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I Real Analysis Review

1 ‘ Preface

I'd like to thank the following individuals for their contributions to this document:

e Edward Azoff, for supplying a problem sheet broken out by topic.

e Mentzelos Melistas, for explaining and documenting many solutions to these questions.
e Jingzhi Tie, for supplying many additional problems and solutions.

e Swaroop Hegde for supplying a number of proofs

Any mistakes are surely my own!

2 ‘ Real Analysis Review

2.1 Tie's Extra Questions: Fall 2015
(Computing area)

Problem 2.1.1 (7)
Let f(z) = Y02 cnz™ be analytic and one-to-one in |z| < 1. For 0 < r < 1, let D, be the disk
|z| < r. Show that the area of f(D,) is finite and is given by

o0
S=m Z nlen 2.
n=1

Note that in general the area of f(D1) is infinite.

Solution:

Preface 10



I Real Analysis Review

Since f is injective, f’ is nonvanishing in Q = |z| < r. A computation:
p(F (D)) = /D 7/(2)]
= f( )f'(2) dz

_/ jcjzjfl chkzk_l dz
7>1 k>1

L (g ()

7>1 k>1

:/ Z jkcj@zj_lik_l dz

G k>1

27 L )
—/ / jkcj@(re”)rl(re_’t)k_lrdrdt

7,k>1

2m ) L
—/ / jkcjﬁrfrk_lez(]_k)t dr dt
7,k>1

/ ZkQ\c 12r2k=1 o di
0 k>1

2k R

r

=N kepP—
Z |Ck| 2k Ir=0

2.2 Tie's Extra Questions: Fall 2015
(Variant)

Problem 2.2.1 (7)
Let f(2) = Y02 _ o cn2™ be analytic and one-to-one in ry < |z| < Ry. For 1o < r < R < Ry,

let D(r, R) be the annulus r < |z| < R. Show that the area of f(D(r, R)) is finite and is given
by

e}

S=m Z nlen|*(R* — 1r27),

n=—oo

Solution:
See above solution: all goes identically up until the integral over r values, just replace fOR with

[

2.2 Tie’s Extra Questions: Fall 2015 (Variant) 11



Real Analysis Review

— 2.3 Spring 2019.1 ~

Define

E(z) = e®(cosy + isiny).

o Show that E(z) is the unique function analytic on C that satisfies

[e.9] Zn
" 2.4 Recurrences ~

Problem 2.4.1 (7)
Let g = a,x1 = b, and set

_ Tp-1 + Tn—2

> 9.
2 "=

Ty

Show that {z,} is a Cauchy sequence and find its limit in terms of a and b.

Solution:
With some substitution, one can compute

1
|$n - $n—1| = 5-’1:11—1 + 55571—2 — Tp—-1| = §|$n—l - xn—2|a

which holds for all n. This is enough to show that the sequence is contractive, i.e.
|Tn — Tn_1] = c|Tn_1 — Tpn_2] ce (0,1).
Apply this recursively yields

(o — 21| = (5) b—a| "0,

since |b — al is a constant. So in fact x, is convergent and thus Cauchy convergent.

2.3 Spring 2019.1 12



Real Analysis Review

Note: to compare |z; — x;| directly, assume ¢ > j and apply the above estimate i — j + 1 on
|z; — xi—1|, |xic1 — 2i—2|, - - - to reduce to this case. This yields something like

1 1—j+1 1 i—j+1 1 j—1
i — aj] = <2> [z — x| = (2> (2> b —al — 0.

One could equivalently use the triangle inequality and a partial geometric sum to write

AR
jzi =2l < Y |k —aw] = |$i—96j|§07<1_> b —al.
j<k<i—1 ¢

Computing its limit: the usual trick of setting L = lim z,, = limz,_1 = lim x,,_o only yields
L= Lif here, and thus no information. Instead assume x,, = r™ is geometric, then

Uy — Tppe] — Ty = 0 = 29" — "1 _pn=2 —
— 22 —r—1=0 < (2r+1)(r—-1)=0
— r=-1/2,1.

Write a general solution as
Ty = Cl(—1/2)n + Cz(l)n = Cl(_1/2)n + c2,

and solve for initial conditions:

ro: a=-c+co
r1: b= (—1/2)01 + co

= o)==t 7
-
-G 5]

So the general solution is

) 2.5 Uniform continuity ~

2.4 Recurrences 13



I Real Analysis Review

Problem 2.5.1 (7)
Suppose f : R — R is continuous and lim, 1 f(z) = 0. Prove that f is uniformly
continuous.

Solution:
Fix € > 0, we need to find a 6 = §(g) such that

[z -yl <é = |f(z) - fly) <e Va,y € R.
Use that lim, — +oof(z) = 0 to choose M > 0 such that
2l > M = |f(2)| < /2,
then

|z, [yl = M = |f(z) = )] < [f@)]+ [fy)] <e.

So in this region choose (say) d; < € to ensure that Bs(x), Bs(y) C [-M, M]¢. On [—M, M],
note that this region is compact and f continuous on a compact set implies uniformly contin-
uous. So use this to choose d2 = d2(¢) in this region to ensure |f(z) — f(y)| < e.

This handles the cases x,y € (M,M)¢, or z,y € [M,M], so it only remains to handle = €
[M,M] and y € (M, M)¢ (wlog, relabeling x,y if necessary). In this case, use the triangle
inequality:

[f(z) = fW)l = |f(z) = f(M) + f(M) — f(y)
< |f(z) = fF(M)]+ [f(M) — f(y)|
<e+[f(M)|+]f(y)l
<e+4e+e,

where we’ve used that M,y € (M, M)¢ to apply the first bound and M,z € [M, M] to apply
the second.

— 2.6 Negating uniform continuity ~

Tie, Fall 2009

Problem 2.6.1 (7)
Show that f(z) = 22 is uniformly continuous in any open disk |z| < R, where R > 0 is fixed,
but it is not uniformly continuous on C.

2.5 Uniform continuity 14



Real Analysis Review

Solution:
A direct computation: fix e > 0 and suppose |z — w| < R. Then

2—w2‘2|z—w|\z—|—w\

<5 (2] + |wl)
<§-2R,

E

so choose § < 5% to get uniform continuity on Dg/5(0).

To see f can’t be uniformly continuous on C, take € = ¢ any constant and suppose the
appropriate § exists. We’ll look for a bad pair of z,w, so take w = z + %5. This would imply
‘22 — wQ‘ = ‘22 —(z+ 5)2‘
= |~226 — 7

= |2:6+ 87|
= 0[2z + 0|

|z]—o0
w?

using the § = d(¢) can’t depend on z or w, and is thus constant in this expression. This
contradicts that |22 - w2| <e=c< .

s 2.7 Non-continuously differentiable ~

Problem 2.7.1 (7)
Give an example of a function f : R — R that is everywhere differentiable but f’ is not
continuous at 0.

Solution:
The standard example:

o x2sin(%) x#0
flo) = {0 z=0.

Away from zero, this is clearly differentiable since we can just compute the derivative by the
chain rule. It turns out that

) = 2x sin (%) + 2% cos (%) (;—21) = 2xsin (%) — cos (%) x#0 '
0 x =

Here we check differentiability and compute the derivative at z = 0 directly:

f) - g _ () -0 ()=

X

— 0
xz—0 x—0 ’

2.7 Non-continuously differentiable 15



Real Analysis Review

using that —x < ’xsin (%)‘ <.
But now notice that the cos (%) term in f’ isn’t enveloped by an x¢ term, so lim,_,o f'(x)
does not exist for oscillatory reasons:

‘ lim x to 0 cos(1/x)

£k NATURAL LANGUAGE | f7a MATH INPUT B EXTE
Limit

lim cos[—] = indeterminate

x=0 X

Plot

(x from -0.8 to 0.8)

In particular, lim,_,o f'(x) # f/(0) = 0.

2.8 Uniformly convergent + uniformly
continuous

Problem 2.8.1 (7)
Suppose {g,} is a uniformly convergent sequence of functions from R to R and f: R — R is
uniformly continuous. Prove that the sequence {f o g} is uniformly convergent.

Solution:

Uniformly convergent means that ||g; — g;||., — 0, so sup,cx |gi(z) — gj(z)] Y790, We want
to show that given £ we can find Ny such that i, j > Ny yields

sup | f o gi(x) — fog;(z)| <e.
reX

2.8 Uniformly convergent + uniformly continuous 16



I Real Analysis Review

Fix € > 0, then choose §; = d1(¢) by uniform continuity of f to guarantee
ly1 — el <01 = [f(y1) — fy2)] <eVyr,y2 € X,
Now by uniform convergence of {g,}, choose Ny = Ny(d1) such that
i,j > No = |gi(z) — gj(z)] < 61 Vx € X.
Now writing y1 := gi(z),y2 == g;(x), choose i, j > Ny yields

ly1 — yo| = |gi(x) — gj(z)] < &1
= [f(y1) — f(y2)| = |f(gi(z)) — fg;(2))] <&,

and taking the supremum over x € X preserves the inequality since d; and consequently Ny
only depend on e.

— 2.9 Uniform differentiability ~

Problem 2.9.1 (7)
Let f be differentiable on [a,b]. Say that f is uniformly differentiable iff

flx) = fy)

Ve >0, 3 > 0 such that |z —y|<d = Ty

- f'(y)| <e.

Prove that f is uniformly differentiable on [a,b] <= f’ is continuous on [a, b].

Solution:
— : Fix € > 0 and choose § = J(¢) to get a bound corresponding to £/2, then for all =,y
with |z — y| < ¢ on [a, b], we have

f(@) = f(y)
T -y

(@) = f'W)] < |f(2) -

This uses uniformity to bound by /2 the terms involving f’(z) and f’(y) respectively. So f’
is in fact uniformly continuous on [a, b].

<= : Let ¢ > 0 and =,y € [a,b] be arbitrary. Then by the MVT, we can a £ € [z,y]
with f/(§)(x —y) = f(z) — f(y). Then use continuity of f’ to choose § = (e, z,y) so that
|z —y| <d = |f(x) — f(y)| < e, and note that |z — §| < |x —y| < J, so

f(x) = fy)

T —y =) =€ -yl <e

o 2.10 Inf distance ~

2.9 Uniform differentiability 17
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Problem 2.10.1 (?)
Suppose A, B C R" are disjoint and compact. Prove that there exist a € A,b € B such that

la—bll =it {|lz—y| | = € 4, y € B}.

Solution:
Define a function

d:AxB—R
(@, y) = [z =yl

Then d is a continuous function on a compact topological space (where the product is compact
by Tychonoff), and the extreme value theorem applies: d attains its min/max for some pair
(a,b) in its domain.
Note that disjointness just guarantees that
la—b|| > 0, since la—b|| =0 = a=10b and
ANB=40.

- 2.11 Connectedness ~

Problem 2.11.1 (?)
Suppose A, B C R" are connected and not disjoint. Prove that A U B is also connected.

Solution:

Use that X is connected iff Homtop(X,S%) = {c_1,c1}, i.e. every continuous map from
X — {-1,1} is a constant map = N Torz S5 1. Let f:AUB — S be arbitrary, and
let fi == f|, and f2 := f|g. By connectedness of A, f; is a constant map, as is fo. On the
intersection, for x € AN B # (), we have fi(z) = fa(z) since x € A and z € B. So fi and f,
are constant functions that must map to the same constant, so f is constant and this AU B
is connected.

s 2.12 Pointwise and uniform convergence ~

2.10 Inf distance 18
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\

Problem 2.12.1 (?)
Suppose {fn},cn is a sequence of continuous functions f, : [0,1] — R such that

fn(2) > fap1(xz) >0 VneN, Vz e 0,1].

Prove that if {f,} converges pointwise to 0 on [0, 1] then it converges to 0 uniformly on [0, 1].

J

Solution:

Let € > 0, we want to show that there exists an Ny such that n > Ng implies || f, ||, < . Fix @,
by pointwise convergence pick M, = M,(z,¢) so that n > M = |f,(x)| < . By continuity,
this bound holds in some neighborhood U, > @. Produce a cover {Us},¢(1 =3 [0,1]; by
compactness produce a finite subcover {Uy,---,U,} =2 [0,1]. Each U; corresponds to some
z; and some My, , so choose Ny > maxj<m { My, }. Then n > Ny = N > M,, for each i, so
|fn(x)| < € for each x € [0, 1] since x € U; for some i. So sup,cx |fn(z)| = || fnllo < e

e 2.13 =

Problem 2.13.1 (?)
Show that if F C [0,1] is uncountable, then there is some ¢ € R such that F N (—oo,t) and
E N (t,00) are also uncountable.

Solution:
See 3.2.12 of Understanding analysis 2ed. of Abbott. Show something stronger, that the
following set is nonempty and open:

S={tecRr ] E N (=00,t), BN (t,00) are uncountable | C R.
Write
S_={teR | En(-o0,1) is countable}
Sy={scR \ BN (s,00) is countable | .

Note that S_ # R since then we could write E = {J,,cz £ N (—00,n) as a countable union of
countable sets.

Claim: S = (supS_,,inf Sy).

77

el 2.14 o

2.12 Pointwise and uniform convergence 19
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Problem 2.14.1 (?)
Suppose f, g :[0,1] — R where f is Riemann integrable and for z,y € [0, 1],

l9(z) — g(y)| < |f(z) — f(y)]-

Prove that g is Riemann integrable.

Solution:
Write U(f), L(f) for the upper and lower sums of f, so for II the collection of all partitions of
[0,1],
U(f) = jnf U(f, P) U(f,P) =Y sup f(x) - u(Tx)
L(f) = sup L(f, P) L(f,P) =S inf f(z) - u(ly).
Pell 1 z€l}

Note that integrability of f is equivalent to

VedP such that U(f, P) — L(f,P) <e

= z”: (sup f(z) — xlél[fk f(ac)) p(ly) < e.

k=1 Cl‘elk

— 2.15 Exercises ~

Problem 2.15.1 (Uniform continuity of z")
Show that f(x) = 2™ is uniformly continuous on any interval [—M, M].

Solution:

<M"Yy -z E30.

Z :L,kyn—k

1<k<n

2" —y"| = |y — |

Problem 2.15.2 (7)
Show f(z) = ™" for n € Z> is uniformly continuous on [0, 00).

2.14 20



Continuity

Solution:

wn —yn < (z—y)n X0,

using (a +b)™ > a™ + 0™

Problem 2.15.3 (7)
Show that f’ bounded implies f is uniformly continuous.

Solution:
Apply the MVT:

y—z

[f (@) = f()l = [f(©llz —y| — 0.

Problem 2.15.4 (7)
Show that the Dirichlet function f(z) = x1nq is not Riemann integrable and is everywhere
discontinuous.

Solution:

Check sup f = 1 and inf f = 0 on every sub-interval, so L(f, P) = 0 and U(f, P) = 1 for every
partition P of [0, 1].

Discontinuity: #todo

3 ‘ Continuity

el 311 ~o

Is the following function continuous, differentiable, continuously differentiable?

fR?>R
=L—  (z,y) # (0,0)
)= Ve
f@9) {0 else.

Continuity 21



I Implicit/Inverse Function Theorems

— 3.2 ? ~

Show that f(z) = 2?2 is uniformly continuous in any open disk |z| < R, where R > 0 is fixed, but it
is not uniformly continuous on C.

o 336 |

Let F: R? — R be continuously differentiable with F'(0,0) = 0 and ||[VF(0,0)| < 1.

Prove that there is some real number 7 > 0 such that |F(z,y)| < r whenever ||(z,y)| < r.

e 3.4 2 Multivariable derivatives ~

a. Complete this definition: “f : R™ — R™ is real-differentiable a point p € R" iff there exists
a linear transformation...”

b. Give an example of a function f : R? — R whose first-order partial derivatives exist every-
where but f is not differentiable at (0,0).

c. Give an example of a function f : R? — R which is real-differentiable everywhere but nowhere
complex-differentiable.

4 ‘ Implicit /Inverse Function Theorems

o 4.1 3 e

Let f:R2 — R.

a. Define in terms of linear transformations what it means for f to be differentiable at a point
(a,b) € R2.

b. State a version of the inverse function theorem in this setting.

c. Identify R? with C and give a necessary and sufficient condition for a real-differentiable
function at (a,b) to be complex differentiable at the point a + ib.

327 22



Complex Differentiability

[ 4.2 5 B

Let P = (1,3) € R? and define

f(s,t) = ps® — 6st + 2.

a. State the conclusion of the implicit function theorem concerning f(s,t) = 0 when f is
considered a function R? — R.

b. State the above conclusion when f is considered a function C? — C.

c. Use the implicit function theorem for a function R x R? — R? to prove (b).

There are various approaches: wusing the definition
of the complex derivative, the Cauchy-Riemann equa-
tions, considering total derivatives, etc.

— 43 7 ~

State the most general version of the implicit function theorem for real functions and outline how
it can be proved using the inverse function theorem.

5 ‘ Complex Differentiability

e 5.1 4 ~o

Let f = u + iv be complex-differentiable with continuous partial derivatives at a point z = re®

with r # 0. Show that
ou 10v ov 10u

or 1ol o rof’
s 5.2 Tie's Extra Questions: Fall 2016 ~

Let u(z,y) be harmonic and have continuous partial derivatives of order three in an open disc of
radius R > 0.

4.2 5 23



I Montel

a. Let two points (a, b), (x,y) in this disk be given. Show that the following integral is independent
of the path in this disk joining these points:

Y Ou ou
v(z,y) :/b (—afydx—i—%dy)-

b. In parts:

o Prove that u(z,y) + iv(x,y) is an analytic function in this disc.
o Prove that v(z,y) is harmonic in this disc.

5.3 Tie’s Questions, Spring 2014: Polar
Cauchy-Riemann

Let f = u + v be differentiable (i.e. f’(z) exists) with continuous partial derivatives at a point
z=re" r 0. Show that

ou 10v ov 10u

o  ro0 or  rdb

— 5.4 ? ~

1. Show that the function u = u(z,y) given by

e —e™ ™

5,2 sinnx forne N
n

u(z,y) =
is the solution on D = {(x,%) |z? + y? < 1} of the Cauchy problem for the Laplace equation

2u 0w ou sin nx
@4_@ =0, wu(z,0)=0, 87/(3:70) -

2. Show that there exist points (z,y) € D such that limsup |u(z,y)| = co.

n—oo

6 ‘ Montel

6.1 Convergence of holomorphic functions
on line segments

5.3 Tie’s Questions, Spring 2014: Polar Cauchy-Riemann 24



I Montel

,

Problem 6.1.1 (7)
Suppose {fn},cn is a sequence of entire functions where

e fn — g pointwise for some g : C — C.
¢ On every line segment in C, f, — g uniformly.

