, - yn) = YrHee (W1, o yn) + D 20ye Hir (Y1, -+ 5 yn)

Lj2r i>r

- H’I’T(ylv'” 7yn) (yz +Z2y2yT‘HlT(yl7 Jyn)/H’/""(yh'” 7?/71))

i>r
n 2
= Hrr(yla te ayn)(<yr + ZyiHir(yla T 7yn)/Hrr(y17 T 7yn)>
i>r

SR (Hy Y/ Hy (V)

i>r

n
> Hy(V)Hjp(Y)/Hyp(Y))?
©,]>T

by completing the square.

Note that H,..(0) # 0 implies that H,.. # 0 in a neighborhood of zero as well.

Now define a change of coordinates ¢ : U — R" by

Yi iFT
z; = , .
’ \/Hrr(ylu T )yn) <yr + ZyzHZT(Y)/HTT(Y)> L=T

i>r

This means that

n
fl)==4224+- x£22 | +22+ Z zizjﬁ(zl, Cee L Zn)-
ij>r+1

Exercise: show that dy¢ is invertible, and by the inverse function theorem, conclude that there
is a neighborhood Us C U; of 0 on which ¢ is still invertible.

Corollary 2.3.
The nondegenerate critical points of a Morse function f are isolated.

2 THURSDAY JANUARY 7



Proof .
In some neighborhood around p, we have

f@)=fp) —oi = —aX+ ok -+,

0
/ = 2x;, and so
€T; ZT;

Thus

=0iff ;g =29=---=x, =0.

Corollary 2.4.
On a closed (compact) manifold M, a Morse function has only finitely many critical points.

We will need these facts to discuss the h-cobordism theorem. For a closed smooth manifold, OM = 0,
so M will define a cobordism @ — (.

Definition 2.4.1 (Morse Function).
Let W be a cobordism from My — M;. A Morse function is a smooth map f : W — [a, b]
such that

1. f'(a) = Mo and f~(b) = M,

2. All critical points of f are non-degenerate and contained in int(W) = W \ OW.

So f is equal to the endpoints only on the boundary.

Next time: existence of Morse functions. This is a fairly restrictive notion, but they are dense
in the C* topology on (?).

3 Tuesday January 14th

3.1 Existence of Morse Functions

Notation Let F(M;R) be the space of smooth functions from M to R with the C? topology.

Theorem 3.1 (Morse Functions Are Dense).
Morse functions form an open dense subset of F(M;R) in the C? topology.

Recall that the C? topology is defined by noting that F(M,R) is an abelian group under addition,
so we'll define open sets near the zero function and define open sets around f by translation. (Le.,
if N is an open neighborhood of 0, then N + f is an open neighborhood of f.)

So we’ll define a base of open sets around 0. Take a finite cover of M, say by coordinate systems
{U4}. Then let hy : U, — R™. Now (exercise) we can find a compact refinement C, C U, with
each C, compact and U Co = M. We can now define f, = foh,! forany f: M — R

[0

3 TUESDAY JANUARY 14TH 8



3.1 Existence of Morse Functions

Now for each § > 0, define

!J;af(p)! <46

N@)=4f:M—R| | <9
0 f.

a.ﬁial‘j

Vp € ha(Cq), Ya

Corollary 3.2.
[+ N(5) (for all §) is a basis for open neighborhoods around f.

Lemma 3.3.
This topology does not depend on the choice of {U,, ha}.

Proof .
See Milnor 2.

Lemma 3.4(1).
Let f: U — R be a C% map for U C R"™. For “almost all” linear maps L : R® — R, f + L
has only nondegenerate critical points.

Almost all: Note that hom(R",R) = R", so the complement of the set of such maps has measure
zero in R"™.

Proof .

Consider X = U x hom(R",R), which contains a subspace M = {(:C,L) ’ O(f+ L) = O},

i.e. x is a critical point of f. If ,f + L =0, then L = —9, f. We thus obtain an identification

of M with U by sending = € U to (z, —0.f).

There is also a projection onto the second component, where (z,L) — L. Solet 7 : X —

hom(R",R) be this projection; then there is a map 7 : U — hom(R",R) given by x +— 0, f.

Note that f + L has a degenerate critical point iff there is an x € U such that 0,(f + L) =0

(or equivalently L = —3, f), and the second derivative of f + L is zero. Since L is linear, this
2

3%,‘8:1,’]'

This happens iff 7(x) = —0,f = L, so L is a critical value for 7. Thus f + L has a degenerate

critical point <= L is a critical value for 7.

Now Sard’s theorem applies: if g : M™ — R™ is a map from any manifold to R" that is C?,

then the set of critical values of g in R"™ has measure zero.

Thus the set of critical values of © has measure zero, and thus for almost all L, f 4+ L has no

degenerate critical points.

says that the matrix ( )(x) is singular. But this says x is a critical point for 7.

Summary: Consider the map of first derivatives. It has a critical point whenever the 2nd derivative
is singular, which is exactly the nondegeneracy condition.

3 TUESDAY JANUARY 14TH 9



3.1 Existence of Morse Functions

Lemma 3.5(2).
Let K C U C R" with K compact and U open, and let f : U — R have only nondegenerate
critical points. Then there exists a § > 0 such that every g : U —» R that is C? which satisfies
o 5~ 22 )
8@- B 8@ 2

ox g

52 P) ~ 5 A
00z 0z;0z;

for all 7,7 and p € K has only nondegenerate critical points.

< 6, and

2.

(p)‘ <4

2

Proof .
9f . Now note that S(f) = |df| +

| of af?
Define |df| = \/' Fre Py det <8:1:i8mj>

is an equality iff both terms are zero, and the first term is zero iff z is a critical point, while
the second term is zero iff x is degenerate.

Since f has only nondegenerate critical points, this inequality is strictly positive on K,
ie. S(f) > 0. Since K is compact, S(f) takes on a positive infimum on K, say p. Then
S(f)>p>0o0n K.

Thinking of S as defining a norm, the reverse triangle inequality yields

2
A ooodt > 0. This

1df1 ~1dgl < |df — dg| < Vnd? < 5,

where we can choose § such that Vndé? < p.
We can also pick ¢ small enough such that

||det J¢| — [det(Jy)[| <

IS

b

where Jy = is shorthand for the matrix of partial derivatives appearing previously,

f
81‘2'81‘]'
and we just note that picking entries close enough makes the difference of determinant small
enough (although there’s something to prove there).

Then

|df| = |dgl + |det(Jy)| — |det Jy| < p
= 0 <[df| + |det(Jy)| — p < |dg]| + |det(Jy)],
The second inequality follows from just moving terms in the first inequality.

which makes the last term strictly positive, and thus nonzero on K. Then g has no degenerate
critical points in K.

|
Proof summary:
L. || flly(x) = 0 iff = is a degenerate critical point.
2 i) > p> 0 in K.
3 TUESDAY JANUARY 14TH 10



3.2 Proof that Morse Functions are Open

3. We can pick ¢ small enough such that || f||, — [|g|l, < # on K.
4. This forces ||g||l, > 0 on K, so g has no nondegenerate critical points on K.

3.2 Proof that Morse Functions are Open
We still want to show that Morse functions form an open dense subset.

To see that they form an open set, suppose f € F(M,R) is Morse. Then take a finite cover of M,
say {(Ui, hi)}le. Pick compact C; C U; that still covers M.

Note that any g satisfying the 2 required conditions where |f — g| < § (?), then g € N(J) + f.

By lemma 2, there exists a § > 0 such that every g € N; = f 4+ N(J) has only nondegenerate
k

points in C. We can pick a ¢ similarly to define an N; for every ¢. Then taking N = ﬂ N, this
i=1
yields an open neighborhood of f such that every g € N has only nondegenerate critical points on

e o =M.
m

3.3 Proof that Morse Functions are Dense

We want to show that this set is dense, so we’ll fix some open set and show that there exists a
Morse function in it.

Let f € N for N an open set; we’ll then change f gradually to make it Morse.
Convention We'll say f is good on S C M iff f has only nondegenerate critical points in S.
Pick a smooth bump function A : M"™ — [0, 1] such that

e )\ =1 on an open neighborhood of (4, and
e )\ =0 on an open neighborhood of M \ Uj.

Note: we can do this because C; C U; is closed, and M \ U is closed, so we can find disjoint
open sets containing each respectively using the fact that M"™ is Hausdorff (?).