Show that

e g is entire, and
e fn — g uniformly on every compact subset of C.

Solution:
Note that g is entire by Morera’s theorem, since 0 = [, f, — [, ¢ by uniform convergence and
the f, are holomorphic. By Cauchy’s theorem, up to a constant we have

0O g f 9©)
= § e deo(e) = § L

Thus fixing K and ¢, for any T' C K containing z,

_ | &) e f 9
o) = al2)) = | § 25— ff

1£0(6) — 9()]
Sngg_Z e

<?§ supgeT‘fn@) —9(8)|
—Jr §—=z

g
< d
—ﬁg_z ¢
=eC =0,

fn(2)

dg

where n = n(e,T) can be chosen to produce this € using that f,, — ¢ uniformly on 7. Taking
a sup over the z enclosed by 7" on the LHS yields a bound on the open region enclosed by
T. Taking a union of all such T in K yields an open cover of K, which by compactness has
a finite subcover. This yields a finite collection {n = n(e, Ti)},< . and taking the maximum
such n yields a uniform bound for all of K. -

— 6.2 Tie's Extra Questions: Spring 2015 ~

Problem 6.2.1 (7)
Assume f,, € H(Q) is a sequence of holomorphic functions on the region 2 that are uniformly
bounded on compact subsets and f € H(2) is such that the set {z € Q: Jim fn(z) = f(2)}

has a limit point in . Show that f, converges to f uniformly on compact subsets of 2.

6.2 Tie’s Extra Questions: Spring 2015 25



Function Convergence

— 6.3 Spring 2019.7 ~

r

Problem 6.3.1 (7)

Let © C C be a connected open subset. Let {f, : Q@ — C} 7, be a sequence of holomorphic
functions uniformly bounded on compact subsets of 2. Let f : & — C be a holomorphic
function such that the set

{zeal lm fu(z) = £(2)}

has a limit point in . Show that f, converges to f uniformly on compact subsets of 2.

" 7.1 Fall 2021.4 ~

Solution:

Write g(z) = lim,_,c fn(2) for the pointwise limit, then g(z) = f(z) on a set with a limit
point. By the identity principle, g = f on {2, making f the pointwise limit of the f,.

By Montel, locally uniformly bounded implies normal and locally equicontinuous. So {f,} is
normal, and thus has a locally uniformly convergent subsequence { fy, }. Since singletons {z}
are compact, f,, (z) = g(z) pointwise, and by uniqueness of limits, limy_,o fn, = g = f on
any compact K C Q.

It remains to show that the original sequence {f,} converges locally uniformly to f, not
just the subsequence. Suppose not, then there exists a compact K C 2 and € > 0 so that
lfn— £l Koo > € for infinitely many n. This produces a subsequence { fnj} with H In; — f H > e
for all j. However, since F was normal, every subsequence has a locally uniformly convergent
subsequence, so this has a further subsequence fnj, uniformly converging to f, a contradiction.

7 ‘ Function Convergence

Problem 7.1.1 (7)
Prove that the sequence (1 + %)n converges uniformly to e* on compact subsets of C.

Hint: enlog®n = " and e* is uniform continuous
on compact subsets of C.

Solution:
Let K be compact, where z € K = |z| < R for some constant R. For the remainder of the
problem, we only work in K.

Claim: f,(z) =nlog(1+ Z) — 2 uniformly.

6.3 Spring 2019.7 26




Function Convergence

Claim: f,, are uniformly bounded on K.
Claim: e? is uniformly continuous on K.

Claim: If g, — ¢ uniformly and F' is uniformly continuous, then F o g, — F o g uniformly.
Why these claims imply the result:

If f,(z) — z uniformly, both are uniformly bounded, and e® is uniformly continuous, then
ef(2) - ¢# uniformly.

7.1 Fall 2021.4 27
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Proof (Of first claim).

We'll first show that for w in a neighborhood of zero avoiding 1, there exists a constant

C such that

_log(1 +w)

’1 ‘g Clwl.
w

This follows from estimating the series expansion about w = 0:

‘1_log(1+w)‘: w_lz(—z))k

w

k>1

k>2 k
_ Z |w‘k71
- k
£>2
_ Z ’w|k
o1 k+1
jw]”
S -
E>1 2
(=Y
=—— -1
2 \1— |w|
1 1
=S [2|
2 1 — |w|
< Clwl,

using that ﬁ is bounded in compact sets avoiding xz = 1.
We can now apply the M-test:
lo + 2
‘nlog (1—1— Z) —z‘ =|z| - M
n

1
4
n

_1‘

— 7.2 Spring 2021.6, Spring 2015, Extras

7.1 Fall 2021.4
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Function Convergence

Problem 7.2.1 (7)

Let {fn},—, is a sequence of holomorphic functions on D and f is also holomorphic on D.

Show that the following are equivalent:

e fn — f uniformly on compact subsets of ID.
e For 0 <r <1,

[, Unle) = 1Nz " o

Note: |dz| = |y/(t)| dt for v a parameterization of
the curve.

Solution:
= :

o Fixr € (0,1) and let v = {|z| = r}. This is compact, so f, — f uniformly on 7:

[ 1) = £z < [ supfute) — f(w)]d=
v wey

v

< [ lfa(w) = f(w)l d=

.
= Wfnlw) = f(w) | |
= [[fu(w) = f(w)]| length(v)
— 0.
—:
e Let K be compact, then choose v enclosing but not intersecting K.

e Since 7, K are disjoint compact sets, define M := inf {|z —¢] ‘ ze K &€ ’y}, the 0 <
M < oo.

o Apply Cauchy’s formula to the function F,(z) = f,(z) — f(z), where we want to show

|En(2)] < e:
1 Fo(§)
Fo(z) = /7—2_5 de

L= 1)
= Ifule) - N < 5 [ |O=LE)ae

L[ 1£a() - J(©)]
S%L e

S LGRS

7.2 Spring 2021.6, Spring 2015, Extras 29



Function Convergence

where by hypothesis we can bound this integral by an €. So given &, choose n large
enough to bound the integral as above by some ¢ depending only on n and not on z.
Taking sup of both sides yields || fn, — fll . x < 5737+ 80 fo — f uniformly on K.

s 7.3 Spring 2020 HW 2, SS 2.6.10 ~

Problem 7.3.1 (7)
Can every continuous function on D be uniformly approximated by polynomials in the variable
27

Hint: compare to Weierstrass for the real interval.

Solution:

No: polynomials are holomorphic and the uniform limit of holomorphic functions is holomor-
phic. However, f(z) := Z is continuous on D but not holomorphic, so can not be uniformly
approximated by any sequence of polynomials.

— 7.4 Spring 2020 HW 2.5 ~

Problem 7.4.1 (7)
Assume f is continuous in the region {:U + 1y ‘ r>x, 0<y < b}, and the following limit
exists independent of y:

lim f(z+iy) = A.

r—r-+00

Show that if v, = {z:x—i—it ‘ 0<t< b}, then

lim (z) dz = i Ab.
r—r+00 Ya
Solution:
The key insight:
b
/Adz:/A-idt z=x+it, dz =idt
¥ 0
b
—iA / dt
0

= 1Ab.

7.3 Spring 2020 HW 2, SS 2.6.10 30



Function Convergence

So now estimate the difference:

dz—zAb‘ / dz—/Adz
v
= / (£(2) = A) d
/ — Aldz
y
< sup |f(z+iy) — Al -length(vy,)
Z=x+iyEry
30,
using that length(~y,;) = b is constant.
— 7.5 Limiting curve variant ~

Problem 7.5.1 (7)
Let 0 < a < 27 be a fixed angle. Suppose f is continuous on the region =
{lz| > R, Arg(z) € [0,a]} and lim,_, 2f(z) = A. Show that

zlggo . f(2)dz = iAa,

where v = {|]z| = R, Arg(z) € [0,a]} is an arc.

Solution:
Key observation:

1Aa = / édz.
’y z

(6%
/—dz—/ —zRetht / 1Adt =iAa.
0

Now estimate the difference:

Why this is true:

7.5 Limiting curve variant 31



I Series Convergence

) = z)dz — é z
/vf(z)dz—zAa‘— Af( )d de
=[[ 1)~ 2z
2l
_|[ A,
~ z
z2f(z) — A
§L . dz
_ [ laf(z) — 4]
—L R dz
1
< g [ 12G) = Al 2
= % - length(vy)
— %-Ra
= &t
250
8 ‘ Series Convergence
" 8.1 Fall 2020.2 ~

Problem 8.1.1 (7)

Expand ﬁ + ziS in a series of the form - a,2™ so it converges for

o 2| <1,
o 1< 2] <3,

o |z] > 3.

Solution:

General strategy: each has two expansions, so just compute them all and pick appropriate
ones for regions afterwards.

Series Convergence 32



Series Convergence

1.
For —:
1 1 1 1
=— =—- ) 37kF <3
-3 31-%2 3 ,;O ‘ 2
1 1 S1NT ok, —k
z k>0
For ﬁ;:
112222% |z| < 1
>0
L~ -2 —2k
:;1_—ﬂ:—2 ’;)Z |Z|>1
So take
1
0<|z| <1 f(z):Zzzk—§Z3*kzk
k>0 k>0
1
1<z <3 f(z) = —z_zkz; 272k _ 3 Z 37k
>0 k>0
3< |z < f(z)=—272 Z 272k 4 7t Z 3k 7k,
k>0 k>0
- 8.2 Spring 2020 HW 2.2 ~
pring

Problem 8.2.1 (7)
Let f be a power series centered at the origin. Prove that f has a power series expansion

about any point in its disc of convergence.

Concepts Used:

¢ Cauchy’s integral formula:

Solution:
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I Series Convergence

Idea: use Cauchy’s integral formula to get a series in (z — zp).
_ [ 1©
fla)= [ 2 de
1
B /f(E) <€— (2 — 20) —ZO) e
_ f(é.) ; L Z— 20
_/E—Zo<1—w>dE R

_ [ f©)
_/gzwkdg

20 1>

- Z </ ff—(i)’o d€> w

k>0

_Z</ f(€) d€>wk

o M €20
([ e

where we’ve integrated over a curve contained in D the disc of convergence, and that the
power series for f converges uniformly on D to commute the sum and integral.

(]

k

vV

0

8.3 Fall 2015, Spring 2020 HW 2, Ratio
Test

Problem 8.3.1 (7)
Let a, # 0 and show that

a 1
lim il gy lan|m = L.
n—oo ‘an‘ n—00
In particular, this shows that when applicable, the ratio test can be used to calculate the
radius of convergence of a power series.

— 8.4 Analytic on circles ~

Problem 8.4.1 (7)
Suppose f is analytic on a region €2 such that D C Q C C and f(z) = >.72janz" is a power
series with radius of convergence exactly 1.

a. Give an example of such an f that converges at every point of S.
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Series Convergence

b. Give an example of such an f which is analytic at 1 but > 72 a, diverges.

c. Prove that f can not be analytic at every point of S*.

Solution:

Part a: Take f(z) = Zn_Qz”, which converges absolutely for |z| = 1 by the comparison

test.

Part b: Take f(z) := ﬁ = Y pso(—1)*2F, then f(1) = 2 by analytic continuation of the

series at z = 1. Then aj, = (—1)*,

Part c: ??? Not clear if this is true, take f(z) = 3 2"/n?.

8.5 Spring 2020 HW 2.3: series on the
circle

-

Problem 8.5.1 (7)
Prove the following:

a. Y., nz" does not converge at any point of S?
b. >, Z—Z converges at every point of S?.

c. Yo % converges at every point of S except z = 1.

Concepts Used:

¢ Summation by parts: Set By := 0, By, := > ;< bk, then

N N-1
Z anby, = anBy — ayBy—1 — Z (an—l—l - an) B,.
n=M n=M

e Summing a geometric series:

_  N+1
Yok 11;
1<k<N <

Solution:

Part 1: This series does not have small tails: writing ¢,, :== nz" we have |c,| = |nz"| = |n| — o

when |z] = 1.

Part 2: This converges absolutely and absolute convergence implies convergence:

‘Z n_2z”‘ < Z ‘n_2z”‘ = Zn_Q < 0.
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Part 3: Write f(z) = > >4 k~12%. The value f(1) is the harmonic series, which we know
diverges from undergraduate Calculus. For z # 1, apply summation by parts with aj == k=!

and b := 2*, so

° a’N = N_l
e Ay = ]\4’71

_ B 1—2Nt1
o BN =3 kN2 = H5
i BM:ZkgMZk
e i1 —ap=mMm+1)"t+nt=—(n(n+1))7!

Note that |By| < C, == |1 Pl for any N, since |z| = 1 is on S! and the maximum distance

between two points on S! is 2. Moreover C, < oo when z # 1.
Applying the formula:

N N-1

S a7 < INTIBy = M7 By = Y [~ (n(n +1))71By
n= n=M
<N lc,+mlc, + C, ( )
MSnZS:N o \ntdm

SC.|IN'+MTT+ Y n?
M<n<N-1

M,N—oc0
— 0,

where we've used the triangle inequality and convergence of > n~2. By the Cauchy criterion

for sums, f(z) converges pointwise for z # 1.

— 8.6 Uniform convergence of series ~
Problem 8.6.1 (7)
Suppose >_o° janz" converges for some zg # 0.
a. Prove that the series converges absolutely for each z with |z| < |z|,.
b. Suppose 0 < r < |zp| and show that the series converges uniformly on |z| < 7.
— 8.7 Sine series? ~

8.6 Uniform convergence of series
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Problem 8.7.1 (7)

Prove that the following series converges uniformly on the set {z ‘ $(z) < In 2}:

>\ sin(nz)
Z on
n=1

Suppose 0 < 7 < |zp| and show that the series converges uniformly on |z| < 7.

L J

" 8.8 Fall 2015 Extras ~

Assume f(z) is analytic in D and f(0) = 0 and is not a rotation (i.e. f(z) # €z). Show that

o0
Z f™(2) converges uniformly to an analytic function on compact subsets of D, where f7+1(z) =
1

n=

f(m(2)).

9 ‘ Holomorphicity

— 9.1 Fall 2019.6 ~

Problem 9.1.1 (7)

A holomorphic mapping f : U — V is a local bijection on U if for every z € U there exists an
open disc D C U centered at z so that f: D — f(D) is a bijection. Prove that a holomorphic
map f: U — V is a local bijection if and only if f/(z) # 0 for all z € U.

Concepts Used:

o Inverse function theorem: if FF € C'Y(R" — R") and Dy is invertible at p, the F is
invertible in a neighborhood of p, and F~! is C.

Solution:
< Let z € U be fixed. Since f is holomorphic at z and f/(z) # 0, consider f(z,y) and its
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I Holomorphicity

Jacobian as a real-valued function:

Uy Uy

] = det(Dy) = ugvy — vpuy = ul + V2 = |f/’2 >0,
Vg Uy

- |
so the derivative matrix is invertible at z. Applying the inverse function theorem yields that f
is a smooth diffeomorphism on some neighborhood N 3 p, and in particular is bijective on N.
/&= : If f’(z) = 0 for some z, then we claim that f can not be injective. Equivalently,
injectivity of f implies f* # 0. Suppose f is holomorphic at zg but f’(z9) = 0. Write
h(z) == f(z) — f(20), which has a zero zy of some order k > 2. For a disc D small enough
about 2 avoiding the other (isolated) zeros of h and f’, for any p in a neighborhood of 2y and
contained in D,

SO
L e oy % = 20 )
using the argument principle and that (f(£) —p)’ = f/(§). But for D small enough, $Z(f(z) —
p) = tZ(f(2)— f(20)) = k by Rouché, so there are k solutions to f(z) = p. Since (f(z)—p)' # 0
in D, none of these can be repeated roots, so these k solutions are distinct, forcing f to be
k-to-one and fail injectivity.

Expanding on the Rouché argument: set ¢ := inf.cp |f(z) — wol|, then for D’ of radius ¢, set

o F(z):=(f(2) =20) = (f(2) =p) =2 —p
« G(2) = f(2) — 20
« (F+G)(2)=f(2)-p

Then F > G on 9D’ will imply F, F + G have the same number of zeros within D’, and this
bound follows from

[F(2)| = |z —pl <c<|f(2) —pl,

where the first inequality is from making the disc small and the second from choosing ¢ as an
inf.

— 9.2 Spring 2020 HW 1.7 ~

Problem 9.2.1 (7)
Prove that f(z) = |z|? has a derivative at z = 0 and nowhere else.

Solution:
The easy check: f is differentiable iff 0, f = 0, but

B,|2)° =022 =2 #0,

unless of course z = 0.
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A more explicit check: check the limits.

f) =) P 22 e
z—0 2z ’

so f is differentiable at w = 0. Now taking w = Re? # 0,

2 2
f(i:{u(w) _ ‘Z|z:liu‘ _ (= ’i‘)—(’:;’ —[wl) _ |Zz’:l;0‘ el + w)).

First let 2z — w along ODg/ (0) where R’ := |w|, so that the numerator vanishes and the limit

is zero. Then let z — w along the curve {tw ‘ telo, 1]}, then |z| = t|w|, so the ratio becomes

2] — |w] _ tw] — Jw)

| (|2 + |w|) = o —w (t{w[ + [w])
_ Jwl(t=1)
wPe+1)
=w(t+1)
= ow

which is nonzero is w # 0.
— 9.3 Spring 2020 HW 1.8 ~

Problem 9.3.1 (7)
Let f(z) be analytic in a domain, and prove that f is constant if it satisfies any of the following
conditions:

. |f(2)] is constant.
R(f(z)) is constant.
arg(f(z)) is constant.

. f(z) is analytic.

o

po o

How do you generalize (a) and (b)?

Solution (1):

Slick proof: use that no curve v C C is open in C.

If |f| = ¢ = r? for some r, then the image of f is contained in the curve dD,(0). Since f is
holomorphic on the source domain €2, f is an open map, so if f is nonconstant the f(2) is
open. But f(€©2) C 0D, (0) can not be open, so f must be constant.
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The usual more direct proof: write |f(z)| = u? = v? = r2. The claim is that both u and v are
constant. Take partial derivatives and clear the factor of 2:

Oz : uugz +vvy =0

Oy 1 uuy +vvy = 0.
Now apply CR: u; = vy, uy = —v;, then

Uy — VUy =0

Ully + vug = 0.
Multiply the first by u, and the second by u,, then add

2 —
UUy — ViyUy = 0
2 —
Uty + vuguy =0
2 2y _
= u(uy +uy,) =0.

A similar calculation yields v(v?2 +v§) =0, so If u(z,y) = v(z,y) = 0 at any point, then |f| =0
and f =0, so we’re done. Otherwise, u,v do not simultaneously vanish, so we must have

O:ui—kuz = 0=wu,; =uy = wu constant

020,204—1); — 0=wv, =vy = v constant ,

so f = u+ v is constant.

Solution (2):
Write f = u + iv, so u = ¢ is constant. Then u; = uy, = 0, and CR yields vy, = u; = 0 and
vy = —uy; = 0, so v is constant, making f constant.

Solution (3):
Slick proof: apply the open mapping theorem again, since Arg(f) = 0y implies that im(f) C ~
for the curve v := {tewo ‘ te R} which has no open subsets.

Note that this implies that any R-valued holomorphic function is constant.

Solution (4):
Write f = u +iv so f = u + i@ where ¥ := —v. Then u, ¥ are constant, so in particular R(f)
is constant and by 2 f is constant.
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o 9.4 Spring 2020 HW 1.9 ~

Problem 9.4.1 (7)
Prove that if z — f(z) is analytic, then z — f(Z) is analytic.

Solution (Cauchy-Riemann):
It suffices to show that g(z) := f(%Z) satisfies CR. Write f = u + iv, then

9(x,y) = a(z,y) +ib(z, y) = u(x, —y) — iv(z, —y),
so we want to show a, = b, and ay, = —b,. By the chain rule,
ay = Op(z — u(z,—y)) = uy
ay=3 (y = u(z,y) o (y— —y) = —uy
by = Oz (x = —v(z, —y)) = —
(

y—am yH_v( y))o(yl—)—y)zvy.
Now use CR for f to write

azp = Uy = Vy = by

ay = —Uy = Vg = —by.

Solution (Direct definition):
Set g(z) = (f(2%))* = f(Z), we can then show ¢’ exists:

gt —g(s) () - S

h—0 h h—0 h**
o UG+ = 1))
h—0 h**
(R - fED)N
:%5%< h* )

= (f'(z")"

where we’ve used that w — w* is continuous to commute a limit. So this limit exists, g is
differentiable with ¢'(z) = f'(2).

Solution (Power series):
Since f is analytic, take a Laurent expansion f(z) = 3 ;>0 cxz®. Then

9(z) = (f(z")" = (Z M“) = ",

k>0 k>0

making g analytic.
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— 9.5 Spring 2020 HW 1.10

Problem 9.5.1 (7)

a. Show that in polar coordinates, the Cauchy-Riemann equations take the form

ou 10v ov 10u

o ro0 " or T roo
b. Use (a) to show that the logarithm function, defined as
Log z = logr + i6 where z = re with —7 <6 <.
is holomorphic on the region r > 0, — 7 < 0 < 7.

Also show that this function is not continuous in r > 0.

.

Solution:
Part 1:
Write
r=rcos) = grad, gz = [cosf, —rsin 0]
y =rsinf = grad, gy = [sinf,r cosd].
Then
Uy = UgpZy + UyYr
= Uy cos 0 4 uy sin 0
= vy cost) — v, sind
=71 (v, - 7cosd —uy - rsind)
=yt (vyye + uyxp)
= 7‘_11)9.
Similarly
Vp = UgZp + UylYr
= vy cosf 4 v, sin 0
= —uy cos bt + u, sin 6
= —r 1 (uy - r cos Qi - rsin )
=—r! (Ua:l”e + uny)
= —r_lug.
Part 2:

9.5 Spring 2020 HW 1.10
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Define u(r,8) = log(r) and v(r,0) = 0 to write Log(z) = u + iv. Then check

up=r"t vy=1 = u, =71 tuy

vp=0, uy=0—= v, = —r_lue,
provided r > 0 so that u, is defined.

That this function is not continuous: let wy, = 1-¢ , noting that these are two sequences
converging to 1. If Log(z) were continuous, we would have

2r—1/k)

lim Log(wy) = Log(1) :=log(1) +i-0=0,

k—o0

Thus for any € we could choose k > 1 so that
[log(zx) — 0], [log(wy) — 0] < €.

However,

log(wg) = log(1) +i(2r — 1/k) = i(2n — 1/k) = 2mi — % > g,

for arbitrarily large k, provided we choose & small.

— 9.6 Fall 2021.1 ~

Problem 9.6.1 (7)
Let f(z) be an analytic function on |z| < 1. Prove that f(z) is necessarily a constant if f(z)
is also analytic.

Solul:ion:
Let f(z) = f(Z). Using that f is analytic iff its components solve Cauchy-Riemann, using

that f, f are analytic,

Ug = Uy Uy = —Vg

Uy = —Vy Uy = Vg

= 22Uy =vy—vy =0 = u; =0
= 2Uy =0, — 0, =0 = uy, =0
= 0=y — Uy =v; — (—vg) =20, = v, =0
= 0=1uy —up = vy — (—vy) =20y = vy =0,

so grad u = [uz, uy] = 0 making u constant. Similarly gradv = [v;,v,] =0,s0 f: R*> = R is
constant.
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9.7 Holomorphic functions form an integral
domain

Problem 9.7.1 (7)
Suppose D is a domain and f, g are analytic on D.
Prove that if fg =0 on D, then either f =0 or g =0on D.

Solution:

Suppose fg =0on D but f # 0, we’ll show g =0 on D. Since f Z 0, f(z9) # 0 at some point
zp. Since f is holomorphic, in particular f is continuous, so there is a neighborhood U 3 zg
where f(z) # 0 for any z € U. But f(2)g(z) = 0 for all z € U, and since C is an integral
domain, this forces g(z) = 0 for every z € U. So g = 0 on U. Now U is a set with a limit
point, so by the identity principle, g = 0 on D.

9.8 Holomorphic functions with specified
values

Problem 9.8.1 (7)
Suppose f is analytic on D°. Determine with proof which of the following are possible:

) = (—1)" for each n > 1.
( ) = e~ " for each even integer n > 1 while f (%) = 0 for each odd integer n > 1.
c. f (%) = % for each integer n > 1.

d. f %) = Z—:% for each integer n > 1.

Solution:
Part a: Not possible: if f is holomorphic then f is in particular continuous, so

f(0) = f(lim1/n) = lim f(1/n) = lim(—1)",

which does not converge.

Part b: Not possible: note that 1/n has a limit point, so if f(1/n) =0 then f =0 on D by
the identity principle. In particular, we can not have f(1/n) =e™" > 0.

Alternatively, note that a holomorphic f must have isolated zeros, while zg = 0 is forced to be
a zero of f by continuity, which has infinitely many zeros of the form 1/n in any neighborhood.
Part c: Not possible: suppose so, then by continuity, we have

£(0) = f(lim1/n?) = lim f(1/n?) = lim1/n = 0,
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so zp = 0 is a zero. Now defining g(z) = 2% = 7% on U = C \ (—00, 0] extending this
continuously to zero by g(0) = 0 yields g(z) = f(2)on {1/712 ‘ n > 1} U {0}, so g(2) = f(z)
on U. But then g = f on D, and ¢ is not holomorphic on all of D, contradicting that f was
holomorphic on D.

Part d: Yes: note that this forces f(0) = lim 2=% = 1 by continuity at z = 0. We can write

n-2_ 1-2-3
n—1 R
n

so define g(2) := 1=2. Then g(1/n) = f(1/n) for all n and g(0) = 1 = £(0), so g = f on a set
with an accumulation point making g = f on D. Note that g 7s holomorphic on D, since it has
only a simple pole at zg = 1.

10‘ Geometry

— 10.1 Some Geometry ~

Let zx(k =1,--- ,n) be complex numbers lying on the same side of a straight line passing through
the origin. Show that

214204+ +2,#0, 1/z1+1/z0+---4+1/2,#0
Hint: Consider a special situation first.

— 10.2 Images of circles ~

Let f(z) = z 4+ 1/z. Describe the images of both the circle |z| = r of radius r(r # 0) and the ray
arg z = 0y under f in terms of well known curves.

— 10.3 Geometric ldentities ~

Prove that |21 + 2|+ |21 — 22| = 2 (|2’1|2 + |22]2> for any two complex numbers z1, 22, and explain
the geometric meaning of this identity
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" 10.4 Geometric ldentities ~

Use n-th roots of unity (i.e. solutions of z” —1 =0 ) to show that

27 47 67 2(n— )7
cos — +cos— +cos— + -+ 4+ cos ——
n n n

_|_
I
|
—_
Q
=
(o]

n
2w . 4w . b7 2(n— 7
sin— +sin—4+sin—+-++- ——

Hint: If 2" + 12"+ -+ cp_12+ ¢, = 0 has roots
21529,y Zn, then

21tz + -t =—C

2129 2n = (—1)"¢y, (not used)

o 10.5 Geometry from equations ~

Describe each set in the z-plane in (a) and (b) below, where « is a complex number and & is a
positive number such that 2|a| < k.

(a) |z —a|+|z+a] =k;

(b) |z —a| +|z4+af <E.

e 10.6 Spring 2020.1, Spring 2020 HW 1.4 ~

Problem 10.6.1 (?)
a. Prove that if ¢ > 0,
(wi| = clwa| = ‘wl - 0211)2‘ = clw; — wa|.

b. Prove that if ¢ > 0 and ¢ # 1, with z; # 29, then the following equation represents a
circle:
zZ— 21

= C.

zZ — 22

Find its center and radius.

Hint: use part (a)
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Solution (part 1):

‘w1 - (:2w2‘2 = (w1 — ws) (W1 — *w3)

= Jwi | + ¢*fws|” — 2*R(ww3)
= M+ tfws]” = 2P R(wiw3)
= wal* + 7 [F = 2R (wyw3)
= 02|w1 — wal,

where we’ve applied the assumption |wi| = c|ws| twice.

Solution (part 2):
Using part 1:

wy =z — 21, Wwe =2 — 29 = |wi| = c|we|
= ‘w1—02w2‘=c]w1—w2\
— ‘2—21—02(2—22)‘:|(Z_Zl)_(z_22)|
— ’(1—02)2—23‘:|22_21|
= |z — 2| =r,

where the z; and r are all constant, so this is the equation of a circle.

— 10.7 Spring 2020 HW 1.1 ~
Problem 10.7.1 (?)
Geometrically describe the following subsets of C:
a. |z—1]=1
b. |z — 1] =2|z — 2|
c. 1/z=2
d. R(z)=3
e. ¥(z) =a with a € R.
f. R(z) > a with a € R.
g |z —1] <2z —2|
Solution:

a. A circle of radius 1 about z = 1.

b. A circle, using that Apollonius circles are characterized as the locus of distances whose
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)

[oN)

)

ratios to some fixed points A, B are constant. To actually compute this:

|z — 1> = 4]z — 2
= (@-1)?+17 —4((@ -2 +4%) =0
—322 4+ 14z — 3> — 15 =0 *
— xQ—%x+y2+5:0

4, 142

14, 2_<2>2

which is a circle of radius 2/3 with center (%4, O). To avoid the calculation, use

= (x—

Az + Bry+Cy+---=0, A=1,B=0,C=1 = A:=B?>—4AC <0,

which is an ellipse, and since A = C' it is in fact a circle.

. 81, using that % = % = ﬁ and if this equals Z, then |z|2 = 1. Alternatively, 1 =zz =
e
. Vertical line through z = 3.

. Horizontal line through 2z = ia.
. Region to the right of the vertical line through z = a.

. Exterior of a circle: same calculation is (2), replacing = 0 with < 0. Note that the line

2
marked * involves dividing by a negative, so this flips the sign, and we get - -- > (%) at
the end.

10.8 Fixed argument exercise ~

Exercise 10.8.1 (?)
Fix a,b € C and 0, and describe the locus

[ an() 1)

Solution:

The

geometry at hand:
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arg(a-z) - arg(b-z)

Z
arg(a-z) arg(b-z)

By the inscribed angle theorem, this locus is an arc of a circle whose center O is the point for
which the angle aOb is 20:
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e 10.9 Fall 2019.2, Spring 2020 HW 1.11 ~

Problem 10.9.1 (?)

Prove that the distinct complex numbers z7, 29, z3 are the vertices of an equilateral triangle if
and only if

z% + z% + z§ = 2122 + 2923 + 2321.

Solution:
= : Write the vertices as z1, z2, z3 and the sides as

e S1 =29 — 21
® S9o = 23— 29
e S§1 =21 —2Z3

Note that s; = £(3s8,—1, dividing yields

52
53

51

52
<= 5% — 5183 =0

= (22—23)" — (22— 21) (21— 23) =0

— (Z% + Z§ - 22223) - (2221 — 2923 — zf + 2123) =0
> 2+ 25+ 23 — (2122 + 2223 + 2321) = 0.

<= : We still have s; = 6;s;,_1 for some angles 6; We have
w

M 23
6 % 'prgr 5.?.
G
'-15_, rSI e 2'2
%

and

s1 01 s3

so Oy s
so Oy s1
s3 O3 so
s3 03 s

st 01 s3

Running the above calculation backward yields sa/s3 = s1/s2, and by the 2nd equality above,
this forces 5 = 3. Similar arguments show 6y = 65 = 03 which forces s; = s5 = s3.
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1 1 ‘ Complex Arithmetic
— 11.1 Sum of Sines ~

Use de Moivre’s theorem (i.e. (ew)n == cosnf + isinnb, or (cosf + isinfh)" = cosnb + isinnh)
to find the sum

sinx +sin2x + - - - + sinnzx
— 11.2 Solving Equations ~

Characterize positive integers n such that (1 +14)" = (1 — )"

- 11.3 Characters ~

Let n be a natural number. Show that

[1/2(=1 4+ V30)]™ + [1/2(—1 — V/30)]"

is equal to 2 if n is a multiple of 3 , and it is equal to —1 otherwise.

— 11.4 Spring 2019.3 #complex/qual/stuck ~

Problem 11.4.1 (7)
Let R > 0. Suppose f is holomorphic on {z ‘ |z| < 3R}. Let

Mp = sup |f(2)|, Ng:= sup ‘f’(z)|
|z|<R |zI<R

a. Estimate Mp in terms of N from above.

b. Estimate Ng in terms of Msg from above.
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Solution:
First note that by the maximum modulus principal, it suffices to consider sups on the boundary,
i.e.

Mg = sup [f(z)],  Nr= sup |f'(2)].
|z|=R |z|=R
The first estimate: stuck!
The second estimate: suppose zg € Dg(0), then any Dg(zp) is contained in D2 (0), So for any
such zg, apply Cauchy’s integral formula centered at zp:

FD () = IO g

2mi 9D R(20) (£ — 20)

1 f(6)
- ’f(l)(z())‘ = 277%9@1%(20) €2 %

Sl el

27 JoDg(z0) 1€ — 2o

_ 1 1f(©)]
27 ngR(ZO) R? “

1
<R swp [f(:)]de

Dr(20) 2€0D R (20)

1
= _—R? sup |f(2)|-27R
o aDR(zO)| (2)|

=R sup |f(2)]
8@3(2’0)

< R™'Mop,

where we’ve used in the last step that Dg(z9) C Dyr(0), and sups can only get larger when
taken over larger sets. Since this was an arbitrary zp € Dg(0), this holds for all z with |z| < R.
Since taking sups preserves inequalities, we have

|f'(20)] < R'MopV|2| < R = Np = ls‘li%|f/(z)| < R~ 'Myp.

— 11.5 Spring 2021.1 ~

AWarning 11.5.1
The question as written on the original qual has several errors. What is below is the correct version
of the inequality. ~

Problem 11.5.1 (?) 1. Let z; and 22 be two complex numbers.
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(a) Show that

1= 212" = 21 — 20 = (1= [21) (1= |2])

(b) Show that if [21] < 1 and [22] <1, then |22 < 1.
¢) Assume that 21 # 2zo. Show that |Z=22| =1 if only if 21| = 1 or |z5] = 1.
1—Z122

Solution:
Part 1: For ease of notation, let z = z; and w = 29 We want to show

1= zw| - |z —wl” = (1= |2*) (1-[w]).

So write
11— 2w|— |z —w)® = (1 — 2w)(1 — zw) — (2 — w)(z — W)
=1—z2w—zw— |2} |w]* = |2 — |w|* + wz + 2w
2 2 2 2
=1—|z["w|” — |2[* — |w]|
2 2
= (1= [z = |w[).
Part 2 and 3:
Z—Ww 2 _ 12 2
—| <1 <= 0< |1 —zw|" — |z — v
1—Zw

= 0<(1-[2)1 - |u?),

where we’ve used part 1. But this is clearly true when |z|,|w| < 1, so the RHS is positive.
Moreover if |z| = |w| = 1, the RHS is zero, yielding equalities at every step instead.

— 11.6 Spring 2020 HW 1.5 ~
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Problem 11.6.1 (?) a. Let z,w € C with Zw # 1. Prove that

‘w—z

—I <1 ifjz] <1, Jw| <1
1 —wz

with equality when |z| =1 or |w| = 1.

b. Prove that for a fixed w € I, the mapping F': z — -“=% satisfies

1-wz
e F maps D to itself and is holomorphic.
e F(0)=w and F(w) = 0.
e |z| =1 implies |F(z)| = 1.
o F'is a bijection.

Solution:

Part 1: See Spring 2021.1 above.

Part 2, holomorphicity: This is clearly meromorphic, as it’s a rational function, and has a
singularity only at z such that @z = 1. This can only happen if z,w € S': taking the modulus
yields

wz=1 = |w]z|* =1,

and moreover since |w|? < 1 and |z|* < 1, the only way this product can be one is when
lw|? = |z|> = 1. This also forces z = 1/w.
The claim is that the singularity 1/w is removable. Note that —— on the circle, so 1/w =

=) (=) - ) (i5%2)

=7 Hw - 2)
=w(w — 2)

——1_
Z*}’LU_> =w O

Part 2, being a bijection: This follows from finding an explicit inverse, using that F? = id:

F(F(:)) = 17”"((1‘;}”))
w 1-wz
w(l —wz) — (w — 2)

q—wz —w(w — z)

Cw—|wPr—w+z

1 —wz — w2+ Wz
_ 21— |w)
1—Jwl?
=z
Part 2, being an involution: A direct check shows that F(w) = 0, since the numerator
vanishes, and F(0) = =0 = w.
Part 3, preserving the circle: Follows from the estimate in part 1.
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o 11.7 Spring 2020 HW 1.2 ~

Problem 11.7.1 (7)
Prove the following inequality, and explain when equality holds:

|2 = w[ = [z] = [w]].