Now let f1 = f + AL for some linear function L : R — R, so f1 = f + L on an open neighborhood
of (1. By Lemma 1, for almost every L, f; is good.

Note that we need A because L is only defined on R", not on M.

Now f; — f = AL is supported in U;. If we pick the coeflicients of L small enough, noting that A is
bounded, then the first and second derivatives of f — f; will be bounded, and we can arrange for
fi € f+ N(e) for e > 0 as small as we’d like. For ¢ sufficiently small, we can arrange for N(g) C Ns
for the finitely many s, and so N(g) C N.

By Lemma 2, there exists a neighborhood N1 C N containing f; such that every g € Ny is good on
(. Since f; € N1, we can repeat this process to obtain an fo € No C N7 and so on inductively.
Then since every g € Ny is good on Cs and Ny C Ny, every g € N» is good on C U C5. This yields

ankaNkCNk_lc---CNlCN,sofkisgoodonUC’i:M.
|
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3.3 Proof that Morse Functions are Dense

Thursday: We’ll show that every pair of critical points can be arranged to take on different values,
and then order them. This yields f(p1) < ¢1 < f(p2) < c2 < ---cx—1 < f(pr), and since the ¢; are
regular values, the inverse images f _l(c,-) are smooth manifolds and we can cut along them.

e HRR
/ N
/ . p N\

L 2
—)
N
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4 Thursday January 16th

4.1 Approximation with Morse Functions with Distinct Critical Points

Theorem 4.1 (Morse Functions and Distinct Critical Points).
Let f: M — R be Morse with critical points p1,--- ,pr. Then f can be approximated by a
Morse function g such that

1. g has the same critical points of f

2. g(pi) # 9(p;) for all i # j.

Idea: Change f gradually near critical points without actually changing the critical points themselves.

4.2 Proof of Theorem

Suppose f(p1) = f(p2)-

Choose U C N open neighborhoods of p; such that N doesn’t contain p; for any i except for 1.
Note that this is possible because the critical points are isolated.

4 THURSDAY JANUARY 16TH 13



4.2  Proof of Theorem

Choose a bump function A =1 on U and 0 on M \ N. Now let f; = f + e\, where we’ll see how to
choose € small enough soon.

Let K = {:c ‘ 0< Az) < 1}, which is compact.

Pick a Riemannian metric on M, then we can talk about gradients. Recall that gradf is the vector
field that satisfies (X, f) for all vector fields X on M. Because f has no critical points in K, X(f)
is nonzero for some field X, so gradf is nonzero, noting that gradf is only zero at the critical points

of f.

In particular, on K we have 0 < ¢ < |gradf| for some ¢, and grad\ < ¢ for some ¢’. So pick

0 <& < c/esuch that fi(p1) # fi(p2), fi(p1) = f(p1) + ¢, andfi(p;) = f(p;) for all i # 1. Note
that this is possible because there are only finitely many points, so almost every ¢ will work.

Claim 1 The critical points of f; are exactly the critical points of f.

4 THURSDAY JANUARY 16TH 14



4.2 Proof of Theorem

Proof .
In K, we have

gradf; = gradf + egrad\ = |gradfi| > |gradf| — e|grad)\| > z — ec’ > 0.

If z ¢ K, we have

1. x €U, or

2.ze M\ N
In case 1, A is constant and gradA = 0, so gradf; = gradf. In case 2, A is again constant, so
the same conclusion holds.

|
Claim 2 f; is Morse.
Proof .
In a neighborhood of p;, we have f; = f + . In a neighborhood of p;, we have f; = f.
We can then check that Jy, (p;) = J¢(p;), and since f is Morse, f; is Morse as well.
|

Recall that this lets us put an order on f(p;). Between every critical value, pick regular values ¢;,
ie. f(p1) <e1 < f(pa) < ---. Then f1(¢;) is a smooth submanifold of dimension n — 1, and we
have the following schematic:

4 THURSDAY JANUARY 16TH 15



4.2  Proof of Theorem

/

%

A

L]

-l-"""h'—-—-

-
e

S

¥

P
\

S~

N

Moreover, f[c;, ¢i41] is a cobordism from f~1(c2) to £ (civ1).

Definition 4.1.1 (Morse Functions for Cobordisms).

Recall that for (W; My, M1) a cobordism, a Morse function f : W — [a, b] is Morse iff

1. f~Y(a) = My and f~1(b) = M;.

2. f has only nondegenerate critical points and no critical points near W = M1HM2,

i.e. all critical points are in W*° (the interior).

Proof of density of Morse functions goes through in the same way, with extra care taken to choose

neighborhoods that do not intersect OW.
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4.3 Proof: Every Morse Function has a Gradient-Like Vector Field

Theorem 4.2 (Cobordisms, Morse Functions, Distinct Critical Points). 1. For ev-
ery cobordism (W; Mi, M) there exists a Morse function.
2. The set of such Morse functions is dense in the C? topology.
3. Any Morse function f : (W; My, Ma) — [a,b] can be approximated by another Morse
function g : (W; My, My) — [a,b] such that g has the same critical points of f and
9(pi) # g(p;) for i # j (i.e. the critical points are distinct).

Note that n-manifolds are a special cases of cobordisms, namely a manifold M is a cobordism
(W; M, (). So all statements about cobordisms will hold for n-manifolds.

Definition 4.2.1 (Morse Number).
The Morse number p of a cobordism (W;My,M;) is the minimum of

Hcritical points of f ‘ f is Morse H

We’ll be considering cobordisms with ¢ = 0.

Note: if we take X = gradf, we have (X, gradf) = ||gradf||2 > 0, which motivates our next
definition.

Definition 4.2.2 (Gradient-Like Vector Fields).
Let f: W — [a,b] be a Morse function. Then a gradient-like vector field for f is a vector
field £ on W such that

1. &(f) > 0 on W\ crit(f).

2. For every critical point p there exist coordinates (z1,--- ,2,) on U 3 p such that

FX) = £(0) — o =+ = o + 2 -,

as in the Morse Lemma, where A is the index, and

é-: (—ml,_fl;Q,' Ty TN DAL, 7xn) in U.

Lemma 4.3 (Morse Functions Have Gradient-Like Vector Fields).
Every Morse function f on (W; My, M;) has a gradient-like vector field.

4.3 Proof: Every Morse Function has a Gradient-Like Vector Field

For simplicity, assume f has a single critical point p. Pick coordinate (x1,--- ,z,) on an open set
Up around p such that f has the form given in (1) above. Define & on Uy to be (2) above.

Every point ¢ € W \ Uy has a neighborhood U’ such that df # 0 on U’. By the implicit function
theorem, there is a smaller neighborhood U” such that ¢ € U” C U such that f = cq+ 21 on U” for
some constant cg.

Exercise: check that this works!
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4.3 Proof: Every Morse Function has a Gradient-Like Vector Field

But since W\ Uy is a closed subset of a compact manifold, it is compact, so we can cover it with
finitely many U; that satisfy

1. U; ﬂ U = () for some open U containing p such that U C Uy and U C Uy.

2. U; has a coordinate chart (w%, e ,.1%) such that f = ¢; + 22 on U; for some constants ¢;.

0
Thus on U; we can set & = (1,0,---,0) = ) to get local vector fields. We can then take a
L7

partition of unity p1,--- , pr and set £ = Z pi&i.
i

Now consider £(f). By definition, &(f) = Zpifi(f). Note that p;&(f) =1 in U;, and po&o(f) > 0,
s0 £(f) > 0. If x is not a critical point, then at least 1 &(f)(z) is positive and thus £(f)(z) > 0.

This is because z is either in U, in which case the 0 term is positive, or z € U;, in which case
one of the remaining terms is positive.

The idea here: if we can make locally gradient-like vector fields, we can use partitions of unity
to extend them to global vector fields.

Theorem 4.4(The Morse Number Detects Product Cobordisms).
Any cobordism (W; My, M;) with p = 0 is a product cobordism, i.e.

(W; Mo,Ml) = (Mo X I; MO X {0},M0 X {1})

Proof (of Theorem).
Let f : W — I be Morse with no critical points, and let & be a gradient-like vector field for f.

1
Then &(f) > 0 on W, so we can normalize to replace £ with mf and assume £(f) = 1. Then

consider the integral curves of &, given by ¢ : [a,b] — W.
ie. do=¢.