Solution:

1z —w]? = (z — w)(z — W)
= ]2\2 + \w[2 — 2W — Zw
= 2> + |w|? — 2R(w?)
> 2% + |w|? — 2[w]|2]
> (]2 — |w])?,

and taking square roots introduces an absolute value on the final term. Here we’ve used the
basic estimate

R(z) < |z] = —R(z) > —|z|.

o 11.8 Fall 2020.1, Spring 2020 HW 1.6 ~

Problem 11.8.1 (7)
Use nth roots of unity to show that

2" Lgin (%) sin (%) -+ -sin (@) =n.

Hint:

1 — cos(260) = 2sin?(0)
2sin(26) = 2sin(d) cos(H).

Concepts Used:

[] (’I‘L = e%

* z) = ngjgn—1(2 - C%)

D, (
o By(1) = m, since @,(2) = 25 = Tocje, 2.
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o Il exp(cr) = exp (X4 ck)-

| o sin(z) = eiz;:f_iz)

Solution (Newer):

k_, .~k
M oa(i)- qp s
n 21

1<k<n—1

—

IN
ES

IN
7
—

Il
/—\/\/T\ 7 N N
N[ =

-~

_ 21—'rL 1— CT:k:
1<k<n-—1 ( )
217" 1- ¢
1<k<n-—1 ( )
_ 21771, @n(Z
z—1lz=1
— 21—n zk;
0<k<n—1 z=1
=n2l—",

Solution (Older):

n—l i
- exp | — Z k H
N <k<n—1

(-

1<k<n-—1

11.8 Fall 2020.1, Spring 2020 HW 1.6
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1S]1;In_1 sin (‘%) = o 2% (Cr% - C,:%)
I ¢ IO (-¢9)

1<j<n—1  1<j<n—1

0 eo(¥) T (1-¢7)

1<j<n—1 1<j<n—1

—
IN
<

N—
i
—_

SIS

N—
7
—

S

Il
S/ N 7 N 7N 7N N 7 N N

e
N——
3
AN
©]
4
o
PR
~.
|u.
3
SN———
S
3
—~
—_
N—

1<j<n—1
n—1 _ :
2%) exp <(n 21)277) B, (1)
“(5) () e
_ 212.)”11'"—1@”(1)
n—1
= %) (I)n(l)
n
= o
o 11.9 Spring 2020 HW 1.5

Problem 11.9.1 (?)

a. Let z,w € C with Zw # 1. Prove that

<1 if|z| <1, Jw|<1

w—z
1 —wz

with equality when |z| =1 or |w| = 1.

b. Prove that for a fixed w € D, the mapping F': 2 — {2 satisfies
e F maps D to itself and is holomorphic.

e F(0) =w and F(w) = 0.

o |z| =1 implies |F(z)| = 1.

Solution (part 1):

11.9 Spring 2020 HW 1.5



Laurent Expansions

0< (1—wf)(1—1[z)
= [wl® + |2 <1+ Jwl?|2?
= |w|® + |2]> — 2R(wWz) < 1+ |w]?|z|* — 2R(w=2)
= |w— 2> <|1-wz”.
Note that if either ]w|2 =1or \z|2 = 1 then the first line is an equality, yielding equality in
the final line.

Solution (part 2):

e That F : D — D: follows from the inequality, since |z|, |w| < 1 for z,w € D. Holo-
morphicity: follows from the fact that rational expressions of holomorphic functions are
holomorphic away from where the denominators vanish.

o Then just note that [wz| < |w||z| <1, so |1 —wz| > 0.

+ Flw) = {55 =0

e |z| =1 yields equality in part 1.

Other notes: F is bijective on D:

12 ‘ Laurent Expansions

— 12.1 Tie, Spring 2015: ~

1 1
Let f(z) = — + a1 Find all the Laurent series of f and describe the largest annuli in which
z 22—

these series are valid.
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Laurent Expansions

" 122 1

Find the Laurent expansion of

z+1
z(z—1)

about z = 0 and z = 1 respectively.

Solution:
Let f(z) = Z(Zztll)-
About z = 0:
1 1
— (==
)=+ (3 + )
=—(z+1) 1—i-f:z”
B z n=0
=—(z+1) Z 2"
n=—1
= 1 +2 i 2"
2
n=0
L P S S
z
About z = 1:

2
z( —1_z>7§(1—2)"
22(1—z)”—2ni (1—2)"
_ 231 +§(—1)n+1(z—1)”
:zil—l—l—(z—l)—(z—l)?%—

12.2 1



Laurent Expansions

" 12.3 2
Find the Laurent expansions about z = 0 of the following functions:
: Z)
ez cos|— ).
z
Solution:
Let f(z)zz(zz;_ll)
About z = 0:
1 1
= (==
£ =+ (5 + )
(z+1) 1+i "
=—(z - z
z n=0
[e.e]
=—(z+1) Z 2"
n=-—1
—1—|—2iz”
Tz
n=0
1
= - —2-22-222—...,
z
About z = 1:
B (1—2)—2)( 1 >
f(z)_( 1- - 1-(1-2)
2 o
=(1- 1—2)"
( 1—z>§0( 2)
[e.e] o)
=) (1-2)"=2> (1-2z)"
n=0 n=—
2 > "
:_1—2_20(1_2)
2 =y 1
_ _1\nt+ _1\n
—z_1+2( Dz —1)
n=0
G- —(—1)24
Cz-1
12.3 2 60



Laurent Expansions

Find the Laurent expansion of

about z = 0 and z = 1 respectively.

Hint: recall that power series can be differentiated.

_ 12,5 4 ~

For the following functions, find the Laurent series about 0 and classify their singularities there:

sin?(z)

z
ZeXp?
1
2(4—2)

o 12.6 Tie’s Extra Questions: Fall 2015 ~

Expand the following functions into Laurent series in the indicated regions:

221

R e CEE)

2< 2] <3, 3 < 2] < +oo.

(b) f(z) = sin

z
, 0<]z—1] < 400
1—-=2

e 12.7 Tie, Fall 2015: Laurent Coefficients ~

Suppose that f is holomorphic in an open set containing the closed unit disc, except for a pole at zg

[e.e]
on the unit circle. Let f(z) = Z cn 2" denote the the power series in the open disc. Show that

n=1

(1) ¢ # 0 for all large enough n’s, and
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Laurent Expansions

s 12.8 Spring 2020 HW 2, SS 2.6.14 ~

Suppose that f is holomorphic in an open set containing D except for a pole zyp € OD. Let Y 0% j anz"
an

be the power series expansion of f in D, and show that lim o = 0
Solution
" 12.9 2 ~

Suppose f is entire and has Taylor series > a, 2™ about 0.

a. Express a, as a contour integral along the circle |z| = R.

b. Apply (a) to show that the above Taylor series converges uniformly on every bounded subset
of C.

c. Determine those functions f for which the above Taylor series converges uniformly on all of

C.

o 12.10 Spring 2020 HW 2.4 ~

Without using Cauchy’s integral formula, show that if |a| < r < |b|, then

/v (= — oz0>l( -8~ a27—m/6

where v denotes the circle centered at the origin of radius » with positive orientation.

Hint: take a Laurent expansion.

12.10.1 Spring 2020 HW 3 # 1

Prove that if f has two Laurent series expansions,

f(z)= ch(z —a)" and f(z)= Zc;(z —a)"

/
then ¢, = c,.
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I Singularities

12.10.2 Spring 2020 HW 3 # 2
Find Laurent series expansions of

1 n 1
1—22 3—z

How many such expansions are there? In what domains are each valid?

13‘ Singularities

— 13.1 Spring 2020 HW 3.3 ~

Problem 13.1.1 (?)
Let P, (@ be polynomials with no common zeros. Assume a is a root of ). Find the principal
part of P/Q at z = a in terms of P and @ if a is

(1) a simple root, and
(2) a double root.

Solution:

Write

k<n
Q(z) = ] (=—bw)
k<m
Q=) = [z~ ) = 2
k#j J
For b, a simple pole,
P(z) 1 P(z) 1

Q(z)  z—biQuz) z—1by (CO+01(Z—bé)+02(z—b€)2+...)
— Ziobg—i-cl—i—O(z_bg)

= Py, (2) + c1 +0(2 — by),

so the principal part at z = 2y is given by

o P(2)

_ _ (z — be) P(2)
z—by  Qu(2)

P, (z) = =b, oz Q(2)

Singularities 63



Singularities

For by a double pole,

P(z) 1 (z—2)%P(2)

Q(z)  (z—by)? Q(2)
= m <d0 +di(z = by) + da(z — 58)2)
e ilobo? + o O

= Pbé(z) + do + O(Z — bg).

To extract the d; coefficient, note that

w:do—kdl(z—b@—l—---

Q(z)
ERY
— %%:dl—f—ng(z—b@—l—-”,
SO
(2= be)2P(2)
do=lm o
b=t . EZWPE)
YT S0z Qz)
do dy
Pbé - (Z—bg)2 + Z—bg.
— 13.2 Spring 2020.4 ~

Problem 13.2.1 (7)
Suppose that f is holomorphic in an open set containing the closed unit disc, except for a

simple pole at z = 1. Let f(z) = Y02 ¢,2" denote the power series in the open unit disc.
Show that

lim ¢, = — lim(z — 1) f(2).

n—oo z—1

Solution:
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Compute the series expansion of the RHS:

(z=1f(z)=(z-1) chzk

n>1
=—ciz+ Z(cn_l —cp)2"
n>2
z—1
— —C1+ Z Cn—1—Cn
n>2

N
= lim —ciz+ Cp—1—C
N—oo Z " "

n=2
= lim —c
N—00 N
where we’ve used that the sum is telescoping.
— 13.3 Entire functions with poles at ~

Problem 13.3.1 (7)
Find all entire functions with have poles at co.

Solution:
If f is entire, write f(z) = > k> cpz® and g(z) == f(1/z2) = > k>0 cpz . If 2 = 0o is a pole of
order m of f, z =0 is a pole of order m of g, so

9(z)= > arF = flz)= D aif

0<k<m 0<k<m

making f a polynomial of degree at most m.

13.4 Functions with specified poles
(including at o)

Problem 13.4.1 (7)
Find all functions on the Riemann sphere that have a simple pole at z = 2 and a double pole
at z = oo, but are analytic elsewhere.

Solution:
Write f(z) = Pa(z) + g(z) where P, is the principal part of f at z = 2 and ¢ is holomorphic
at z = 2. Then ¢ is an entire function with a double pole at co, and is thus a polynomial
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of degree at most 2, so g(z) = c22? + c1z + cp. Since the pole of f at z = 2 is simple,
Py(2) = > p>_1 di(2 — 2)*. Combining these, we can write

f(z)=d_1(z—2)"  + Z (di +cr)(z—2 +dez—2
0<k<3 k>3

However, if dj, # 0 for any k > 3, this results in a higher order pole at oo, so f must be of the
form

flz)=d_1(z =21+ Z (di, + c)(z — 2)%.

0<k<3

— 13.5 Entire functions with singularities at co ~

Problem 13.5.1 (7)
Let f be entire, and discuss (with proofs and examples) the types of singularities f might have
(removable, pole, or essential) at z = oo in the following cases:

1. f has at most finitely many zeros in C.
2. f has infinitely many zeros in C.

Solution:
Write f(2) = > k>0 cp2¥ since it is entire.

e If f has finitely many zeros, f is nonconstant and entire, and thus unbounded by Liouville.
If f is nonconstant, z = co can not be removable, since this would force f to be constant.
So z = oo can be a pole or an essential singularity. Both possibilities can occur: if f is a
polynomial, it is entire with finitely many zeros and a pole at z = co. Taking f(z) = e*
has no zeros and an essential singularity at z = oc.

e If f has infinitely many zeros, if f is nonconstant then infinitely many c¢j are nonzero —
otherwise f is a polynomial and can only have finitely many zeros. Then g(z) := f(1/2) =
2 k>0 2—’,3 has infinitely many nonzero terms, making z = 0 an essential singularity for g
and z = oo essential for f.
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I Singularities

— 13.6 Sum formula for sin? ~

Problem 13.6.1 (7)

Define
2
fz) = sin? (7z)
1
= e

a. Show that f and g have the same singularities in C.

b. Show that f and g have the same singular parts at each of their singularities.

¢. Show that f,g each have period one and approach zero uniformly on 0 < x < 1 as
ly| — oo.

d. Conclude that f = g.

Solution:
Part 1: This is clear: sin?(7z) =0 <= z =k for k € Z, and this is a pole of order 2 for f.
Every k € Z is visibly an order 2 pole of g.

Part 2: By periodicity, it suffices to consider the singularity at zp = 0. Expanding sin(7z) =

7z — 2:(72)3 + 3 (72)5 4 - - and considering sin(mz)? shows that z = 0 is a pole of order 2. So

22f(2) has a removable singularity at z = 0, and can be expanded:

2
9 . Y4
Zf(z) = <sin(7rz)>
2
— (12 (m2)71 o+ gy (m2) + () )
= (n2)? ((w2) 72+ 0(1))
=14+ 0(z?)
— () =22+ 0(),

so the singular part of f at z = 0 is z~2. This coincides with the z% term in g. The remaining
principal parts at z = k are ﬁ, using the fact that f(z + 1) = f(2), so f(k) = f(0) and
the Laurent expansions are gotten by substituting z — k in for z everywhere.

Part 3: Periodicity is clear for f. For g,

ge+1) =3 (-1 -k = > (z-k77

kEZ k'eZ

where k' := k + 1, and the equality is true since both sums run over all of Z.
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For convergence: take z = Zt, then for f
_ -9
f(Zt) ~ 0502 (iﬂt) ~ (67,71'(7,15) B C_W(Zt))

(e
1

e*ﬂ‘t + eﬂ't
it

Ne_
— 0,

using the reverse triangle inequality and that the e=™ term in the denominator is negligible
for large t.

For g,

g(it) ~t72+ > (P + k)7

k>1
<t7P+ Y B4R Y (@ +E) T
1<k<N k>N
<t 24 D ()T Y (kD)
1<k<N k>N
<t Pt Y )T Y W)
1<k<N k>N

N—o00 = t—00
— 0,

where given N we can pick ¢ large enough so that t? + k2 > tk? for all k < N. These converge
to zero as N — oo since 3 k™2 < 0o, making the last term the tail of a convergent sum.
Part 4: Since f, g uniformly converge to zero on the strip 0 < R(z) < 1, they are bounded
on this strip. Since this is a fundamental domain for their periods, they are bounded on C.
Write h := f — g, then h is entire since f, g have the same singular parts, and bounded since
|h] < |f| + |g|- By Liouville, h is constant with lim;_,o h(it) =0, so h=0 and f = g.

13.7 Spring 2020 HW 3.4, Tie's Extra
Questions: Fall 2015

Problem 13.7.1 (7)

Let f(z) be a non-constant analytic function in |z| > 0 such that f(z,) = 0 for infinite many
points z, with lim,_,~ 2, = 0.

Show that z = 0 is an essential singularity for f(z).

Hint: an example of such a function is f(z) =
sin(1/z).
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I Computing Integrals

Solution:

Note that z = 0 can not be a removable singularity, since then f would extend to a holomorphic
function over z = 0, and by continuity 0 = lim f(z,) = f(limz,) = f(0). By the identity
principle, this would force f = 0, contradicting that f is nonconstant.

It can not be a pole, because then f(z,) — oo, but |f(z,)| = 0 < € for any ¢ infinitely many
times.

14 ‘ Computing Integrals

o 14.1 Rational, wedge ~

14.1.1 Fall 2021.3

Problem 14.1.1 (?)
Suppose n > 2. Use a wedge of angle 27” to evaluate the integral

> 1
I:/ dzx
o 14z

Solution (Newer, sketch):
By the ML estimate, [ f — 0.

The residue contribution: note the simple pole at w, = e%r,

The segment contributions: fw f—1,and

0 1
Xny(Z)dZ:/oolﬂcnt)nCndt:_CnL

so the contour contributions sum to (1 — ¢,)I.
Solving;:

7 2wy, - 1 o 1 T (7[')
= = 27— = 2m————— = —csc | — |.
n(1— () wn 't —wy, 2isin (Z) n

Solution (Older, detailed):
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Computing Integrals

Write wy, 1, = exp (W) and factor z" + 1 as

3im (2n=l)im

2P+ 1= H (z—wnyk):(z—e%)(z—eT)---(z—e n

Note that only the root e’ lies in the 2 /n wedge, so it is the only (simple) pole of f(z) = ﬁ

in this region. Since the pole is simple, we can compute the residue easily. Write ry = e%,
then By L’Hopital,

1 -
= lim
z=rg 1 + 2"  z—=ro 1+ 2"
. 1
= lim
219 nzn—1
1

nr(’)‘*l

1

im(n—1)

ne n

= n_lexp (M>

n

Take a contour I' comprised of
e m=[0,RCR
o 7= {Re' | t€[0,27/n]}
* V3= Cn[oa R]

By the residue theorem

277@'&9%f(2):[:=/rf=(/ﬁ—i—/ﬁ—i—/ﬁ)f.

Claim: Taking orientations into account,

1= A ¥
Claim:
/ Fig
Y2
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Computing Integrals

so in the limit we have

2772';P;ers0 fz)=010- Cn)/ /
71

_ 27miRes.—, f(2)
- 7 /= L=

. —m(n—1)
2mie” n

_n(l—e%)

)
= 2™ o sin <E>}l
n | n
oo
~ nsin (%)

Proof (of claim 1).

Parameterize the curves:

. = {t ‘ te[O,R]},dz: dt
o 7= {tC ) tefo, R}, dz = dt

Then, a direct check:

R 1
/Ys f(Z) dz = /0 1+ (Cnt)ncn at

R 1 p
= t
C/o 1+¢n

=(n f(z) dz.

71

Proof (of claim 2).

Parameterize o = {Re“

telo, 27r/n]} and apply the ML estimate:

1 1 1 21R s e
< — < ) = o) =X,
1+ (Reit)yn = Rn —1 LQf_R”—1< n) ( )

14.1 Rational, wedge
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Computing Integrals

14.1.2 Spring 2020 HW 3, SS 3.8.2

Evaluate the integral

dx
r 1+t
What are the poles of leﬁf ?
14.1.3 Spring 2020 HW 3, SS 3.8.6
Show that
/°° dz ~1-3-5---(2n—1) -
oo (1+ 22" 2-4-6---(2n) '

14.1.4 Quadratic over quartic

Problem 14.1.2 (?)
Let ¢ > 0 and calculate

00 332
———dx.
/0 (22 + a?)? v

14.1.5 Rational function

Problem 14.1.3 (7)
Calculate

/OO 1+$2d
— aZXl.
oo 12t

14.1.6 Denominator polynomial

Problem 14.1.4 (7)
Calculate

0o 1
[ aroeron®

14.1 Rational, wedge



Computing Integrals

— 14.2 Rational, branch cut ~
14.2.1 Standard example
Problem 14.2.1 (?)
Show that
/ xr® o7
Roo #+1  sin(ms)’
Solution:
Sketch: see here.
14.2.2 Fall 2019.1
Show that
00 a—1
/ x do — .7r
o 14+2zx" n sin %
using complex analysis, 0 < a < n. Here n is a positive integer.
14.2.3 Spring 2020 HW 3.7
Let 0 < a < 4 and evaluate
00 m0471
—d
/0 1+ 23 v
14.2.4 Tie's Extra Questions: Fall 2011, Spring 2015
Show that
00 a—1
/ a: dr = ,7T .
o 14+zm n sin %
using complex analysis, 0 < a < n. Here n is a positive integer.
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Computing Integrals

14.2.5 Fall 2020.3, Spring 2019.2

Problem 14.2.2 (7)
Let a € R with 0 < a < 3. Evaluate

00 xa—l
——dx.
/0 1+ 23 v

Solution: . _
Write I for the integral, (3 := e™3 ,w3 = e3. Take a indented semicircular wedge I' at an
angle of 27/3, noting the pole at w3 = e

TR A

Choosing a branch cut of log along 0 = —7/2, so arg(z) € (—n/2,37w/2), this makes f(z) ==
2071 /(1 + 2®) meromorphic on T
By the ML estimate, the integrals along C., C'r will vanish in the limit.

The contribution from the contour: parameterize o as {Cgt ‘ t €le, R]}, then

o (Get) !
[ ree= g

1 £ ta_l
= (3¢5 dt
a6 [
— —Q??I,
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so the total contribution is
foo([+[)r=a-gn
r 7 V2
Computing the contributions from residues:

Res f(z) = lim

Z=w3 Z—w3 1+ 23

Combining it all using the residue theorem:

2mi Res f(2) = }{ f

5
=21 w§
3 1-— Cg‘
_ —2m 1
3 wg @ —w§
o1
3 —2isin (%)
T (a7r>
=—csc|—].
3 3
— 14.3 Rational Functions of sin or cos ~
14.3.1 Cosine in denominator
Problem 14.3.1 (7)
Show
27 1
/ do = 27 , a>1.
0o a+cos(f) a2 —1
Solution:
Sketch:

14.3 Rational Functions of sin or cos
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Computing Integrals

e Set z =¢" to get

2/ dz
i Jjzj=1 22 +2az + 1

e Factor into two roots r1,72. Use that without loss of generality, r1 € D and ro € D¢,
with neither on S! to compute the residue 4m/(ry — r2)

14.3.2 Spring 2020 HW 2, SS 2.6.1

Show that

=[3
1=

/OOO sin <m2) dr = /OOO cos (m2> dr =

Hint: integrate e~ over the following contour, using

the fact that [ e~ dr = \/7:

A Rﬁi%—

Y
)

0 R

14.3 Rational Functions of sin or cos 76



Computing Integrals

14.3.3 Spring 2020 HW 3, SS 3.8.8

Show that if a,b € R with a > |b|, then

/2“ do B om
0 a+bcost Va2 —p2’

14.3.4 Fresnel

Problem 14.3.2 (7)
Suppose a > b > 0 and calculate

2 1
/0 (a4 beos(6))? d0-

14.3.5 Fresnel

Problem 14.3.3 (?)
Let n € ZZ! and 0 < § < 7 and show that

1 / 2" P sin(nf)

2mi Jiz)=2 1 — 3z cos(f) + 22 °T sin(6)

14.3.6 Spring 2020 HW 3.10

For a > 0, evaluate
w/2 dé
/0 a + sin? 0

14.3.7 Spring 2020 HW 3, SS 3.8.7

Show that

2 de 27a
/ = ,  whenever a > 1.
0o (a+cosh)? (42 —1)%2

14.3 Rational Functions of sin or cos s
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e 14.4 Rectangles ~

14.4.1 Spring 2021.2

Problem 14.4.1 (7)
Let £ € R, evaluate

ei&z J
/R cosh(x) v

Solution:
Note cosh(z) := 1(e* + e7*), and

cosh(z) =0

— f+e 7 =0
= e (eF+1)=0
2z R(z)

< e >0

=—1 since [e7?| =e
— 2z=(2k+1)in

=T —im oim iw
ST Aaut

= ze{-‘-,

So take the following rectangular contour enclosing the singularity z = i7/2:
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Then letting I" be the entire contour and I be the desired integral, we can solve for I:

/Ff=/_if+ [ ae [ s

fr=ref sef 5] s
I:/7R1f+/72f+/mf—/rf,

being very sloppy about the fact that we’re going to take R — oo.
Computing the residue term [ f = 27i Res,—ix /2 f(2):

[ £ = Res s

2 pig 2=im/2
iz
= Res ¢
z=im/2 cosh(z)

ezgz

% cosh(z) lir/2

eif-iw/Z
sinh(im/2)
e—fﬂ'/2

o
— 2mi Res f(z) = 2me /2,
z=im/2
using that 2sinh(in/2) = e™/2 — ¢=1™/2 = j — (—4) = 2.
The - term: parameterize o = {t + i ‘ te[-R, R]}, then

f==[ i
72 -2
R %1
= — ——d =t+im, dz= dt
/_Rcosh(t+i7r) S tom, az

R i€(t+im)
[,
—r cosh(t + im)

_ _gtn /R e
= —e — dt
_p cosh(t +im)

R gt
= 6_5”/ ¢ dt
—r cosh(t)

= e ]

using that cosh(z + im) = — cosh(z).
The two g, terms: the claim is that these vanish in the limit R — oo. Parameterize
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YRy = {Rz imt ‘ t €0, 1]}, then

/.

-

1 ei{(R—i—iwt)
/ B
o cosh(R + imt)
) 1 —&nt
2¢ic / ¢ dt
0

eRvint | o~ R—int
1
<2 /
0

1 6—§7rt
< 2/0 |eRtimt] — o~ R—ini| dt
1

e—{rrt

2

e—§7rt

eR+int 1 o—R—int dt

=2 —
) ef — e R

2 1 ent
— —gT
i /0 e dt
__ 2 (‘_1) e&rt‘t:l
el —e R \ & t=0

2 1—e ™
el e R &m

Putting it all together:

657"/2 =+ €_€7T/2
27
2 cosh(&m/2)

™

N cosh (%”)

= msech (%) .
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14.4.2 Spring 2020 HW 3, SS 3.8.9

Show that
1
/ log(sinmx)dx = —log 2.
0
Hint: use the following contour.
0 1
Figure 9. Contour in Exercise 9
— 14.5 Branch Cuts ™~

14.5.1 Tie's Extra Questions: Spring 2015

Compute the following integrals:

00 xa—l
. / de,0<a<n
o 14+z"

/"O log d
o (1+a22 ™
14.5.2 Spring 2020 HW 3, SS 3.8.10

Show that if ¢ > 0, then

/ ogx T Joga.
0

€T =
2 4 a2 2a

14.5 Branch Cuts
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Hint: use the following contour.

14.5.3 Spring 2020.2

Problem 14.5.1 (7)
Compute the following integral carefully justifying each step:

/OO log
0 1—}—:63'

14.5.4 Square root in numerator

Problem 14.5.2 (7)
Calculate

14.5.5 Square root

Problem 14.5.3 (?)
Calculate
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— 14.6 Trigonometric transforms ~

14.6.1 Spring 2020 HW 3, SS 3.8.4
Show that

®© xsinx
/ ———dr=me*,  foralla>0.
—co T4+ a

14.6.2 Spring 2020 HW 2, 2.6.2

Show that

Hint: wuse the fact that this integral eexercises

1 (oo -1

5 —Ldx, and integrate around an indented
X2 —‘OED x
semicircle.

14.6.3 Spring 2020 HW 3, SS 3.8.5
Show that if £ € R, then

00 —2mix€
/ L —dz = Z(1+ 2nl¢])e >,
—o0 (1 + .%'2)

\)

14.6.4 sin in numerator

Problem 14.6.1 (7)
Let a > 0 and calculate

/ xsin(z) A
0

x24+a2
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14.6.5 sin in numerator

Problem 14.6.2 (7)
Calculate

% gin(x)
/0 z(x? +1) de.

14.6.6 sinc

Problem 14.6.3 (?)
Calculate

/OOO sin(x) .

14.6.7 cos in numerator

Problem 14.6.4 (7)
Let ¢ > 0 and calculate

e

14.6.8 sin in numerator

Problem 14.6.5 (7)
Calculate

/OO sin?(x) I
; .

T3

14.6.9 sin in numerator

14.6 Trigonometric transforms
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Problem 14.6.6 (?)
Evaluate

> grsinz
ﬁdx.
0o T°+a

14.6.10 Tie's Extra Questions: Fall 2009

Evaluate

> rsinz
ﬁdx.
0o x°+a

14.6.11 Cosine over quadratic

Problem 14.6.7 (7)
Show that

/°° cos(z) dr — me™?
0 a2+ b2 T Ty

Solution:

Let I be the integral over R. Since f(x) is even, the original integral is %I .

Write f(2) = €% /(2% 4+ b?). Take a semicircular contour I' := ; + 2 where 71 is [~ R, R]
on R and ~ is the usual half-circle of radius R.

. R—
Claim: [ f =30, 50 [r— [g f(2).
— Easy estimate, just be careful with the ¢ in the exponent:

’eiz| _ 6—§Rz - 1
|22+ 02| 22402 T |22 407

R—o0

|f| = 30 0.

Compute [i. f by residues: factor z2 +b? = (z 4 ib)(z — ib), so the contour only contains
the order 1 pole zy = b.

Compute the residue:

R i . etz etz ei(ib) e b
Resf = Gz —0) o =) ~ 2k iblema ~ 20~ 200"

So the intermediate integral is I is 27i times this, i.e. I = me™"/b.

ly___—b
21—7re

And the original integral is 2—
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14.6.12 Tie's Extra Questions: Fall 2016

0o 6727rix§ e? L e %
Compute the integral / dx where cosh z =

oo Cosh Tz

14.6.13 Tie's Extra Questions: Fall 2015

[e.e]

Prove by justifying all steps that for all £ € C we have e = / e~ 2T gy

—0o0
Hint: You may use that fact in Example 1 on p. 42

of the textbook without proof, i.e., you may assume
the above is true for real values of £.

14.6.14 Multiple cosines in numerator

Problem 14.6.8 (?)
Calculate

X.
12

/00 cos(x) — cos(4x) d
0

14.6.15 Tie's Extra Questions: Fall 2011

® xsinx
Evaluate/ — 5 d.
0o x“+a

— 14.7 Unsorted ~

14.7.1 Spring 2020 HW 3.6

a. Show (without using 3.8.9 in the S&S) that
2w .
/ log ‘1 — e
0

b. Show that this identity is equivalent to S&S 3.8.9:

dg =0

1
/ log(sin(7z)) dx = —log 2.
0
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14.7.2 Tie's Extra Questions: Spring 2015

Compute the following integrals.

o0 1
i —d >1
O [ =

B o0 cos T

a-+sind

(N)/cha>0
0

a4+ sin?26’

mn/’ldaa>1
0

1
O e e

(oo} 3 .
(vi) / Smma e " dr, 0<a<1,£€R
—oo COSh Tz 4 cosma

i t2 2 dz.
(vii) /z|1 cot”zdz
— 14.8 Conceptual ~

14.8.1 Spring 2020 HW 3, SS 3.8.1

Use the following formula to show that the complex zeros of sin(7z) are exactly the integers, and
they are each of order 1:
Tz 6—i7rz

27

. (&
SINTTZ =

Calculate the residue of m at z=neZ.

14.8.2 Zeros using residue theorem

Problem 14.8.1 (?)
Suppose that f is an analytic function in the region D which contains the point a. Let

F(z) =z—a—qf(z), where ¢ isa complex parameter.
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1. Let K C D be a circle with the center at point a and also we assume that f(z) # 0 for
z € K. Prove that the function F' has one and only one zero z = w on the closed disc
K whose boundary is the circle K if

Jz—af
lg| < min

€k |f(2)] 7

2. Let G(z) be an analytic function on the disk K. Apply the residue theorem to prove
that

Gw) _ 1 [ G)
F'(w)  2mi /K (z)d ’

where w is the zero from (1).

14.8.3 Tie’s Extra Questions: Fall 2009

Suppose that f is an analytic function in the region D which contains the point a. Let

F(z)=z—a—qf(z), where q is a complex parameter.

(1) Let K C D be a circle with the center at point a and also we assume that f(z) # 0 for z € K.
Prove that the function F has one and only one zero z = w on the closed disc K whose

boundary is the circle K if |¢| < min |2—al

K |f(2)]

(2) Let G(z) be an analytic function on the disk K. Apply the residue theorem to prove that
G(w) 1 G(2)

F(w) =5 ; F(z)dz’ where w is the zero from (1).

1
(3) If z € K, prove that the function m can be represented as a convergent series with respect
z
1 > 2))"
to g — =3 ALE)

F(z) = (z—amtt

n=0

14.8.4 Tie’s Extra Questions: Spring 2015

Problem 14.8.2 (7)
Let ¢q(2) = 104 — % with la] <1and D ={z: |z| < 1}. Prove that
—az

1
— [ i drdy = 1.
™ D

a.
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I Cauchy’s Theorem

1 , 1—|af? 1
— dxdy = 1 .
7['/\/]]]) |¢a| ray |Oé|2 0g1_|a|2

Solution:
Part 1: S&S claim this can be done without a calculation — maybe |¢,(2)|? is constant on a
circle of radius r...7

Part 2:
1
[ wenae= [
™ D
1— 2
= |a| / / —————rdtdr
s o Jo ]1—67“6”\
1—|a|2 1 2w 1
= : —rdtd
/ / 1—6T€Zt)(1—a7“6_’t)r "
= |a| / % —dzdr
op (1 —arz)( l—arz)
\a!

- /%;D 1—arz)(1—arz— )—dzdr
_ —|a] / r 7{ 1
o o i Jop (1 —arz)(z—ar) dz dr

1= lal*
1—az

1—la]* 1 1
:|a|/7j'2m'Res — dr
i z=ar (1 —arz)(z — ar)
1
= |a| / 2M——— dr
(1 - CLT’Z) z=ar

_27r<1—|a / ,

~ laf*r?

r
7
1 —
= \a! log< ||>
a

15 ‘ Cauchy’s Theorem

15.1 Entire and O of polynomial implies
polynomial

Cauchy’s Theorem 89



Cauchy’s Theorem

Problem 15.1.1 (?)
Let f(2) be entire and assume that |f(z)| < M|z|? outside of some disk for some constant M.
Show that f(z) is a polynomial in z of degree < 2.

Solution:

 Prove a more general statement: if |f(z)] < M|z|", then f is a polynomial of degree at
most n.

e Since f is entire, it is analytic everywhere, so f(2) = 3 ;>0 cxz" where ¢, = f#)(0)/n!
is given by the coefficient of its Taylor expansion about z = 0.

e Applying Cauchy’s estimate, on a circle of radius R,

o) < ) M s

RE - Rk RF

e So for k > n + 1, this goes to zero as R — oo, so ‘fk(O)‘ = 0 for all such k.

o But then f is a power series annihilated by taking n + 1 derivatives, so it is a polynomial
of degree at most n.

15.2 Uniform sequence implies uniform
derivatives

L

Problem 15.2.1 (7)

o0
Let a,(z) be an analytic sequence in a domain D such that Z |an(z)| converges uniformly on

n=0

oo

bounded and closed sub-regions of D. Show that Z |lal,(2)] converges uniformly on bounded
n=0

and closed sub-regions of D.

— 15.3 Tie's Extra Questions: Spring 2014 ~

Problem 15.3.1 (?)

The question provides some insight into Cauchy’s theorem. Solve the problem without using

the Cauchy theorem.
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Cauchy’s Theorem

1. Evaluate the integral / 2"dz for all integers n. Here ~ is any circle centered at the origin
v
with the positive (counterclockwise) orientation.

2. Same question as (a), but with v any circle not containing the origin.

d 271
3. Show that if |a| < r < |b, then / : dz = ™" Here ~ denotes the circle
~ (z—a)(z—b) a—>b

centered at the origin, of radius r, with the positive orientation.

Solution:

27 ) . 2T ,L‘RTH-l
/ Mz = / R . jRe' dt = R™H! / eltHn gp — )5n+1:0.
vy 0 0

i(n+1

About a point a and R < |a|,
27 . .
/ 2"dz = / (a+re™)™ - ire dt
|z—a|=R 0

(Z) akRn—k+leit(n—k) irett dt

:i/ozw Z

1<k<n

2T
- Z (Z)akRnkH/o pit(n—k+1) gy

1<k<n

=iy (Z) ap R0

1<k<n
=0,

<Z> akRn—k—Heit(n—k—i-l) dt

provided n # 0, in which case [, dz = 27.
For the third computation, this follows from partial fraction decomposition.

15.4 Fall 2019.3, Spring 2020 HW 2.9
s (Cauchy’s Formula for Exterior ~
Regions)

Problem 15.4.1 (?)
Let v be a piecewise smooth simple closed curve with interior ; and exterior Q. Assume f’
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exists in an open set containing v and Q9 with lim,_,, f(z) = A. Show that

A, itz e
~ om f—z ) —fr)+ A4, ifzeQ

NOTE (DZG): I think there is a typo in this ques-
tion. .. .probably this should equal f(z) for z € Q,
which is Cauchy’s formula. . .

Solution:
Note that G, (&) == g has a pole of order one at £ = z and also a pole at £ = co. If z € )y,
then v encloses just the pole £ = z, so apply the residue theorem:

F(z) = %j{ f(g)z ¢

:—]fG (€) de

Now if z € 29, then ~ encloses both £ = 2z, 00, and is oriented negatively,so

F(z) = — 7{ G.(€) de

2mi

~ (ResG(9) + Res G(6))
__ <f(z) + Res Gz(£>>

)

where the last line proceeds by the same calculation as above. It remains to compute the
unknown residue. Residues at £ = co are computed as residues at £ = 0, and the change of
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variables G- () d€ > G-(w) dw for w == 1/¢ yields G.(€) ¢ — G. (}) (~1/¢2) d¢. Thus

Res G.(6) = ~ResG. (¢71) €72

_ fEh
TS eeoy
L fEY

= 8%
S
£—01—2£

=~ lim f(¢7)

= —613010 f(6)

So combining this yields

15.5 Tie’s Extra Questions: Fall 2009
(Proving Cauchy using Green’s)

Problem 15.5.1 (?)
State and prove Green’s Theorem for rectangles. Use this to prove Cauchy’s Theorem for
functions that are analytic in a rectangle.