We can thus compute

o ¢
afoéb(t) = df(a) =df(§) =¢&(f) =1

By the FTC, this implies that f o ¢(t) = ¢o + t for some constant ¢y. So reparameterize by
defining 1 (s) = ¢(s — cp), then fo1(s) = s. For every z € W, there exists a unique maximal
integral curve v, (s) that passes through x.

Note that this works because maximal curves must intersect the boundary at precisely

t = 0,1 and f is an increasing function. So for any curve passing through z, we can
extend it to a maximal.
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We can then define

h:Myx I — W
(x,8) — s(s)
(¥y(0), f(y)) <y

5 January 21st

5.1 Elementary Cobordism

Recall that an elementary cobordism is a cobordism that has a Morse function with exactly one
critical point.

Definition 5.0.1 (Handles).
An n-dimensional A-handle is a copy of D* x D"~* which is attached to dM™ via an embedding
¢ : 0D x D" — OM.
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5.1 Elementary Cobordism

Example 5.1.

Let A\=1,n=2,n— X =1 and take M? = D? and we attach D' x D'. Note that there’s not

necessarily a smooth structure on the resulting manifold, so we can “smooth corners”:

L —

— 1 ] VA TN
§ 1™ [ C \ ) / N
N (Y
SN ET | [ V= \ /
| \ oo ~t A
NI ~ 1

Example 5.2.
NS | |
~=] L - SN
T N\ >
N - N/
T [ U
S

Note: the above is just a homeomorphism.

Definition 5.0.2 (Surgery).

Let M be an n — 1 dimensional smooth manifold, and p : SA L D" < M™! be an
embedding.

Then noting that 9D * = §"*~!  consider the space

X(M,¢) = (M\ p(S*~1 x {0})) x (D* x §"~*1)
/<P(“’“’) ~ (tu,v) \ te(0,1),Yue S 1 v e sn—A—1>,
where we note that we can parameterize D"~ = tv where v is a point on the boundary.

Note that this accomplishes the goal of smoothing, and is referred to as surgery (of type
A,n—A) on M along ¢.

5 JANUARY 21ST
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5.1 FElementary Cobordism

Example 5.3.

17
N

w

e
/

@O _——0 \ @ @
) \Eﬁ’ L as
OEi ~
/ ¢ ©
—
Example 5.4.

n—1=3and A =2 implies \—1 = 1, and take p : S x D> — 53, which has image a tubular
neighborhood of a knot. Then ¢(S* x {0}) = K for some knot, and (S%\ K)I_[(D2 x S/

Then note that d¢({u} x D?) = {u} x S', which no longer bounds a disk since we have
removed the core of tube.

— -~ "'_P—:&:"-—-.
AT TN 7T NN
(\ = N\ " (! & T ™\
\\.._\!Q j),/) V== )
AV «
— \ \V

Theorem 5.1 (Cobordism and Morse Function Induced by Surgery).

Suppose M' = X (M, p) is obtained from M by surgery of type A. Then there exists an
elementary cobordism (W; M, M') with a Morse function f : W — [—1, 1] with only one index
A critical point.

Example 5.5.
Let M = S* and \ = 1.
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5.1 FElementary Cobordism

N=
st ™ T 1’-_-
) o \a/ N I\ —1
L~~--_._./ '\\ /;r, 7 1 \t 7 :
. RUESERA A NN AR AR
A \ bk : AR
) G SN
O O 4w S
S

5.1.1 Proof: Surgeries Come From Cobordisms With Special Morse Functions

Write R = R* x R"™, and (x,y) € R".

Then
Ly={(xy) | = 1< =[x|*+[ly|* <1, [x]lly]l < sinh(1) cosh(1)}.
l \ /
NN /- 2
O\ y-x=-LL
N '
s
// f I~
: 7
— [ Iyl = sinn(1 cesn]
oY ~ \ L 2
Vaw, yé NN L \d Q;L:“ [ Msed] =[-
/NS A\ AR,
I \ ok fod:l o Iy -lIXI =
J MU

The left boundary is given by 9y, : [ly||* — [|x||* = —1, and there is a map

- —)\ diff
A x DN 25 0y

(u, tv) — (ucosh(t),vsinh(t)) t¢e€]0,1),

which is clearly invertible.

The right boundary is given by 9z : ||y||*> — ||x]|> = 1, and there is a map

5 JANUARY 21ST
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5.1 FElementary Cobordism

— —)\ diff
St pr Ao, )

(tu,v) — (usinh(t), v cosh(t)).

In the above picture, we can consider the orthogonal trajectories, which are given by y? — 2% = ¢,

which has gradient (—z,y) and xy = ¢ which has gradient (y, z), so these are orthogonal.

Recall that near a point p € M, the morse function has the form f(x,y) = f(p) — ||x]|* + [|y||* with
a gradient-like vector field given by £ = (—x,y).

The orthogonal trajectories will generally be of the form ||x||||y|| = ¢, which we can parameterize as

1
t— (tx, Zy)
Construction of W:

Take

W (M, ) = (M \ (5™ x {0})) x D")]]Lx
/<¢(u,tv) X ¢~ (X,y) ’ Ix||* = lyll* = ¢, (x,y) € orth. traj. starting from(u cosh(t), vsinh(t))>.

Y77 L

.
———‘k

ol

A

...
i~
————

| l, \ I { '
' \ / ¢
A ) \ ]
-;: ! L .ﬁ"'
e\ el
Of'l‘ o oN 1‘\
1
| (‘0'36 cXories

This amounts to closing up in the following two ways:
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5.1 FElementary Cobordism

This has two boundaries: when ¢ = —1, we obtain M, and ¢ = 1 yields X (M, ¢). The Morse
function is given by f : W(M, ¢) — [—1,1] where

{f(z,c)zc e M\ ¢(SM! x {0)),ce D!
fy) =P = llyll® (x,y)€ Lx '
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6 Thursday January 23rd

Recall from last time: M is a closed smooth n — 1 manifold and ¢ : S x D" < M, and we
used surgery to obtain x (M, ¢) and a cobordism W (M, ¢) from M to x(M, ¢).

This yields a saddle Ly C R® = R* x R"™*. We construct the cobordism using

S x DA 5 o,

(u,tv) — (ucosht,vsinht).

This yields

MALo(5* 1) x {0} TTEA/ ((uot0) x e~ () | 2] + [yl = )

x,y are on a curve that starts from (ucosht.vsinht).

10
7
,( i
7
|
|
|

v
i //// \\\-\\..
N — ;...—/ ~_ - =
I ar P \ N i
S SN T IRy sk
P RS
A 1) [
4 ' . N N
/ |
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Todo: review!

Suppose W (; My, M) is an elementary cobordism and f : W — [—1, 1] is a Morse function with
one critical point p, and £ a gradient-like vector field for f.

The goal is to construct ¢, : S x D" <5 M, the characteristic embedding.

Let 1) be the integral curve of £ such that ¢, (0) = z, and define W?(p) = {x ew ) tlim Py (t) = p}
—00

to be the stable manifold, and W*(p) = {w ew ‘ tgrg P (t) = p}.

Claim: W#(p), W"(p) are diffeomorphic to disks of dimension A and n — X respectively.
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Moreover, OW?*(p) = Ws(p)ﬂMo >~ §A~1 (Milnor refers to this as the “left sphere” Sy, and
oW (p) = W*(p) ﬂMl = §" A1 (the “right sphere” Sg).
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6.0.1 Proof

e el

=
.—0
<

A0

()

—

Choose an open U 3 p and a coordinate chart h : ODy. —s U. Then f o h(z,y) = ¢ — ||z|* — ||ly|?,
which takes on a minimum value of ¢ — 4e? and a maximum of ¢ + 42, and € o h(zx,y) = (—z,y).
We thus obtain the inequalities

—l<c—4e? <ec+4? <1if4e? <e+1,1—c

Now let W. = f~l[c — €2, ¢ + €%, and we want a cobordism from M_, = f~!(c — &?) to M . =
f(c+e%). Then

2 2 2 2
MU = {h(@,y) | e = 2] + 9] = cxe® = —[” + Jy]* = 72}
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Then W2(p) ﬂU = {h(z,0)} = D* and W*(p) ﬂM_E = {h(x,O) x| = 6}. By flowing along
the integral curves of ¢, we obtain a diffeomorphism ¥_. : My — M_.. Then W?*(p) =
{h(z,0)} U {integral curves of ¢ passing through points in W?*(p) ﬂ M_E}.