Problem 15.5.2 (Variant)
Suppose f € C&(Q) and T C Q is a triangle with T° C Q.

o Apply Green’s theorem to show that [, f(z) dz = 0.
o Assume that f’ is continuous and prove Goursat’s theorem.

Hint: Green’s theorem states

/ Fdx + Gdy = / (ﬁ — 8—F> dxdy.
T o\ dz Oy

Solution:
Green’s theorem: if 2 is a domain with positively oriented boundary with u,v continuously
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differentiable in Q, then

/ udx+vdy—// y) dx dy.
o0

Now use that if f = u + v is analytic in a region, it satisfies Cauchy-Riemann:
Uy = Uy Uy = —Vg.
Now integrating f:
f f(z)dz = 7{ (u +iv)(dz + i dy)
oN onN

:7{ (udac—vdy)—i—zj{ (vdx +udy)

:// (vp + 1) d:cdy+// v —vy) dzdy
://( — ) dwdy—l—// ) dr dy

=0.

15.6 No polynomials converging uniformly
to 1/z

Problem 15.6.1 (?)

Prove that there is no sequence of polynomials that uniformly converge to f(z) =

1 1
ZonS.

Solution: « By Cauchy’s integral formula, [¢ f = 27i
o If p; is any polynomial, then p; is holomorphic in I, so [¢:1 pj = 0.
e Contradiction: compact sets in C are bounded, so

‘/f—/pj S/|Pj—f\
< [l =1l

= lpy = fl [, 142
= s = Sl 27

—0

which forces [ f = [p; =0.

— 15.7 Eventually sublinear implies constant

15.6 No polynomials converging uniformly to 1/z
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Problem 15.7.1 (7)
Suppose f: C — C is entire and

|f(2)] < |z|% when |z| > 10.

Prove that f is constant.

Solution:
Let R > 10, then by Cauchy:

onl ) < § TG

=k ¢
2 1
< ]4 R~2J¢|? de
€|=R
— R .27R
~R3
2%

15.8 The Cauchy pole function is
holomorphic

Problem 15.8.1 (7)
Let v be a smooth curve joining two distinct points a,b € C.
Prove that the function

is analytic in C\ 7.

Solution:
Toward applying Morera, let T C C \ 7 be a triangle, so that z € T and w € ~ implies
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Cauchy’s Theorem

z—w # 0. Then

where the exchange of integrals is justified by compactness of «,7T, and the inner integral
vanishes because for a fixed w € ~, the function z — ﬁ has a simple pole at w, and so is
holomorphic in v¢ and vanishes by Goursat.

— 15.9 Schwarz reflection proof ~

Problem 15.9.1 (7)
Suppose that f: C — C is continuous everywhere and analytic on C \ R and prove that f is
entire.

Solution:
Just reproducing the proof of holomorphicity in the Schwarz reflection theorem.

o Note f is continuous on C since analytic implies continuous (f equals its power series,
where the partials sums uniformly converge to it, and uniform limit of continuous is
continuous).

o Strategy: take D a disc centered at a point x € R, show f is holomorphic in D by
Morera’s theorem.

e Let A C D be a triangle in D.

o Case 1: If ANR =0, then f is holomorphic on A and [, f =0.

o Case 2: one side or vertex of A intersects R, and wlog the rest of A is in H™.

— Then let A, be the perturbation A + ic = {z + 1€ ‘ z € A}; then A, "R = 0 and

— Now let e — 0 and conclude by continuity of f (777)
<& We want

[ et @ [ saonwd= [ 1

where 7.,y are curves parametrizing A., A respectively.
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& Since 7,7 are closed and bounded in C, they are compact subsets. Thus it
suffices to show that f(7:(¢))7.(t) converges uniformly to f(v(¢))y'(t).
& 17

e Case 3: A intersects both HT and H~.

— Break into smaller triangles, each of which falls into one of the previous two cases.

" 15.10 Prove Liouville ~

Problem 15.10.1 (7)
Prove Liouville’s theorem: suppose f : C — C is entire and bounded. Use Cauchy’s formula
to prove that f/ = 0 and hence f is constant.

Solution:
The main idea:

PERRI]
2 Jr ]

o ALGIL

< 1]{ MR2 d¢
21 Jr

dg

1

= —MR™2.27R
2

= MR

=)

So f'=0.

15.11 Tie’'s Extra Questions Fall 2009
(Fractional residue formula)

Problem 15.11.1 (?)
Assume f is continuous in the region:

0<|z—al| <R, 0<Arg(z—a)<p Bo € (0,27].
and the following limit exists:

lim(z —a)f(z) = A.

z—a

15.10 Prove Liouville 97
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Show that
lim A ()= = iAfy
where
= {z| z=a+ret, 0<t<pp}..

Problem 15.11.2 (Alternative version)
Let f be a continuous function in the region

D:{z)|z]>R,O§argz§9} where 1 <6 < 2.

If there exists k such that Zlgﬁgo 2f(z) = k for z in the region D. Show that

lim /f(z)dzzz’@k:,
L

R'—o00

where L is the part of the circle |z| = R’ which lies in the region D.

Solution:
Without loss of generality take a = 0. Since zf(z) - A as z — 0, z = 0 is a simple pole of f
and we can write f(z) =c_127 ' +co+c1z2+---. Then
f(z)dz :/ Z cp” dz
r T E>—1
= Z ck/ 2% dz
k>—1 v

1
:c_l/ —dz
’YTZ

Bo 1 ) ) .
=c_1 / —fire’t dt z=re', dz =iret dt
o re*

Bo
= iC_l dt
0
=ic—10-
Now use that
2f(z) =co1+cz+-- —c1 = A,

so the integral is i AfS,.

— 15.12 Spring 2020 HW 2, 2.6.7 ~
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Suppose f : D — C is holomorphic and let d = sup, ,,cp |f(2) — f(w)| be the diameter of the image
of f. Show that 2|f’(0)| < d, and that equality holds iff f is linear, so f(z) = a1z + as.

Hint:

0= [ 110 o

whenever 0 < r < 1.

— 15.13 Spring 2020 HW 2, 2.6.8 ~

Suppose that f is holomorphic on the strip S = {:c+iy ‘ reR, —1<y< 1} with |f(z)] <
A (14 |2])"” for v some fixed real number. Show that for all z € S, for each integer n > 0 there
exists an A, > 0 such that ’f(”)(m)’ < Ap(1+ |x|) for all x € R.

Hint: Use the Cauchy inequalities.
— 15.14 Spring 2020 HW 2, 2.6.9 ~

Let €2 C C be open and bounded and ¢ : Q — € holomorphic. Prove that if there exists a point
20 € Q such that p(z9) = 20 and ¢'(29) = 1, then ¢ is linear.

Hint: assume zy = 0 (explain why this can be done)
and write ¢(2) = z + ap2z™ + O(2"Y) near 0. Let
Yk = @owo- -0 and prove that pr(z) = z +
ka,z" 4+ O(z"*Y). Apply Cauchy’s inequalities and
let k — oo to conclude.

o 15.15 Spring 2020 HW 2, 6 ~

Show by example that there exists a function f(z) that is holomorphic on {z eC ‘ 0< |zl < 1}

and for all r < 1,
[ fed=o,
|2|=r

but f is not holomorphic at z = 0.
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— 15.16 Spring 2020 HW 2, 7 ~

Let f be analytic on a region R and suppose f’(z9) # 0 for some zy € R. Show that if C' is a circle
of sufficiently small radius centered at zg, then

271 dz
F(z0) /c F(z) = f(20)

Hint: use the inverse function theorem.
o 15.17 Spring 2020 HW 2, 8 ~

Assume two functions u,b : R? — R have continuous partial derivatives at (xg,vo). Show that
f = u+ v has derivative f’(zg) at 2o = x¢ + iyo if and only if

— 15.18 Spring 2020 HW 2, 10 ~

Let f(z) be bounded and analytic in C. Let a # b be any fixed complex numbers. Show that the
following limit exists:

lim 1(2)

el Y pon s

Use this to show that f(z) must be constant.

o 15.19 Spring 2020 HW 2, 11 ~

Suppose f(z) is entire and

lim I(2) =

z—00 2z

Show that f(z) is a constant.
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— 15.20 Spring 2020 HW 2, 12 ~

Let f be analytic in a domain D and v be a closed curve in D. For any zy € D not on -y, show

that
Fe I,
/v (Z—Zo)dz B /v (z—zo)Qd .

Give a generalization of this result.

— 15.21 Spring 2020 HW 2, 13 ~

Compute

and use it to show that

/027r cos™™ (0) d = 27 (1 '23- .45. 5 ( -2?27_1)1)> '

16 ‘ Maximum Modulus

e 16.1 Spring 2020 HW 3.8 ~

Problem 16.1.1 (?)
Prove the fundamental theorem of Algebra using the maximum modulus principle.

— 16.2 Spring 2020.7 ~

Problem 16.2.1 (?)

Let f be analytic on a bounded domain D, and assume also that f that is continuous and
nowhere zero on the closure D.

Show that if | f(z)| = M (a constant) for z on the boundary of D, then f(z) = e M for z in
D, where 0 is a real constant.
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Solution:

By the maximum modulus principle, |f| < M in D. Since f has no zeros in D, g := 1/f is
holomorphic on D and continuous on D. So the maximum modulus principle applies to g, and
M=1 > |g| = 1/|f], so | f| < M. Combining these, | f(z)| = M, so f(z) = AM where ) is some
constant with |A| = 1. This is on the unit circle, so A = ¢ for some fixed angle 6.

" 16.3 Fall 2020.6 e

Problem 16.3.1 (?)
Suppose that U is a bounded, open and simply connected domain in C and that f(z) is a
complex-valued non-constant continuous function on U whose restriction to U is holomorphic.

e Prove the maximum modulus principle by showing that if z5 € U, then

|f (20)| < sup{[f(2)] : z € OU}.

o Show furthermore that if |f(z)| is constant on OU, then f(z) has a zero in U (i.e., there
exists zg € U for which f (z9) =0 ).

Solution:
Let M := sup,coy |f(2)|. If M =0, then f must be the constant zero function, so assume
M > 0.
Suppose toward a contradiction that there exists a zg € U with |f(z0)| = M. Note that the
map z — |z| is an open in discs that don’t intersect z = 0. Since f is holomorphic, by the
open mapping theorem f is an open map, so consider D.(zp) a small disk not containing 0.
Then f(D.(zp)) is open, and the composition z — f(z) — |f(2)| is an open map D.(z9) — R.
Now if f is nonconstant, |f(Dz(z0))] 2 (M — e, M + ¢) contains some open interval about M,
which contradicts maximality of f at zg.

See notes for a proof using the mean value theorem.
Suppose toward a contradiction that f has no zeros in U. Then g(z) :=1/f(z) is holomorphic

in U. Now if |f(z)| = C on 0U, we have |g(z)| = ‘ﬁ
and min ;) = &. Since |f(z)| is constant on the boundary, we must have max|f(z)| =

min |f(z)| = C, so f is constant on OU. By the identity principle, f is constant on U, a
contradiction.

= % on OU, so max,cy |f(2)] = C
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— 16.4 Spring 2020 HW 3, SS 3.8.15 ~

Problem 16.4.1 (7)
Use the Cauchy inequalities or the maximum modulus principle to solve the following problems:

a. Prove that if f is an entire function that satisfies

sup |f(z)] < AR* + B
|z|=R

for all R > 0, some integer k > 0, and some constants A, B > 0, then f is a polynomial
of degree < k.

b. Show that if f is holomorphic in the unit disc, is bounded, and converges uniformly to
zero in the sector 6 < arg(z) < ¢ as |z| — 1, then f =0.

c. Let wy,---w, be points on S' C C. Prove that there exists a point z € S such that
the product of the distances from z to the points w; is at least 1. Conclude that there
exists a point w € S' such that the product of the above distances is ezactly 1.

d. Show that if the real part of an entire function is bounded, then f is constant.

Solution (Part 1):

|f(20)] =

1 f(z)
277”. ﬁz—zo|=R (Z - ZO)R—H 4z

1 —(n
b @R
T J|z—z0|=R

1
<5 sup |f(2)|R~™+Y) . 27 R
T |2—20|=R

= sup [f(z)|R7"

|z—z0|=R
< (AR* + B)R™ if 20 =0
= AR""+ BR™"
— 0,

IN

provided k —n < 0, so n > k. Since f is entire, write
@)=Y M0 = Y 0
n! ’

|
n>0 " 0<n<k n:

making f a polynomial of degree at most k.
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Solution (Part 2):
Write S, := {0 < Arg(z) < ¢} and choose n large enough so that

DCSUGSUCGSU---u™ts,

i.e. so that the rotated sectors cover the disc. By uniform convergence of f to 0 on S, choose
r < 1 small enough so that |f(z)| < € for |z] < r in S. Note that D, C UZ;(% ¢FS,., where

Sy = {z €S ‘ |z| < r} is a subsector of radius 7.
By the MMP, let M be the maximum of f on I, which is attained at some point on S'. Then
|f| < M on every ¢*S,. Now define

n

n—1 n—1
9(2) = f(2) [] f(¢z) = £(2) I fu(2).
k=1 k=1

Note that |f(2)| < e and |fr(z)] < M, so
lg(z)] < e- M1 =00,

since M is a constant. So g(z) = 0 on D,, and by the identity principle, on D. Thus some
factor fi(z) is identically zero. But if f(¢¥2z) =0 on D, then f(z) =0 on I, since every z € D
can be written as ¢¥w for some w € D.

Solution (Part 3):
Consider

f2)= ]I (we—2).

1<k<n

Then f is holomorphic and nonconstant on I, so attains a maximum M on S'. Moreover,
|f(2)| = II|wg — 2| is exactly the product of distances from z to the wy. Moreover, since
|£(0)] = [T |wk| = 1, we must have M > 1.

Now note that f(wy) =0 and f is continuous in D. So |f(2)| € [0, M] C R where M > 1, so
by the intermediate value theorem, |f(z)| = 1 for some z.

Solution (Part 4, using MMP):

Write f = w—+iv where by assumption u is bounded. Both u and v are harmonic, so if |u| < M
on C, then there is some disc where |u| = M for some point in the interior. By the MMP for
harmonic functions, u is constant on C. So uz,u, = 0, and by Cauchy-Riemann, v,,v, = 0,
so v = 0 and v is constant, making f constant.

Solution (Part 4, using Liouville):

Consider g(z) = ef(®), then |g(z)| = ™% is entire and bounded and thus constant by
Liouville’s theorem. So ¢g/(z) = 0, but on the other hand ¢/(z) = f'(2)e/*®) =0, so f/(2) =0
and f must be constant since e/ is nonvanishing.
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— 16.5 Spring 2020 HW 3, 3.8.17 ~

Let f be non-constant and holomorphic in an open set containing the closed unit disc.
a. Show that if |f(z)| = 1 whenever |z| = 1, then the image of f contains the unit disc.

Hint: Show that f(z) = wo has a root for every
wo € D, for which it suffices to show that f(z) = 0
has a root. Conclude using the mazimum modulus
principle.

b. If |f(z)| > 1 whenever |z| = 1 and there exists a zp € D such that |f(z9)| < 1, then the image
of f contains the unit disc.

s 16.6 Spring 2020 HW 3, 3.8.19 ~

Prove that maximum principle for harmonic functions, i.e.

a. If w is a non-constant real-valued harmonic function in a region {2, then v can not attain a
maximum or a minimum in 2.

b. Suppose 2 is a region with compact closure Q. If u is harmonic in Q and continuous in Q,

then

sup [u(z)| < sup |u(z)].

z€Q 2€0-Q
Hint: to prove (a), assume u attains a local maximum
at zg. Let f be holomorphic near zg with R(f) = u,
and show that f is not an open map. Then (a) implies
(b).

— 16.7 Spring 2020 HW 3.9 ~

Let f be analytic in a region D and ~ a rectifiable curve in D with interior in D.

Prove that if f(z) is real for all z € , then f is constant.
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— 16.8 Spring 2020 HW 3.14 ~

Let f be nonzero, analytic on a bounded region € and continuous on its closure €.

Show that if |f(2)| = M is constant for z € 9Q, then f(z) = Me™ for some real constant 6.

— 16.9 Tie's Extra Questions: Spring 2015 ~

Let 4 (2) = 104_—6,2 with || <1 and D ={z: |z| < 1}. Prove that

1
. 7// ! [2dzdy = 1.
T D

1 , 1—|af? 1
. = dady = 1 .
e e

— 16.10 Tie’s Extra Questions: Spring 2015 ~

Let 2 be a simply connected open set and let v be a simple closed contour in 2 and enclosing a
bounded region U anticlockwise. Let f: © — C be a holomorphic function and |f(z)| < M for all
z € 7. Prove that |f(z)| < M for all z € U.

s 16.11 Tie's Extra Questions: Fall 2015 ~

Assume f(z) is analytic in region D and T is a rectifiable curve in D with interior in D. Prove that
if f(z) is real for all z € T, then f(z) is a constant.
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]_7 ‘ Liouville’s Theorem

o 17.1 Spring 2020.3, Extras Fall 2009 ~

Problem 17.1.1 (?)

o Assume f(z) = >.02jcp2™ converges in |z| < R. Show that for r < R,

% /027r ‘f (reio)‘QdQ = ni;o e |2 r2n

o Deduce Liouville’s theorem from (a).

Solution:
Computing the LHS:

/[0,271’]

f(rei")fde: / F(re®) f(rei®) do

[0,27]
= / Z cpretk? Z Fjrje_ije de
[0,27] >0 7>0
:/ Z ckﬁjrk+jei(k_j)0 df
0271 js j>0
= Z ckﬁjrk+j/ e k=9)0 qg
k,j>0 (0,2}
= > adrxi—;2m
k,j>0
= Z cpCRr-" - 21
k>0
2k
=27 Z lex]“r=",
k>0

where we’ve used that the series converges uniformly in its radius of convergence to commute
sums and integrals.
Now supposing |f(z)| < M for all z € C, if f is entire then >, crx2¥ converges for all r, so

Z|Ck’27"2k=21w/[02 ‘f(7’ei9)’2d9§i M?df = M?.
k>0 2] 7 J10,27]
Thus for all 7,
lco* + Je1 [ + |ea|*r + -+ < M,
and taking r — oo forces |¢1|> = |ea|* = -+ = 0. So f(z) = o is constant.

Liouville’s Theorem 107




Liouville’s Theorem

" 17.2 FTA via Liouville ~

Problem 17.2.1 (7)
Prove the Fundamental Theorem of Algebra (using complex analysis).