So Sp, = UL (W*(p) ﬂ M_.), and we can define the embedding ¢, by the following composition:

SA1x pr=A » My

L(U, tU) p!

—&

h(eucosht,evsinh t) M_,

Similarly, one can show W*(p) = D" and define another embedding ¢pD* x S" 71— M.
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Theorem 6.1(?).

Let (W My, M1) be an elementary cobordism with (f, &, p) a Morse function with a gradient-like
vector field and a critical point as above. Then there is a diffeomorphism of cobordisms

(W (Mo, ¢r.); Mo, x(Mo, ¢r)) = (W Mo, My),

where ¢, : S*71 x D" < M is the characteristic embedding.

Proof .
Consider f~'[—1,c — €] UWEUffl[c—kaZ, 1], and note that f~'[—1,c — €], f e+ €2, 1] is
a product (?). Then (W; My, My) = (W; M_., M.). We then have

(W(M, ¢r); Mo, x(Mo, ¢r.)) = (W(M—_c, $), M—c, x(M_c, ¢)).

So we’ll define a diffeomorphism from the RHS to the RHS of the former diffeomorphism. Define
f — [c— €2, ¢+ €] in the former and f’ — [—1, 1] in the latter. Then take f ok = ¢+ 2 f’

to match up the domains. Take (z,t) € (M_; \ ¢({S)‘_1 X {0}})) x D'. Then k(z,t) is the

point on the integral curve which passes through z with f(k(z,t)) = ¢ 4 €. This map will
take flow lines to flow lines. Now define

(x,y) € Ly — h(ex,ey).

Exercise Show that this is a well-defined diffeomorphism.

Theorem 6.2 (Cobordisms Retract Onto Surgery Components?).

For an elementary cobordism (W; My, M;) and (f,§,p) as above, then MOUDL (where
Dy, = W?(p)) is a deformation retraction of W.

Corollary 6.3.

Z i=A

H,(W, My) = H;(M,| | D1, Mo) =" H;(Dy, S1,) = )
ol 0) i( OU L, Mo) i(Dr, Sr) {0 otherwise

Theorem 6.4 (Reeb).

If a closed n-manifold M has a Morse function with exactly 2 critical points, then M is
homeomorphic to S™.

Proof .

If m= HeuZ\r/} f(z) = f(A) and M = max f(z) = f(B) where A, B are critical points. Then
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points near A are in the unstable manifold, so Ind(A) = 0, and points near B are in the stable,
so Ind(B) = n.

,rﬂ M-¢ M__(

[
\ .

\
L\

-\

h Im-\Q} M-¢ )

)
/
_ [/
™, W\+E,_( —&r o

NS

The middle piece of the cobordism is a product cobordism, and M is called a twisted sphere.
|

=

Exercise Every twisted sphere is homeomorphic to S™.

7 Tuesday January 28th
Setup: Fix an elementary cobordism (W; My, M;), a Morse function f : W — [—1,1] with
exactly one critical point p with index Ind p) = A. This yields a gradient-like vector field £, and

D =W?*p) = {:1: eWw ‘ tgnoo P (t) = p} the stable manifold.

Theorem 7.1 (Deformation Retract of Cobordism Onto ?7?).
W = My U Dy, a A dimensional disk, is a homotopy equivalence. More precisely, there is a
deformation retract.
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7.0.1 Proof

Take the characteristic embedding ¢y, : S~ xOD" * < M. We have a cobordism (W (Mo, é1.); Mo, x(Mo, ¢1.))
(W7 M07 Ml)

Recall that the LHS is constructed via (M \ ¢(S*1 x 0)) x D1HL,\/ ~.

Retraction 1: W(Moy, ¢r) It MOUC. We’ll construct this retraction. This follows the green
integral curves to retract onto the red.

2T R
\L|
\
\

Py

~—¥
\""‘a.

.
\
C LT NN

\ -

.—
-

N
\D l. ‘1. I\\

—5 'k
sy
v

(AT ]

Bt v N INA i
3\’ / L N
/t..
N
) fr-p?\‘_i <, ~ 1N\
TS TR0

Identify Dy, = {(x,0)} C Ly in the local picture:
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Define ¢ = {(x.3) | Iyl < 15 )

Choose (Z, ¢) such that z € Mo\ ¢1(S* 1 x OD" *) and ¢ € [~1,1]. Let r4(z, ¢) = (2, c+t(—1—¢)),

note what happens at t = —

1,1,0.

We can parameterize the integral curves in the local picture as (x/r,ry).

So for (x,y) € Ly, we can define

ri(x,y)

where p(t) is the solution of

p(t)?

(x.) Iyl < 5 <= (xy)eC
=47 ?
(x/p(t).p0)y) Iyl >

IylI* = Il1* /ot = (IIyl* = =) (1 =) ¢

1
POIYI* > 5 = o(t) >

Il |
} \ (/ - L
AN
A TS
rd \ ~__
| B \\
/ \
..--—-Z__ T T \
/ i >\// \ \\ 1 2
N NIIAME
\\ji\ -I4) = )
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1
So we define p(t) = max(positive solutions for the above equation, m)
y

Retraction 2: Mo | JC 5 Mo| Dy,

We want the restriction of r} to My \ C' to be the identity, so for (x,y) € C' we define

(x,(1=t)y) [x[l<1

/
(%, y) = 1 -
(oay) 1< x) <14 o

7 TUESDAY JANUARY 28TH
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7.1 Morse Inequalities
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We define a(t) at t = 0 to be the identity, and at t = 1 we want [Ja(t)y||* — ||z||* = —1, and solving
yields

2
] -1

alt)=(1—t)+t o

Corollary 7.2.
For M a closed smooth n-manifold with a Morse function f : M — R, M is homotopy-
equivalent to a CW complex with one A-cell for each critical point of index .

Proof: See Milnor’s book (Morse Theory).

7.1 Morse Inequalities

Let M be a closed smooth manifold and f : M — R Morse, and fix F' a field. Let b;(M) denote
the ith Betti number, which is rank H;(M; F)).

Weak Morse Inequalities:

1. b;(M) < the number of index i critical points, denoted ¢;(M).
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7.1 Morse Inequalities

2. (M) = Y (~1)es(M).
Strong Morse Inequalities: b;(M) — b1 (M) + -+~ £bo(M) < ¢; — ¢i—1 + ¢i—2 -+ £ cp.

Lemma 7.3.
The weak inequalities are consequences of the strong ones.

Proof (implying (1)).
We have b; — --- < ¢; — - - - and separately b,_1 — --- < ¢;_1-, and adding these inequalities
yields b; < ¢;.

[ |
Proof (implying (2)).
To obtain the equality, multiply through by a negative sign. For ¢ > n, we have b;_1—b;_o+--- =
Ci—1 — Ci—2 + -+ -, where the LHS is +x (M) and the RHS has matching signs.
[ |
7.1.1 Proof of Strong Morse Inequalities
Suppose f(p1) < -+ < f(pr). We can select points a; such that ag < f(p1) < a1 < ---. Let

M; = f_l[ao,ai]; we then have ) := Mo C My C --- My, = M.

Using excision, we have

Hj(M;, M;—1) = H;(f Mai—1,ai], £ (ai-1))

_JF = Ind(p;) = N\
0 otherwise )

So bj(M;, M;_1) = 1iff j = A, and 0 otherwise.

Lemma 7.4(Sublemma).
Define S; == b;(X,Y) — b;—1(X,Y) + - - -, i.e. the LHS of the strong Morse inequality. Then S;
is subadditive, i.e. if X DY D Z then S;(X,Z) < Si(X,Y) + Si(Y, Z).

This implies the strong inequality, since
Si(M,0) < Si(My, My—1) + Si(My—1, My_2) + - + Si(M, Mo).

k
The RHS here equals Y T;(M;, M;_1) = T;(M), where T;(M) = ¢; — ¢i—y + -+ .
j=1

Write down the relative homology exact sequence:
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H, (Y, Z)
then
rank(0;) = dimker(f;) = b;(Y, Z) — rank(f;) = b;(Y, Z) — b;(X, Z) + rank(g;) = --- = Si(Y, Z) — Si(X, Z) + S;

since ranks are positive.