Solution:

e Strategy: By contradiction with Liouville’s Theorem
e Suppose p is non-constant and has no roots.
o Claim: 1/p(z) is a bounded holomorphic function on C.

— Holomorphic: clear? Since p has no roots.

— Bounded: for z # 0, write

P .
(Z)zan+<a 1+~-+a°>.

2" z 2"
— The term in parentheses goes to 0 as |z| — oo
— Thus there exists an R > 0 such that
P(z)
n

z

>c::M.

]z\>R:>‘

— So p is bounded below when |z| > R
— Since p is continuous and has no roots in |z| < R, it is bounded below when |z| < R.

— Thus p is bounded below on C and thus 1/p is bounded above on C.

o By Liouville’s theorem, 1/p is constant and thus p is constant, a contradiction.

17.3 Entire functions satisfying an
inequality

Problem 17.3.1 (7)
Find all entire functions that satisfy

[f(2)| = ]2 VzeC.

Prove this list is complete.

\

Concepts Used:

o If f is bounded in a neighborhood of a singularity zp, then 2y is removable.
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Solution:

o Suppose f is entire and define g(z) := ﬁ

o By the inequality, |g(2)| < 1, so g is bounded.

o g potentially has singularities at the zeros Z; := f~!(0), but since f is entire, g is
holomorphic on C\ Z;.

o Claim: Z; = {0}.

— If f(z) =0, then |z| < |f(2)| = 0 which forces z = 0.
e We can now apply Riemann’s removable singularity theorem:

— Check g is bounded on some open subset D\ {0}, clear since it’s bounded everywhere
— Check g is holomorphic on D \ {0}, clear since the only singularity of g is z = 0.

e By Riemann’s removable singularity theorem, the singularity z = 0 is removable and g
has an extension to an entire function g.
o By continuity, we have |§(z)] <1 on all of C

— If not, then |§(0)] = 1 +& > 1, but then there would be a domain Q2 C C\ {0} such
that 1 < |g(z)] <1+ ¢ on €2, a contradiction.

o By Liouville, g is constant, so §(z) = ¢p with |¢p| < 1
o Thus f(2) = c;'z = cz where |c| > 1

Thus all such functions are of the form f(z) = cz for some ¢ € C with |¢| > 1.

17.4 Entire functions with an asymptotic
bound

Problem 17.4.1 (?)
Find all entire functions satisfying

|f(2)] < ’Z\% for |z| > 10.

Solution:
Since f is entire, take a Laurent expansion at z = 0, so f(2) = Y ;50 cx2" where Zricy = F®)(0)
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by Cauchy’s integral formula. Take a Cauchy estimate on a disc of radius R > 10:

So in particular, if K > 1 then k — % > 0 and ¢, = 0. This forces f = ¢y to be constant.

k! f(6)
< ¥ AV
les] < 210 Jjz)=r | (§ — 0)FF1 <
1
k! €]2
< — dg
21 Jjzj=r |¢|FH
o1
=5 E .9TR
= O(1/R"2).

17.5 Tie’s Extra Questions: Fall 2009

Problem 17.5.1 (?)

Let f(z) be entire and assume values of f(z) lie outside a bounded open set 2. Show without
using Picard’s theorems that f(z) is a constant.

Solution:

We have |f(z)] > M for some M, so |[1/f(z)] < M~! is bounded, and we claim it is entire
as well. This follows from the fact that 1/f has singularities at the zeros of f, but these are
removable since 1/f is bounded in every neighborhood of each such zero. So 1/f extends to a
holomorphic function. But now 1/f = ¢ is constant by Liouville, which forces f = 1/¢ to be

constant.

17.6 Tie’s Extra Questions: Fall 2015

Problem 17.6.1 (?)

Let f(z) be bounded and analytic in C. Let a # b be any fixed complex numbers. Show that

the following limit exists:

lim

flz)

R—o0 J|z|=R (2 — a)(z — b)

Use this to show that f(z) must be a constant (Liouville’s theorem).

Solution:

Apply PFD and use that f is holomorphic to apply Cauchy’s formula over a curve of radius

17.5 Tie’s Extra Questions: Fall 2009
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R enclosing a and b:

f(2) L B a—b b-—a B
[amae=ge=fra(i=+i=5)
= (a—0b)"! ﬁ P _a) ! f(2)
=07 [ a0 [ T

= (a—b)"t-27mif(a) + (b —a) - 2wif(D)

= omi (1210,

dz

a—>

Since f is bounded, this number is finite and independent of R, so taking R — oo preserves
this equality. On the other hand, if | f(2)| < M, then we can estimate this integral directly as

< = =0,

I/ M  M-27R 1
" Ji=r [R—al-[R=b] |R—a|-[R-b "R

which forces f(a) = f(b). Since a, b were arbitrary, f must be constant.

18‘ Polynomials

- 18.1 Big O Estimates ~

18.1.1 Tie's Extra Questions: Fall 2011, Fall 2009 (Polynomial upper bound, d = 2)

Problem 18.1.1 (?)
Let f(z) be entire and assume that f(z) < M]|z|? outside some disk for some constant M.
Show that f(z) is a polynomial in z of degree < 2.

Solution:

Take a Laurent expansion at zero:
3 1 1
f(z) = e, cp = gf(lf)(o) — 7]{ f(€) de

- ; k+1 :
P ! 27 Jig|=r £

The usual estimate:

amile < ROCIf©dg < RTDMER dg
€|=R €|=R
= MR * D . 2rR
= 2t MR F+2

R—o0

— 0,
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provided —k+2 <0 < k> 2.

18.1.2 Tie’'s Extra Questions: Spring 2015, Fall 2016 (Polynomial upper bound, d arbitrary)

Problem 18.1.2 (?) a. Let Let f : C — C be an entire function. Assume the existence of
a non-negative integer m, and of positive constants L and R, such that for all z with
|z| > R the inequality

[f(2)] < L[z|™
holds. Prove that f is a polynomial of degree < m.

b. Let f: C — C be an entire function. Suppose that there exists a real number M such
that for all z € C,R(f) < M. Prove that f must be a constant.

Solution:

6] = |, = e

211
S G
- 21 7 |§_ z|n+1

1 LR™

— ¢ ——d
~ 2mi J, R J
— iRmf(TH»l) .9TR

211
fsey = m-n<0 < n>m,

so f is a polynomial of degree at most m.
Now if f is entire, g(z) := ef(*) is entire and

— ) < M

— )

l9(2)] = |/

so ¢ is an entire bounded function and thus constant by Liouville, making f constant. Why
this is true:

ef=C = el /=0 = f =0,

since ef is nonvanishing, and f’ = 0 implies f is constant.
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18.1.3 Asymptotic to z"

Problem 18.1.3 (?)
Suppose f is entire and suppose that for some integer n > 1,

lim 1(z)

z—o0 N

=0.

Prove that f is a polynomial of degree at most n — 1.

Solution:
Choose |z| large enough so that |f(2)|/|2|" < e. Then write f(z) = 3> k2" and estimate

. <j|{ f(&) de

Z=R gk-&-l

elgl”
< ﬁz|=R ’é-‘k—i—l d€

— R (D) Lon R
— cCR"F

e—0

—0

provided n — k <0 < k > n, since ¢ — 0 forces R — o0.

18.1.4 Spring 2021.3, Tie's Extra Questions: Spring 2014, Fall 2009 (Polynomial lower bound,
d arbitrary)

Problem 18.1.4 (7)
Suppose f is entire and there exist A, R > 0 and natural number N such that

lf(2)| > A|z|N for |z] > R.
Show that

e fis a polynomial and
o the degree of f is at least V.

Solution:
The easier version of this question: when |f| < A|z]N, f is a polynomial of degree at most N
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by Cauchy’s integral formula:

] | L f€)
6] = oz e

21
1
Sf.j{ |f(€ZJ+1 i
2mi Jy € — 2|
1 ARN
Som P
— ARN—(nH) .2TR
271
= ARN™"
Rzge — N-n<0 < n>N.

Now rearrange the given equality

f(2)

= <AL
N

ZN

A priori, f is equal to its power series at z =0, so f(2) = > j>0 ¢z, Since Dy is compact, f
has finitely many zeros in this region, say {z;},<,,- This set ‘must be finite, since an infinite
subset of a compact set has a limit point, and being zero on a set with a limit point implies
being identically zero by the identity principle.

Define

p(z) = H (z—2p)=2"+ O(szl),

1<k<m

the product of these roots. Increase R if necessary to ensure that

‘]9;:3 <1 = |p(@)| < |2|™.
Now define
_ o) B 1 e I A B
6(z) =PI = () = |2 = | ) < Al

Issue: this might not be entire? There could be
poles at the zeros of f outside of Dg. ..
By the previous result, GG is a polynomial of degree at most m. Now consider leading terms:
on one hand,

f(2)G(2) :p(Z)ZN ~ (M) N = GN+m
On the other hand,

f(2)G(z) = f(2) (z" + )

B SR
k>0

="+ e T ) 2T () +
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and by the previous expression, this must be a polynomial of degree at most N + m. This
forces ¢ = 0 for all kK > N, otherwise these would contribute higher order terms.
Note: maybe not quite right!
Alternatively, note that the inequality can be rewritten as
GE) < Ao = 2
f(z)
o If m — N = 0, then p/f is an entire bounded function and thus constant, making
p(z) = Af(z) and f is a polynomial of degree exactly N. -If m — N > 0, then p/f is a
polynomial of degree at most m — N by the previous result. But p/f is a polynomial
with no zeros, since Z, = Z¢, and the only nonvanishing polynomial is a constant, so
again p = Af.
e If m — N <0, then use the inequality

< A_llz‘m_N.

2N 7mp(z)

f(z)

<AL

so the LHS is an entire bounded function and thus constant, so 2V ~™p(z) = Af(z). But

the LHS is evidently a polynomial of degree (N —m) +m = m.

Solution (Older):
Note that the analogue of this problem where |f(2)| < A\z|N implies f is a polynomial of
degree at most N is easy by the Cauchy estimate:

n! f(©)
) =13z = |en| = |f™(0)] = ,/dg‘ ata=0
16) = |2 o el = |1 O] = |9 | ey
|
Sy
2m Jy [€]
| N
<2 ae
2m Jy €]
| N
:An-/Rdg
21T ’anJrl
_ An! 2TR
= op RN
An!
:W
R—o0

— 0 <= n—-N>0 <<= n>N,

s0 f(2) = Yo<han k2"
For the case at hand, a solution I liked from MSE:

o Write g(z) :== f(1/2), so g has a singularity at z = 0. The claim is that this is a pole.
e It can’t be removable:

1
g(z)|2A‘Z oo for [1/2] > R (<= || < 1/R),
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so ¢ is unbounded near z = 0.

o It can’t be essential: if so, take the neighborhood of z = 0 given by U := D%(O) \

{0} = {z ‘ 0< |z < %} Then ¢g(U) C C would be dense by Casorati-Weierstrass,
but note that g(z) = w € g(U) = |w| == |g(z)| > AJ1l/z|" since |z| < 1/R, so
g(U) C (C\ D}TATL(O)) and in particular does not intersect the interior of DRLL(O)‘

e Since z = 0 is a pole, it has some finite order m, so write
g9(z) = (c,mz_m + 4 cflz_l) + (co+c1z+---)=p(1/z) + h(z),

where p is polynomial of degree exactly m (since c_,, # 0) and h is entire. In particular,
z = 0 is not a singularity of h.

e Now
9(2) =p(1/2) + h(z) = f(2) = p(z) + h(1/2).
e Then
f(z) =p(z) = h(1/z) — co = h(0),
since holomorphic functions are continuous.

e Then h is an entire function with a finite limit L at oo. h is bounded by ¢y in a
neighborhood Uy of co and takes on a maximum on US by compactness and the
maximum modulus principle. So A is bounded on all of C, and thus constant by Liouville,
and thus h(1/z) = L for all z.

e So

f(z) = p(2) + h(1/2) = p(z) + co
— f(2) = (caz 4 +em2™) + a,

which is a polynomial of degree exactly m := deg p.

e Why m > N: if not, m < N so N —m > 0. Then for large z,

A< I _ CO+C—13+"‘+C—mzm‘
— | 2N 2N
co c_1 Cem
= | — + [ + P + -
SN T NI ZN—m’
|z| =00

I

since every term has a factor of z in the denominator. This contradicts A > 0. ¢
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— 18.2 Misc ~

18.2.1 Spring 2021.4

Problem 18.2.1 (?)

Let f = u+ v be an entire function such that R(f(x + iy)) is polynomial in z and y. Show
that f(z) is polynomial in z.

Solution:
To clear up notation: write f(z) = u(z,y) +iv(z,y), here we're assuming that u is polynomial
in x and y.

Claim: If v is polynomial in x,y, then so is v.

Proof (?).

This follows from the fact that u is a harmonic conjugate of v, and the explicit process
computing the conjugate will result in a polynomial. Gamelin describes this process in
detail, see Ch.2 Section 5 on Harmonic functions where he proves the formula

¥y o z 9
vew)= [ Shatd— [ (s ds+C.
)

Claim: Since f(z,y) is a polynomial in x,y, f(z) must be a polynomial in z.

Proof ().
Since f is entire, it’s equal to its Laurent series everywhere, so

(k)
f(Z) — chzk’ cp = f i (0) _ 1 / f(g) de.

| - 3 k+1
k>0 k! 21t Jo1 €

Thus f will be a polynomial if ¢y = 0 for all N large enough, which will be true if
f(N)(z) = 0 for large enough N. But we can write

N N
o §(&) = o= f(e,9) = 0= ((ffﬂV)ﬂ:c,y) - (fN) £(2) = £,
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18.2.2 Spring 2019.4 (Eventually bounded implies rational)

Problem 18.2.2 (?)
Let f be a meromorphic function on the complex plane with the property that |f(z)| < M for
all |z| > R, for some constants M > 0, R > 0.

Prove that f(z) is a rational function, i.e., there exist polynomials p, ¢ so that f = %.

Solution:

Note that f must have finitely many poles — either z = oo is a pole or a removable singularity,
and since poles are isolated, there is some R > 0 such that all other poles of f are in |z| < R.
The set Py of poles is a closed set and Dp is compact, so if Py is infinite it has an accumulation
point, contradicting that poles are isolated.

So enumerate Py as {py},<y, define g(z) = [[<n(2 — pi), and set F(z) := g(z)f(z). Then
F is an entire function, and the claim is that F is bounded and thus constant by Liouville.
Proving the bound: take |z| > R, then

G(2)] = | £(2)]|g(2)]
< MClz|Y,

using that ¢ is a polynomial of degree N, so ’%

— 1 as |z| = oo since g is monic. So after

possibly increasing R, we can choose |z| large enough so that ‘% < C for, say, some constant
C < 2. In any case, by a common qual question, if |G| € O(|z|") for |z| large enough then G
is a polynomial of degree at most N. Then f(z) := G(2)/g(z) is a rational function.

18.2.3 Spring 2020 HW 3.5, Tie's Extra Questions: Fall 2015

Problem 18.2.3 (?)
Let f be entire and suppose that lim,_,o, f(2) = oco. Show that f is a polynomial.

Solution:

Note that f has finitely many zeros: since f is unbounded, there is some R such that f(D%) C
D¢, so in particular f is nonvanishing on D%. So Zf is a closed subset of a compact set, so is
either finite or has an accumulation point. In the latter case, f = 0 by the identity principle,
SO suppose not.

Write Zy = {2}, for the n many zeros of f, included with multiplicity, and set

®(2) = z—ZK), F(z) = .

Now F' is a nonvanishing entire function.

Claim: F' is bounded on C.
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Proof (of claim).
Choose R > 1 so that all of z;, are in Dg, so | — zx| < R for all £ € Dg and all k. By

Cauchy’s integral formula,
1 F(f)‘
F< g |E9)
FEI< o f. || %
L
21

it

le|= R‘f )€

1 % R™

< — dg
21 Jig=r |F(O)|IR

S 1‘% Rmfl d{
21 Jje|=R

— R™,

where R is increased if necessary to ensure ‘ﬁ‘ < 1, which can be done since |f(z)| — oo

as R — 0o0. So |F(z)| < C|z|™ in Dg° for R large enough, making F a polynomial of
degree at most m. Since F' is continuous in Dx which is compact, F is bounded in here
as well, making F' bounded on all of C.

|

Given this, F' is entire and bounded and thus constant by Liouville. So F(z) = ¢, and as a
result f(z) = c¢®(z) which is a polynomial of degree n.

18.2.4 Spring 2020 HW 2, SS 2.6.13

Problem 18.2.4 (7)
Suppose f is analytic, defined on all of C, and for each zy € C there is at least one coefficient
in the expansion f(z) =Y., cn(z — 20)™ is zero. Prove that f is a polynomial.
Hint: use the fact that c,n! = () (z) and use a
countability argument.

Solution:

Write Z,, = {z eC ’ f(z) = 0}, then by hypothesis (J,,>¢ Zn = C. A version of the Baire
category theorem is that if X is a complete metric space and X is a countable union of closed
sets, then at least one such set has a nonempty interior. Thus some Z,, has an interior point z,
and as a result there is some disc D.(zp) on which £ (z) = 0. This implies that ) (z) = 0
on D.(zg) for every k > n, so f is a polynomial of degree at most n.
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19 ‘ Rouché’s Theorem

— 19.1 Standard Applications

19.1.1 Tie's Extra Questions: Fall 2009, Fall 2011, Spring 2014 (FTA)

Problem 19.1.1 (7)
Use Rouche’s theorem to prove the Fundamental Theorem of Algebra.

Solution:

Write f(2) = > k<, cp2®. Big: M(2) = ¢p2". Small: m(z) = f(z) — M(z) = S k<n1Ckz"
Now use that

m(z) —1 k—n
=|cp CLZ
i )
zcn1<ci+ ;314_..._’_6”—1)’
PA >
2,
so choose R large enough such that for |z| > R, Aﬂf((zz)) < 1. Then on |z| = R,
m(z

since ¢, 2" has z = 0 as a root with multiplicity n.

Solution (Explicit bound):
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An estimate: write f(z) = > <, cp2® with ¢, = 1, then for R > 1, on |z| = R we have

HOEFEESD DI el

k<n—1

< > JexlRF
k<n—1

<Y felBT
k<n-—1

:Rn—l Z |Ck’

k<n—1

— Rn—lc

<R"

:|Znh

provided we can choose C' < R, but this is possible since > ,, 1 |cx| is a constant. So
n=4§Zn=4Z;.

19.1.2 Tie's Extra Questions: Fall 2015 (Standard polynomial)

Problem 19.1.2 (?)
Find the number of roots of z* — 6z +3 =0in |z| < 1and 1 < |z| < 2 respectively.