8 Thursday January 30th

8.1 Morse Inequality Example

Example: Consider f : CP" — R where (recall) CP" = §?"*! ¢ C""!/ ~ where z ~ Az for all
|A| =1 in C*, where f is given by [z : -+« : zp] — Zz]zf

Note that we can take the coefficients to be any n + 1 distinct real numbers, here we just take
1,2,--- ,n+ 1 for simplicity.

Cover CP" with n + 1 coordinate charts (Uj, hj) where U; = {z ’ zj # O} and h; : Uj — R*™ is

given by first defining [0 : - - : 2] — (Zj20, 2521, -+, Zj2n) Where Z; = 2;/|2;]|.
h,
Denote the image coordinates by z; = xx+iy,. Then define hj by [20 : -« : 2] == (0, Y0, » Tj—1, Yj—1, Tjt+1, Yj

Note that |z;| = 1— Z |zi|27 so this is a one-to-one correspondence (i.e. we can recover the magnitude
i7#]
of z; from the image point).

So what is f in these coordinates? We can write

foh‘;l('x(]vy[)a"' 7§j7§j7"'xnayn) :Zl #]Z(xz2+y12)+]|zj|2
=S i(af+yl) 5> g +yP)
i#j i#j
=7+ (i— )@} +y7)
i#j
- . 2 2 . 2 2 . 2 2
=J+ (=j)(@g+yo) + (=5 + (@1 +y1) + -+ (n—j) (@, +yp)-

)

So what are the critical points? The derivative is zero iff x; = y; = 0 for some i # j. So there is
only one critical point, pj =[0:0:---:---1;:---:0]. Thus there are n + 1 critical points given by
crit(f) = {po,--- ,pn}. Using the above equations, we can find that Inds(p;) = 2j (count positive
and negative terms).

Note that we had the inequality b;(M) < |{critical points with index i}|. Noting that H'(CP";F) =
F for i =0,2,4,--- ,2n and 0 otherwise, so we have exact equality here.
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8.2 Rearrangement

Note that there are QH S where the inequality has to be strict, but equality can be obtained
with CP", S™, etc.

8.2 Rearrangement

Fix a Morse function f : W — [0, 1], with p,q € crit(f) and f(p) < f(¢q). Can we change f to
a new Morse function g such that crit(g) = crit(f) and g(p) > ¢(¢), where g = f + const. in a
neighborhood of p and a neighborhood of ¢7

Note that we obtain elementary cobordisms in each case:

Pick ¢ a gradient-like vector field for f, which decomposes W*(p) = W*(p) U W*(p).

Lemma 8.1.
Let f: W — I be a Morse function with 2 critical points p, g and £ a gradient-like vector field
for f such that W*(p) ﬂ W*(q) = (. Then for any two points a,b € I, there exists a Morse
function g such that:

1. £ is gradient-like for g,

2. crit(g) = crit(f), with g(p) = a and ¢(q) = b.

3. g = f near My and M, and g = f + const. in some neighborhood of p, and some

neighborhood of q.

So this is stronger: we can modify our Morse function to take on any two real numbers.

Idea of proof: We want the two purple sections here, since we want to modify p and ¢ separately:
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8.2 Rearrangement
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Figure 1: Image
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8.2 Rearrangement

s
L

L L

8.2.1 Proof of Lemma

We can find a p : My — I such that g = 0 near Sf and 1 = 1 near S7. Soextend ptom: W — I
such that f is constant over the integral curves of £ and = 0 near W*(p) and pu = 1 near W*(q).

Here the integral curves are green:
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8.2 Rearrangement

O

)?\/‘<’
| i; ZE N

&

Let g(z) = G(f(2),1(z)) where G : I x I — I will be defined as follows:
1.

Fix a y € W to [i is constant, then G(-,y) : I —> I is increasing (since f is increasing) and
0G

surjective, i.e. a9 > 0 everywhere.

x

G(z,y) = = whenever z is near 0 or 1.

_ dg B
e (z,0) =1 for x near f(p) and 8—x(x, 1) =1 for z near f(q).

Note that a = g(p)G(f(p),0) and b = g(q) = G(f(g),1), and the slope should be constant near
a,b.

We get something like the following graphs:
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8.2 Rearrangement

7=G(x,0) ™=\ ()
:E: 6()( l) ~ ‘V\}h(qv
- |
AL 2=X
: 6(1\0//

z B
xQ T— - "/(;/ A 422G 1)

——

z=X

When can such a function exist? I.e. is this a relatively strong condition? If f(p) < f(q), it is
possible that W"(p) (| W*(q) # 0:
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8.2 Rearrangement

Theorem 8.2(Modifying a Vector Field to Separate W’s).
If f(p) < f(q) and Ind(p) > Ind(q), then it is possible to change ¢ in a neighborhood of f~*(z)
for some f(p) < ¢ < f(q) such that W ﬂ Wi =0.

Main Idea:
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8.2 Rearrangement

—

N

R
Note that Wy (\W; = 0 iff Si(p)[)S5(q) = 0, where SS(p) = WE(f ' (c) and S§(q) =
-1

Wi/
We have the implication

dimW =n dim f*(c)=n—1

Ind(p) =X = (dimSE(p)=n—-A-1

Ind(q) = X dim S§(q) =\ —1

and thus

dim S4(p) +dim S§(¢) =n— A — N2 <n—1=dim f~'(c).

Lemma 8.3(1).
If M™, N"™ C V¥ are smooth submanifolds and m + n < v then there exists a diffeomorphism
h : V — V which is isotopic to the identity such that h(M ﬂ N =40.

Idea: We'll use this new diffeomorphism to modify the vector field £ to make things disjoint.
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9 Tuesday February 4th

9.1 Modifying Vector Fields

Recall: Let f: W — I be Morse, crit(F') = {p, q} where f(p) < f(q), and £ a gradient-like vector
field for f.

Theorem 9.1 (When Critical Points of Morse Functions Can Take On Any Value).
If W*(p) ﬂW*(q) = () then for any a,b € (0,1) we can change f “nicely” to a new Morse
function ¢ such that g(p) = a and g(q) = b.

/
/
-

F-—_
"
"III..-

Note that these are disjoint iff W*"(p) [\ W*(q) = 0 iff Si(p)[)S5(q) = 0. If € (p) =€ (q) then

dim S%(p) = dim S§(q) < n — 1 = dim f~(c).
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9.1 Modifying Vector Fields

] <

r”(\ T (0

N4
P

Lemma 9.2(1, Small Submanifolds Are Disjoint Up to Isotopy).
For M™ N™ C V¥ submanifolds with m + n < v, there exists a diffeomorphism h: V — V
smoothly isotopic to idy such that h(M) ﬂ N=10.

Le. low enough dimension submanifolds can smoothly be made disjoint.

Lemma 9.3(2, ?2?).
Let f: W — I be Morse with gradient-like vector field £ and regular value x € (0,1). Let
h: f~1(c) — f~!(c) be smoothly isotopic to the identity, and define M = f~Y(c). Then we
can change € over f~![c — ¢, ¢]\ to a new gradient-like vector field € such that if we let
O:flc—e)— M
be the flow induced by & and
O:fYe—e)— M

be induced by &.

9 TUESDAY FEBRUARY 4TH
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9.1 Modifying Vector Fields

E SE {P,— °SCR ‘_)‘) I i L (qu) 5[_ Qu'
— \: c!'J aiid
L~ >\ Y ~ ) (c'

)

)

Note that the left/right spheres are defined in terms of gradient-like vector fields, so “bar’
here refers to a new gradient-like vector field.

Then picking h from lemma 1, we can arrange so that S7 (q) ﬂ?cR(p) =0.
Then € = ho ®.

\

9.1.1 Proof of Lemma 2
‘We have

[c—e,(] XMgf_l[c—e,c] ERN [c —e,c],

which we can factor by projection onto the first component. This satisfies the following properties:

Oy _g_ L

Note: the product cobordism [c — €, ¢| x M is easier to work with here, we can then push it to
e —¢,c via ¢.

We now define h; by the properties

e For t near ¢ — ¢, hy = id, and
e For t near x, hy = h.
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9.2 Cancellation

We use this to construct a diffeomorphism

H:[c—ecf]xM—lc—e,c]xM
(t,x) — (t, he(z)).

Both the domain and codomain map via ¢ to f~![c — ¢, |, so we can consider

0\ OH _ Ohy
H, (815) = H(t,:z:) = (1, m(m)) for ¢ near ¢ — ¢ and c.

We then have & = (¢ o H o ¢_1)*§A = (¢o H>*(88t> Thus for ¢t near ¢ — ¢ and ¢, we have

¢ = ¢, (gt) = §A So define

& on fTle—e¢,c
f:{af)s f7e—e.d]

£ everywhere else

On [c — e,¢] x M, what are the integral curves of H,( Picking a ¢t € [c — €,¢], we have

—)?
ot ~
H(t,z) = (t,ht(x)) by definition, and thus the integral curves of £ are given by ¢(¢, h(z)) for all
x € M. Then ¢(c —&,z) = ¢(c — &, he_(x)) for t = ¢ — ¢, which is just ®~*(z). Then for t = ¢ we
get ¢(c, h(z)) = h(zx). Thus ® o ® ! (x) = h(z), yielding ® = h o ®.

Corollary 9.4.
Given any Morse function f on an n-dimensional cobordism (W"; My, M1) we can get a new
Morse function g such that
e crit(g) = crit(f),
e g(p) = Ind(p) (since we can make the critical points take on any values)
o g 1(~=1/2) = My and g~ (n +1/2) = M,
Such a Morse function is called self-indexing.

9.2 Cancellation

Note that we may have “extraneous” critical points:
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9.2 Cancellation
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Here note that W is diffeomorphic to a product cobordism.
Let f: W — [0,1] be Morse, crit(f) = {p,q}, Ind(p) = X and € (¢) = A+ 1 with f(p) < f(q).

Pick ¢ € [f(p), f(g)], then consider S%(p) ﬂ S7(q). We have dim S{(p) =n—A—1 and dim S5 (¢) =
A+1—1, and so the dimension of their intersection is n — 1, i.e. dim f~!(c).

Definition 9.4.1 (Transverse Submanifolds).
Submanifolds M™, N® C V" are called transverse if for any p € M ﬂN , T,V C
span {T,M,T,N} and we write M h N.

Example 9.1. oIfm+n<v,theanNiﬁMﬂN:®.
e If m+n =wv, then M t N iff dim M (| N = 0.
e In general, if M th N then M ﬂ N is a smooth submanifold of dimension m 4+ n — v.

Theorem 9.5 (Submanifolds are Transverse up to Isotopy).
For submanifolds M,,, N C V, then there exist h : V LN Ve smoothly isotopic to idy such
that h(M) h N.

Corollary 9.6.
We can change ¢ in f~[c — ¢, ] such that S%(p) M S¢(q), so their intersection consists of
finitely many points.
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Proposition 9.7 (First Cancellation).
If S%(p)intersects S7(q) in exactly one point, then W is a product cobordism.

Idea of proof:

1. Change £ in a neighborhood of the integral curve from p to ¢ such that the new vector field is
nonvanishing.
2. Change f to g with no critical point such that the new vector field is gradient-like for €.

10 Thursday February 6th

Cancellation: Let f : W — I be Morse, crit(f) = {p, q} with f(p) < f(¢) and Ind(p) = A, Ind(q) =
A+ 1. Let & be its gradient-like vector field, then S%(p) ﬂ S7(q) = {pt}, so there exists a unique
integral curve T from p to q.

In this situation W is diffeomorphic to the product cobordism.
We will show

Theorem 10.1(1, Modifying Vector Fields).
We can change £ in a compact neighborhood of T' to get a nonvanishing vector field ¢ for which
the integral curves originate at My and end at M.

Example 10.1.
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Moreover, it takes a particularly nice standard form, described in the following way:
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Proposition 10.2.
There exists a neighborhood Ur and a coordinate chart h : Up — R"™ such that

1. h(p) =(0,---,0) and h(q) = (1,0,---,0).

2. h*€ = (V(l‘l), TX2, L3y TANHL T2, 7xn)-
3. V(x) is smooth and positive over (0, 1)with V(0) = V(1) =0, and V(x) < 0 everywhere

else.
4. (Minor) |[V'(0)| = [V'(1)| = 1.
Thus we have

(xla_wQa"' sy TN TA42, 0 axn) near p

(_xlv X2, TN, A2, wn) near q.

N

V

P
"
~

<

A

L~ I
Y
,
/
/
10.0.1 Proof of Theorem
Step 1:
&) where p(x) = (22 + 22 + - 22)'/2, which

Consider (U($17 P), T2, X3yt TN T2,
measures the distance between the two curves above. Some facts:

53
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1. U(z1,¢) is equal to V(z1) outside of a compact neighborhood of h(T") in h(Ur).

2. U(z1,0) <0 for all z;.
Then ¢ = hy(u, —x2,- -+ ,2,) in Ur and & = € everywhere else. Thus ¢ is nowhere vanishing.
Step 2:

We want to pick U’ such that T C U’ C U C Uy where U is a compact set such that any trajectory
of ¢ that exits U never re-enters U’.

[

\
\

N\
\
\
\ oY
\e
|
/-
w/}

|-

AN | | | A

Suppose such a U’ does not exist. Then there exist sequences of points {s.},{rr} C U and
{t} C W\ U all on the same integral curves 7, such that {sy} — 7 and {rp} — T'. Since W\ U
is compact, {t;} has a limit point A. Then consider 1 4(t), which are integral curves that originate
from My and end on Mj.

10 THURSDAY FEBRUARY 6TH 54



)
< 7 "’\\A
N —T— / 2
SV} SNuwas ZREpENLL
>/
4./"—-- —:=r-"-.._

/ —— N\
? )
( - S o
\\""'-- // i /
\ ) /
— ///

Then there exists a neighborhood A such that for each a € A, the integral curves (half trajectories)
containing a originate on My. Moreover, for k large enough, all £, are in A. The union of all of
these half trajectories has a positive distance from T, so there is a small enough U disjoint from
these trajectories, so {sy} #— T, a contradiction.

]
We now consider the flow lines of ¢’ in h(Ur). We have

0x1 Oxo Oxy,

E :u(l‘lu(ﬁ)uﬁ -

102,"',? Tn-

Thus 2o = 29¢7 ¢, -z, = 20¢!.

So if z; # 0 for some A + 2 < i < n, the |z;| is increasing exponential and thus it will escape h(U).
The corresponding trajectory will then escape U, and so it will follow the integral curves of the
original ¢ and ends at Mj. If 23,, = -+ = 2% = 0, then

1/2
o(x) = (@3 + -+ a3 )2 = (D))
Thus ¢(x) will decrease exponentially.

If it leaves U, we are in the previous case. Otherwise, if it doesn’t leave U, then there exists an
e > 0 such that u(x1,¢) < 0 for all

N. = {(,p) € h(U) \ 6<c}.
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Thus there exists a —a < 0 such that © < —a on V..
For t large enough,

81‘1

p(x(t)) € N. = v u(z1, ¢) < —a.

Thus x1(t) < —at + const. for large enough ¢, and as ¢ increases x(t) will go out of U. By the
previous argument, it must end at Mj.

Thus every integral curve of £ starts at My and ends at M;.

Lemma 10.3.
¢ gives a diffeomorphism from

W/:(MOXI;M()XO,Ml X 1) —)W:(W;Mo,Ml).

Proof .

Take m: W — My and follow the integral curves backward. Then for all z € My, there is a
7(z) € RZ? such that ¢ x (7(z)) € M;.

So we get a

£=r(n(g)7'¢

and we can define ¢(z,t) = dx (t).

Theorem 10.4(2, Modifying a Vector Field Away From Critical Points).
¢ is a gradient-like vector field for some Morse function g : W — I such that g has no critical
points (since & has no zeros) and g = f near My and M.

10.0.2 Proof of Theorem

We want to build a & : My x I — I such that the following diagram commutes:

This needs to satisfy

1. kis equal to f1 = f o ¢ near My x 0 and My x 1.

ok
2. ET 0.

0 0
Since % > 0 near Myx0 and My x 1, take § > 0 such that % > 0 on Myx[0,6) and M; x (1—4, 1].
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So pick A : I — I such that A =1 near t =0,1 and A =0 on [4,1 — J].
Then pick any positive K : My — R, and then take

K(z,u) = /)A 8ﬁ _ A1) () di.

Then

0K of1 —
S = A 4 (1 Aw) K@) >0

since the first term is positive near My x 1 or 0, and K is positive everywhere.
50

To see that it satisfies the first property, note that / % dt = f1 for s near 0.
0

To see that property 2, note

/A ﬁ+K/1— £) dt = g(z,1) = fi(x)

@ [

= K(x)= T
A(l—A@»dt
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11 Tuesday February 11th

11.1 Cancellation

The setup: f : W — [0, 1] a morse function with crit(f) = {p, ¢} with Ind(p) = A and Ind(q) = A\+1,
with a gradient-like vector field & such that there exists a single flow line T" from p to q.

Lemma 11.1(Modifying Gradient-Like Vector Fields).
There exists a gradient-like vector field ¢ for f such that

1. T is still the single flow line from p to q.
2. ¢ is standard in a neighborhood Ur of T, i.e. there exists h : Ur — R™ such that

h(T) is contained in the z-axis, and
h*él = (V(xl)a T2y TEANFL, T2, wrn))

where V satisfies the property that near 0 and 1, |[V'| = 1:
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11.1 Cancellation

11.1.1 Proof
Let n = V(x1) from above. Define the following vector field:

F(x) +2/ dt — a3 — a3 — a3, + 2.

Then 7 is gradient-like for F', and we can pick v(t) such that

— / $@) - o).

1 2
We know that v(¢) = ¢ near (0,0,---,0), and since / tdt = 2(?), we have
0

1
F(x) :f(p)+2/ tdt+---+ap=flp)+af—af—--—al +-+an
0
— n(x) - (l’l, X2, TN, A2, .%'n)
Then there exists a neighborhood Uy of p and hy : Uy — R™ such that hi(p) = (0,0,---,0) with
Fohy=fand hi. =n.
TN /
/ .\ \ /// N\
/g DR BN AR, N
< LT
P / N
( — ®) Vi
I - \ X
Q > \ /
B — \.‘ /(
7
Fn)

1

Similarly, near (1,0,---,0) we have v(t) = 1 — ¢ and since / v(t) dt = f(q) — f(p), we have

0

F(x) +2/ dt+2/ (1—t)dt—-+a2

= fla) = (z1 — 1)* =23 — - +a,

11 TUESDAY FEBRUARY 11TH
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11.1 Cancellation

and there exists a neighborhood Uy of q and hy : Uy — R" such that ho(q) = (1,0,---,0),
Fohy = f,and ho,& = .

So pick (U1, hy) and (Us, hy) such that U; ﬂ Us = 0 and hy (U)) ﬂ ho(Us) = 0.
Pick
a; < f(p) <br <bz < flq) <az
such that
fMar, 0] (T c Ui and  f~'[by,a2] ()T C Us

and set p; = f1(b) ﬂT.
Let U; and Us be closed neighborhood of the arc p — py in Uy ﬂf‘l[al,bl] and ¢ — p9 in
02 m f_l[bg, GQ].

Let h; = h; . Then ¢ yields a diffeomorphism v : f~(b1) — f~1(by).
/ — h— o \\.
/,.._\U ‘ ey [ENNAR h,
ERNLEITN /[.‘:,, N
/1 ‘@' \ ~—1] //’_\\ \
e LTSN AL T ™ / N\
Py foo o7 ] - 7] 7
(13 ] T Te I Y i P Ny >
' — | —F /\ h, ) i > AN
R = 2\ \WAVA P YARE= == %
— v - / ==/
— N X ™~
F)

Fix a small neighborhood X of hy(py) in hy(f~2(b1) ﬂ Uy), following the flow lines of 7 yields a diffeo-

morphism ¢ : Vi — Va where V5 is a sufficiently small neighborhood of ha(ps) in ho(f 1 (b2) ﬂ Us),
the following diagram commutes:

FHb) ———— (b2

hlﬂ hzﬂ

14 ¢ Vs

If for V; small enough we have hy L6 ¢ o hy restricted to hl_l(Vl) is equal to v, then we can extend
(h1, h2) to a diffeomorphism A from U ﬂ Uy ﬂ Us, where Up is a small neighborhood of p1ps such
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11.1 Cancellation

that it preserves the trajectories and level sets. We then obtain h,n = K7, where K is some positive
function.

1
We can extend K to a positive smooth function over W, which yields & = ?5 and thus h.&" = .
So ¢’ is a gradient-like vector field for f.

In case the above inequality does not hold, we can use an isotopy to change 1) — ¢’ and change
¢ — € in f71[a,b] such that the integral curves of ¢ induce ¢’. So find an isotopy such that 1 is
equal to hy ' ¢hy near py, and furthermore Qp’(S% (p)) intersects 5’22 (q) transversely in po, i.e. po is
the only intersection point.

We can do thi§ last step locally. Let ¢/ = hy lthl, then (¢')*11/1 : Vi < V; for some small
neighborhood V; C Vj containing p;. Note that if S’%l (p) M 521 (¢) at pp, then (gb’)_le;’% (p) M

(¢")"1pS% (q) at p1, and so S (p) i (¢/) 1S (q).

Theorem 11.2(?).
Identify R" = R* ® R’ where a+ b = n. Suppose that k : R” < R" is an orientation-preserving
embedding such that h(0) = 0 with h(R%) th R® with intersection number +1 at {0}.
Then there exists a smooth isotopy h; : R® — R" such that
1. hg = h,
2. h(0) =0, h(z) = x for = outside of a neighborhood N of zero,
3. h1 =1id in a smaller neighborhood of zero in N

4. l(R*) (R® = {0}

Rough idea: modify h(R') in a neighborhood of 0:
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Next time: a second cancellation theorem. Suppose W, My, My are simply connected and 2 < A <
A+1<n-3.1If

Sk(p) - Silg) = £1,

then W = My x [0, 1] are diffeomorphic.

We’ll briefly review the intersection number later. Also: homological intersection number.

12 Tuesday February 18th

12.1 Cancellation Theorems

Theorem 12.1(Rearrangement).
If a Morse function f has 2 critical points with f(p) < ¢ < f(q) and Ind(p) > Ind(q), then &
can be perturbed in a neighborhood of f71(¢) such that |4 ﬂ W =0.

Theorem 12.2 (First Cancellation).
If Sg M S7, = {{pt}}, then the cobordism is diffeomorphic to a product.

Theorem 12.3 (Second Cancellation).
Suppose (W, Vo, V1) is a cobordism and f : W — R has two critical points. If Sk - S7 = +1,
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12.2  Facts From Differential Geometry

then W" 2V x [0, 1].

Theorem 12.4( Whitney’s Trick).
If M, M' =M™, M"™ C V™™ are closed submanifolds with M th M’ such that M, v(M’) (the

normal bundle) are oriented. Assume m +n > 5 and n > 3, and if m = 1,2 then assume

m(V \ M) — w1 (V). Let p,q be in the intersection, (p) - £(¢) = —1 (local intersection
numbers), and there exists a contractible loop L C V' such that
o L=1Lo\JL

e L is smooth in M, L; is smooth in M.
e Ly, L1 go from p to q.
And suppose each L; m(MﬂM’ \p,q) =0.
Then
1. hg =id,
2. hy =id near MM\ {p,q}

3. hi(M)(\M' =M\ M\ {p,q}.

Definition 12.4.1 (Homological Intersection Number).
If M, N C V are closed smooth submanifolds, then for [M],[N] C H.(V), then [M]-[N] =
Z e(p) is the homological intersection number.
pEMMN
Sketch of proof:
1. Given L, find a D? < V that it bounds. Note that D? may have self-intersections.

2. Continuous maps can be approximated by smooth maps, and smooth intersections can be
perturbed to be transverse. This lets the disc be perturbed, and since 2 + 2 < 5, the
self-intersection can be made zero.

3. Something else.

12.2 Facts From Differential Geometry

Let M be smooth, then there exists a Riemannian metric (-, -) on T,M which is symmetric and
positive definite.

Given p,q € M and a curve ¢(t) from p to ¢, we want a parallel transport map f.: T,M — T, M.

The exponential map: something that maps a neighborhood in T}, M to a neighborhood of p in M.
Take geodesics starting at p and evaluate at t = 1.

Definition 12.4.2 (Geodesics).
Geodesics are curves of global shortest length.

Definition 12.4.3 (Normal Bundle).
For M C V, then TM C TV]|,, is a subbundle with a metric induced from the metric on V.
The normal bundle is 7'M L.
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12.3 Proving Whitney’s Trick

Definition 12.4.4 (Totally geodesic submanifold).
If M C V is a submanifold with p € M and v € T,M, then M is totally geodesic iff the
entire geodesic starting at p with initial velocity v is entirely contained in M.

Fact (Existence of the Levi-Cevita Connection) Any Riemannian metric comes with a canonical
connection: the Levi-Cevita connection.

Parallel transport along a curve in a totally geodesic submanifold (7).

12.3 Proving Whitney’s Trick

Lemma 12.5.
Let Lo, L1 be the image of Cy, C|), C R2. Let U be a neighborhood of Cy U Cj in R?, including
the region they bound:

\

)
.\'\:

VAN
/
D

D
s
=

T

A
\ X

We can extend the maps embedding Uﬂ (C’o ﬂ Cé) to ¢1 : U — V be the embedding, so
$1]9p2 = L. We then get a map
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¢:UxR™"I xR —V
671 (M) = (UM Co) x R™! x {0}
671 (M) = (UM Ch) x {0} x R

13 Thursday February 27th

Setup: M™, N™ C V™™ closed submanifolds, M h N, M oriented (i.e. an orientation of T'M) and
N co-oriented (i.e. an orientation vy = TM/TV).

Each p € MﬂN has a sign e(p) € {—1,1}. If p,q € MﬂN with e(p) = 1,¢(1) = —1, we would
like an isotopy (ht)o<t<1 of V such that hg = id and h(M) ﬂN = (MﬂN) \ {p, q}.

Idea: we want to push M off of N:

P all \\ M'
L~ N
, \/ \
1/ -

_ ‘F\ | ﬁ;
\\ I\/\ \\\

From last week, assume dimV > 5 and dim N > 3 and =1 (V' \ N) = 7(V) = 0.

Why? In the 2-dimensional model above, we want the disc in the middle to be contractible.
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Then there is a smooth embedding ¢3 : U — V, 2-dimensional to n + 1 dimensional, sending
U(\Ci to Ci and U(Co| JCp) to V\ (M| JN).

Goal for today: under the same hypotheses, ¢35 extends to an embedding ¢ : U x R™ ! xR" ™! — V
such that ¢~' (M) = (U Co) x R™™ ' x {0} and ¢~ (N) = (U[)Cp) x {0} x R*"".

Let U’ = ¢3(U) C V-

N\

|,
A=a; )V

M

C' Nl y
—\
\

N\ ZAN

S~

‘ /\X\

N\ NTX

\

Lemma 13.1.
There exist vector fields along U’, &1, -+ ,&n_1,M1, " ,Mn_1, Such that
1. These are orthonormal to each other and orthogonal to U’.
Note that we’ll need a Riemannian metric to make sense of this, and particularly
one such that M, N are totally geodesic, and T, M L T, N and T,M L T;N.
2. &1, ,&m—1 are tangent to M along C'
3. M1, ,Mn_1 are tangent to N along Cj.

J

Given this, we have ¢(u,X,y) = expy, () (Z zi&i(ps(u) + > yjnj(gbr(u))), where the exponential
maps is evaluating a geodesic path at time 1.

13.0.1 Proof of Lemma

Let 7 be the unit tangent vector field along C', oriented from p to g:
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Let v/ be the unit vector field along C’ normal to C] pointing toward the interior of U’. Thus
V'(p) = 7(p) and v/(q) = —7(q).

First, complete tangents to an orthonomal basis: choose &;(p) such that {7(p),&1(p), -} is an
oriented orthonormal basis for 7}, M. Riemannian metrics induce a unique notion of parallel transport,
extend &; to all of C' by parallel transport. This preserves inner products, and in particular we
obtain an orthonormal basis for T, M.

We can use this to obtain bases for the orthogonal complements, and thus for the normal bundles.
Since e(p) = 1, an orientation of T,M yields an orientation of (vy),. Thus {¢/(p),&(p)} is an
oreinted basis, and similarly by flipping the sign of the first term, since v/(¢) = —7(q), {V'(¢),&(q)}
is an oriented basis for (vy)q.

Consider the bundle over ¢’ with fibers equal to orthonormal bases {wy, -+ ,w,_1} € (T,V)" 1
with each w; orthonormal and orthogonal to v/(x). This has fiber O(n — 1), and since the base C’ is
contractible, this is a trivial bundle.

We have elements in the fiber over p and ¢ inducing the same orientation, so are related by an
element of SO(n — 1), which is connected and thus path-connected. This gives a path in the frame

bundle connecting {&1(p), &Em—1(p)} to {&1(q), -+ ,Em—1(q)}-

So we extend the ¢ over all of (’, remaining orthogonal to N and U’. So we have vector fields
&, ,xm along C U C'. We want to show that these can be extended over all of U] remaining

orthogonal to U’.

Consider the bundle over U’ whose fibers are (m — 1)-tuples of vectors in T,V that are orthonormal
to T,U’. Since U’ is contractible, this bundle is trivial, and the fiber is orthonormal (m — 1)-frames
in an (m + n — 2)-dimensional vector space, the orthogonal complement of T,.U".

Since any orthonormal basis of size m + n — 2 will send m — 1 frames to other m — 1 frames,
with some redundancy if the upper-left block is the identity. Thus the fibers are isomorphic to
O(m+n—-2)/O(n—1).
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The construction of &1, -+, &, over all of U’ is now reduced to extending the loop on O(m + n —

2)/O(n — 1) determined by &; on CUC’ to a disk, i.e. U'.

In fact, 71 of this space is 0, so this can be done. Once we have §;, just take v; to be any orthonormal
over U’ such that ¢ is orthogonal to TN along C".

To see why this is, consider the fibrations O(n — 1) — O(n — m — 2) — @ the quotient above
and take the LES in homotopy, also consider O(n) — O(n + 1) — S*.

14 Thursday March 5th

Theorem 14.1 (When Cobordisms Are Trivial).

Let (W, V, V') be a cobordism of dimension n > 6, f Morse with all critical points of indices in
[2,--+,n —2]. Suppose m; = 0 for W, V, and V', and H,(W,V) = 0; then this is homotopic (?)
to the product cobordism.

14.0.1 Proof of Theorem

Factor ¢ = cacs - - - ¢p—2; then from H, (W, V) = 0 we have

O—>Cn,2§>0n,3—>---—>02—>0,
which has zero homology.

Thus for all A, choose {zf‘“, e ,z,i‘;ll} as basis of ker Cy;1 — C\. Then choose {bi‘”, e ,b)‘+2}

A+1
such that 8bf‘+2 = zi)‘Jrl. Then {b?‘ z)»‘} forms an integral basis of Cl.

77

From the basis theorem, we can choose a pair (f',£’) such that this basis is represented by Dy.

‘ \
()L QJ}\'H' 5 b)vﬂ — 4 ZA_
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Claim 3.
oM = £2* so Sgr(q) ﬂSL(p) = 41. Using the 2nd Cancellation Theorem, the smaller
cobordism is thus a product cobordism.

Proof .

Recall the following:
o If X = OW with W oriented, then X is oriented by {v, 71, -+, Th—1}.
e There is a map

H,(W,X) — H,_1(X)

[Ow] — [0x].

So choose an orientation of W (which we’ll notate o) and all Dy, and orient the normal
bundle of Dy such that

¢ (o(Dr),o(Dr)) = oW

o DR(Qi) ﬂDL(%) = +£1.
Then oV Dgr = oVSg and oD = oSg. The case for Sy, and V' Sy, are similar.

Lemma 14.2.
Given (W, V, V'), let M C V' be a smooth submanifold and [M] € Hi(M) the fundamental
class. Considering h : Hy(M) — Hi(W,V), the image

¢
h([M]) =" (Sr(a) -v [M]) - Dr(g:)-

=1

\

Corollary 14.3.
If Oxy1 : Chy1 —> C), then

(dy) =>_ (Sr(qj) - SLla))) - @i-

This implies the claim.

Proof (of Lemma):).
Assume ¢ = 1, then we have a diagram of the form

14 THURSDAY MARCH 5TH 70



H)\(V',V'\ Sg)

h1

H\(V DL,V J(Dr\{a}))

ha

H\(VJDL,V)

Hy\(W,V)

We have Hy(V') 3 ho([M]) = (Sg - M) - ®(a) where o € Hy(Sg) is the canonical generators
and
© : Ho(Sr) — HA(V,V'\ Sk)

is the Thom isomorphism.
Thus h3h2h1(<1>(a)) = DL(p).

14 THURSDAY MARCH 5TH
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