Solution:
On |z] < 1:

o Big: M(z) = -6z
e Small: m(z) =2*+3

Then on |z| =1,
m(z)] < |o* +3=4<6=[-62] = |M(=)],

so 1 = Zy = Zy here.
On |z| <2:

e Big: M(z) =24

e Small: m(z) = -6z + 3.
Then on |z| = 2,
Im(z)| = |62+ 3| < 6|z +3 =15 < 16 = 2* = |2|* = |M(2)|,
so 4 = Zy = Zy here.
Thus there are 4 — 1 = 3 zeros in 1 < |z| < 2.

19.1 Standard Applications 121



Rouché’s Theorem

19.1.3 Tie’s Extra Questions: Fall 2016 (Standard polynomial)

~

Problem 19.1.3 (?)
Prove that all the roots of the complex polynomial

flz)=2"-52412=0

lie between the circles |z| =1 and |z| = 2.

Solution:
On |z] < 1:

o Big: M(z) =12
e Small: m(z) = 2% — 523

For |z| =1,
Im(z)] = ‘27 — 523‘ <|2|"+ 5]z = 6 < 12 := |M(2)],

so 0= 2y =Zy.
On |z| <2,

o Big: M(2) =27

e Small: m(z) = -5z + 12
On |z] =2,
m(z)| = ‘—523 + 12] <522 +12 =32 <128 =27 = |M(2)],
so7 =2y =2y.

So f has 7 zeros in 1 < |z| < 2.

19.1.4 Spring 2020 HW 3.11 (Standard polynomial)

Problem 19.1.4 (7)
Find the number of roots of p(z) = 22 — 6z + 3 in |z| < 1 and 1 < |z| < 2 respectively.

Note: the original problem used 4z* — 6z + 3, but
I don’t think it’s possible to use Rouché on that at
all!

Solution:
On |z] < 1:

19.1 Standard Applications 122




Rouché’s Theorem

e Small: m(z) =2*+3
o Big: M(z) = -6z

On |z| =1,

m(z)] = |24 43 < |2|* + 3 =4 < 6 = |-62] = |M(2)],
so Zy =2y =1
On |z] < 2:

e Small: —62+3
. Big: 2*

On |z] =2,
Im(2)| =< 6+3=9<2t=|M(2)],

SO Zf = ZM =4.
Thus there are 4 — 1 =3 zeros in 1 < |z| < 2.

19.1.5 Standard polynomial

Problem 19.1.5 (7)
How many roots does the following polynomial have in the open disc |z| < 17

f(z) = 2" —42° — 1.

Solution:
Big: M(z) = —42z3. Small: m(z) = 2" — 1. Then on |z| = 1,

Im(z2)| = ]J - 1] <lzf+1=2<4= \—424

9

so f and M have the same number of zeros: three.

19.1.6 Spring 2020 HW 1.3 (Standard polynomial)
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~

Problem 19.1.6 (?)
Prove that the following polynomial has its roots outside of the unit circle:

p(z) = 2%+ 22+ 4.

Hint: What is the mazimum value of the modulus
of the first two terms if |z| <12

Solution:
Big: M(z) =4 Small: m(z) = 23+ 2z. On |z| =1,

Im(2)| < |2+ 2|zl =1+2=3<4=|M(z)|,

s00=2Zy = Zyym = Zy in D.

19.1.7 Polynomials with parameters

Problem 19.1.7 (7)
Assume that |b| < 1 and show that the following polynomial has exactly two roots (counting
multiplicity) in |z| < 1:

f(2) =23+ 32% + bz + b%.

Solution:
Big: M(z) = 32%. Small: m(z) = z3 + bz + b%. Then on |z| = 1:

m(z)| < 2 +blz| + 0> = 1+ b+b> < 3= |M(2)],

and M (z) has exact two roots in .

19.1.8 Tie’s Extra Questions: Spring 2015 (Power series)

Problem 19.1.8 (?)
Let 0 < r < 1. Show that polynomials P,(z) = 1+ 2z + 322 + --- + nz""! have no zeros in
|z| < r for all sufficiently large n’s.

Solution:
Key observation:
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Note that Q(2) — > x>0 zF = L uniformly on |z| < R < 1 since this power series has radius

of convergence 1. Similarly P, (z) converges uniformly to % + = ﬁ, solet P(z) == (1_12)2.
Note that P is nonvanishing in D.
Strategy:

e Small: m(z) = P(z) — P,(z), look for an upper bound |m(z)| < U
o Big: P(z), look for a lower bound L with |P(z)| > L > U.

Just by considering the geometry of circles of radius R < 1 and 1 and measuring distances to
the point 1, we can estimate
1 1 1
0<1-R<|1-z<1+R<2 = |P(z)]:ﬁ2f
-z

22 4

Now fix € < i and use uniform convergence of P, — P to produce an N such that n > N
implies ||P — P,||,, < ¢ in |z] < R. Then on |z| = R, for n > N,

Im(2)] = [P(2) = Pu(2)| < [|P = Pall, <€ < i < |P(2)] = [M(2)],

so 0 = Zp = Zp, by Rouché.

o 19.2 Exponentials ~

19.2.1 UMN Fall 2009 (Solutions as zeros)

Problem 19.2.1 (7)
Find the number of solutions to the following equation on |z| < 1:

62° +1=—e”.

Solution:

Write f(z) := 623 + 1+ €.
e Small: m(z) =e*+1
o Large: M(z) = 623

e The estimate:

m(z)] = e +1] <D 41 < el p1=e41<6 =67

)

s0 3= Zy = Zy.
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19.2.2 UMN Spring 2009 (Checking the equality case)

Problem 19.2.2 (7)
Find the number of roots on |z| < 1 of

f(z) = 28 + 4227t — 3.

Solution: e Small: m(z) = 2% -3
o Big: M(z) = 42%¢**1, which has two such zeros
Now estimate m from above:
Im(2)| = ‘26 - 3\ <|2|°+3=4.
and M from below:

[M(2)| = |42 = el ") = 4ecR) > dee ! = 4,

which unfortunately isn’t quite enough. But equality occurs iff ®(z) = —1 on S!, so z = —1,
in which case [m(—1)| = |1 — 3| = 2, so the inequality is in fact strict. So 2 = Zy = Z;.

19.2.3 Right half-plane estimate

Problem 19.2.3 (7)
Find the number of zeros z with R(z) > 0 for the following function:

f(z2) =23 —2z+1.

Solution:
Take a contour ~; = {it ‘ te R} and g = {Reit

te [—7T,7T]}.

e Bigt M(2)=23+1

o Small: m(z) = —=2

On 72, we have |z| = R, so take R large enough that the following estimate holds:
M (2)] = |2* + 1] > “2,3 ~1| =R 1> R=|m(z)| = R

In particular, this works for R > 1.
On 71, note

o [M(2)] =3it)3+1| =1 — it
o |m(2)] = |it]
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These can be interpreted geometrically: the former is the hypotenuse of a triangle and the
latter is a leg, so |[M(z)| > |m(z)| will hold:

Now note that 22+ 1 has roots ws, wg, wg = —1 for wy, = e%, and the first two are in the right
half-plane. So 2 = §Z); = §Zy by Rouché.

19.2.4 Zeros of e*

Problem 19.2.4 (7)
Prove that for every n € ZZ° the following polynomial has no roots in the open unit disc:

Hint: check n = 1,2 directly.

Solution (Using Rouché):
For the n =1 case, fi(2) =0 <= 1+2=0 <= z = —1, so this has no roots in D. For
n = 2, factor

folz)=14+z2+2"=(z- )z -G,
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using that
2
G GP=1  —(G+GY) = -2R(E) = —2cos (g) _1

Now use that ‘C:].f‘ = 1, which is not in D.
n

For n > 3: toward applying Rouche’s theorem, let M(z) =1+ z and m(z) = 322 4 - 4 22"
Note that on |z| =1, |m(z)| = 2, and

5
k2n+1k!
o
<D

k>n+1

Im(2)] =

1
SZH

k>n+1

Suppose n > 3,

Im(z)] <e—(14+14---)~0.718 < 2,
then Rouché applies directly and

0 =420 (D) = 12y +m(D) == 127 (D),

noting that M(z) =0 <= z = —1, which isn’t contained in the open disc D.

19.2.5 More ¢€*

Problem 19.2.5 (7)
Let n € ZZ% and show that the equation

z n

e =az

has n solutions in the open unit disc if |a| > e, and no solutions if |a| < 1.

Solution:

Note that |e?| = e®(?)| which is maximizes on S! at z = 1 € R and minimized at z = —1.
Write f(z) = e* — az", so solution correspond to zeros of f.

Case 1: suppose |a| > e. Big: M(z) = az™. Small: m(z) = e*. On |z| =1,

m(2)] = |e*] = "(2) < e! < a| = |az"| = |M(2)],
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so f has #Zy; = n zeros.
Case 2: suppose |a| < 1/e. Big: M(z) = e*. Small: m(z) = az". On |z| =1,

m(z)] = laz"| = |a] <! < ") =e*| = |M(2)],

and M has no zeros in D (and in fact none in C), so neither does f.

19.2.6 Zeros of partial sums of exponential

Problem 19.2.6 (7)
For each n € Z=1, let

1 1

Show that for sufficiently large n, the polynomial P, has no zeros in |z| < 10, while the
polynomial P, (z) — 1 has precisely 3 zeros there.

Solution:

More is true: this will hold for any disc of arbitrary radius R, with n depending on R. Fix
R, then use that P,(z) =3 e* uniformly on the compact disc |z| < R. Consequently, setting
gn(2) = P’;EZ), we have g,(z) — 1 uniformly on this disc, for any € > 0 this can be used to
produce an n > 1 such that |g,(z) — 1| < ¢ for all |z| < R.

So take € := 1 and define h(z) := 1, then for |z| = R

|gn(2) = 1] <1 = [h(z)],
so by Rouché,

0=142n = 8Zn1(gu—1) = 1Zgn>

since h has no zeros at all. Take R = 10 to get the stated result.

For P,(z) — 1, note that e* — 1 = 0 has three solutions in |z| < 10, namely z = 0, £27i. We
similarly have P,(z) — 1 — e* — 1 uniformly, so on a disc of radius R choose n large enough
so that

‘P’;(jzll—l‘<1
. [BD-E o),
er —1
= |(Pu(2) = 1) = (" = 1)[ < [e* = 1]
= |m(2)| < [M(z)],

SO

3=H0Zv =t8Zp+m =182p,—1.
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— 19.3 Working for the estimate ~

19.3.1 Max of a polynomial on S!

Problem 19.3.1
Prove that
‘m|a>1< ao+ a1z + -+ an12" 42" > 1.
zZ|l=
Hint: the first part of the problem asks for a state-
ment of Rouche’s theorem.
Solution:

Write p(z) == ag + - - - + 2". Toward a contradiction, suppose not so that |p(z)| < 1 on |z| = 1.
Then

FEI<1=|"  onls=1
Taking m(z) := f(z) and M(z) := —z", we have
n =132y = §ZMsm = 8Zp(z)—m <N — 1,

since f(z) — 2™ is degree at most n — 1, a contradiction.

19.3.2 Fixed points

Problem 19.3.2 (7)
Let ¢ € C with |¢| < §. Show that on the open set {z eC ‘ R(z) < 1}, the function f(z) = ce®
has exactly one fixed point.

Solution:
The boundary region is {1 + it ‘ te R}, write g(z) = ce® — z so that fixed points of f are

zeros of g.
Big: M(z) = z. Small: m(z) = ce®. Then for z = 1 + it,

Im(2)| = |e]e®®) < ce < 1< V12482 =1 +it] = |2],

so M and g have the same number of zeros, and M has a unique zero.
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19.3.3 zsin(z) =1

Problem 19.3.3 (?)
Show that zsin(z) = a has only real solutions.

Solution:

Consider f(z) :== zsin(z) — a.

Big: M(z) == zsin(z). Small: m(z) = —a.
Use the following estimate:

|zsin(z)]? = g : e —e ¥ ’
> gzle‘iz ‘67722
_ 2 ems _ 30
%(z)2—>oo

and so in particular a radius R can be chosen large enough so that |zsin(z)| > a for any a.
Thus for |z| = R,

im(2)] = lal < |zsin(z)| < [M(2)] = 82m = 8Z0m = 82

To count the number of zeros of zsin(z), note that this equals zero at z = 0 with multiplicity
two and 2 = kr for k € Z. Choosing R = § + nm for n large enough, there are exactly 2n + 2
such zeros (with multiplicity) to zsin(z), and thus 2n + 2 zeros to zsin(z) — a. Now using that
zsin(z) — a has exactly 2n + 2 real roots (77), this must be all of them.

Unsure how to find any roots of this thing, real or
not!

F#stuck

19.3.4 Spring 2020 HW 3.13 #stuck

Problem 19.3.4 (?)
Prove that for a > 0, ztan z — a has only real roots.
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19.3.5 UMN Spring 2011 (Constant coefficient trick)

Problem 19.3.5 (?)
Let a € C and n > 2. Show that the following polynomial has one root in |z| < 2:

f(z)=az"+ 2+ 1

Solution:
The key step: getting the following inequality to work

|a2"| = lallz]" < e <T=|lz] = [1]| < [z + 1.

If this is true, then 1 = 7.1 = §Zy. If |a| < 2", this holds because |a||z|" < 2" =1, so
taking ¢ := 1 works.
Otherwise, suppose |a| > 2". Letting z; be the roots of f and considering the constant
coefficient, we have
1
a H =1 —= = || <2"
k<n a

I =

k<n

)

so not every zj can satisfy |z;| > 2 and at least one is in |z| < 2.

20 ‘ Argument Principle

20.1 Spring 2020 HW 3.12, Tie's Extra

— Questions Fall 2015 (Root counting ~

with argument principle)

Problem 20.1.1 (?)
Prove that f(z) = 2% 4+ 223 — 22 + 10 has exactly one root in each open quadrant.

Solution:
Take a large semicircle

*Nn= [07 R]
= {Reit te [0,7r/2]}
* 73 :Z'[O,R}
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e AArg(f,v1) = 0: The only way f o~ can change argument is by changing sign, since
it’s real valued. Use that f(0) = 10, f(1) = 11 and f'(t) = 4¢3+ 6t —2 > 0 so f is
increasing on [1,00). Then by Rouché, on |z| = 1 we have |2* +22% — 2| < 5 < 10 = [10],
so f has no zeros on |z| < 1.

o AArg(f,y2) = 2m: parameterize Yo(t) = Re', then f(vy(t)) ~ R for large R, which
changes argument by 27 for ¢ in [0, 7/2].

o AArg(f,73) = 0: check f(it) = t*+ 10 +i(—2t3 — 2t) and we let t range through [0, R].
For t > 0, the real part is strictly positive, so this can not wind about the origin.

By the argument principle, §2; = %A Arg(f,T) = 1.

Solution (older):

It suffices to show there’s only one root in the open quadrant ()1, since they come in conjugate
pairs. Assume that there are no roots on R or ¢{R. Since polynomials are entire, the argument
principle can be used to count zeros:

1
2

Zs Aalogf(z) dz = A, Arg(f).

To take the curve v comprised of

e Nn= [0’ R]a
e 72 = Re' for t € [0,7/2]
* V3 = ’L'[O,R}.

Then

o A, Arg(f) =0, since f(R>0) € R>o.
o Ay, Arg(f) =43 =2m since f ~ 2* for large R.
o A, Arg(f): consider

Fit) = t* =it = 2it 410 = ¢ (1 — it ™! = 2it~% 4+ 10¢71)
— Arg(f(it)) ~ Arg(t*) = 0.

So A, Arg(f) = 1, meaning there is one zero enclosed by 7 for R large enough. As R — oo,
this covers (1.

20.1.1 n-to-one functions

Problem 20.1.2 (7)

Let f be analytic in a domain D and fix zp € D with wy = f(zp). Suppose zp is a zero of
f(2) — wo with finite multiplicity m. Show that there exists 6 > 0 and £ > 0 such that for
each w such that 0 < |w — wp| < €, the equation f(z) —w = 0 has exactly m distinct solutions
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l inside the disc |z — zo| < 0.

Solution:
Write g(z) = f(z) — wp, then g is holomorphic on D and thus wy is an isolated zero. Choose
0 small enough so that g is nonvanishing on Ds(zp) \ {z0}. Let

v = A{l§ — 20| = 6} = ODs(20).
Choose ¢ < inf {w € f(0)} so that |f(z) — wp| > € in D.(wp) \ {wo} for every z € 7. Let
v = 0D (wo) = {|z — wo| = €},

and define the solution counting function:

_L O, _L g/(z) Z_L M y4
F(w) = 27m,filéﬂg(g(z))dz— fi 42 = 7£ 7o) —w

which counts the zeros of g (since it has no poles) and consequently the number of solutions
to f(z) = w in D.(wp). This is now a continuous integer valued function on D.(wp), and is
thus constant. Since f(z9) = wp with zo enclosed by v and wq enclosed by +/, the constant is
exactly the multiplicity of the zero of f(z) — wg at zp, which is m.

20.1.2 Blaschke products are n to one

~

Problem 20.1.3 (?)
For k=1,2,--- ,n, suppose |ag| < 1 and

J) = (1Z—_0:l112> <1Z—_aa222> (f—_;:z) '

Show that f(z) = b has n solutions in |z| < 1.

Solution:
Note that f is holomorphic on D and S*, since the poles are at 1/ag and if |a;| < 1 then
|ax| > 1. Fix b, then define g,,(z) := f(z) — w and form the solution counting function

1 f'(2)

T 2mi o flz) —w

F(w) = ! fgl '8 g, (2) dz

T 2mi

dz.
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Start by computing F'(0).
1

F(0) = — jé ) 9 [ tai(2)dz

2ms 1<k<n

_ log
277272 Z 0% tba (2

1<k<n
]g 5 1— |ag|” (z—ak>—1d
= z
27i 511 5 (1 —agz)? 1—apz
1—
= j{ |ak|7 dz
21 Jg1 1 Shn (z —ap)(1 —agz)
]_i
-— ¥ 7{ ||’ "
st (z—ag)(1 —agz)

1<k<

= Z 211

1<k<n

:’]’L’

where we’ve used that the integrand has a simple pole at ay since 1/a; € D°. So the equation
f(2) = 0 has n solutions. Now use that F' is a continuous function of w on D and integer
valued, thus constant. So F(w) = n for any w, meaning f(z) = w has n solutions in D for
every w.
Alternative: F continuously depends on the ag,
so send them all to zero to get f(z) = z™ which
trivially has n zeros.

2]_ ‘ Morera

— 21.1 Uniform limit theorem ~

Problem 21.1.1 (7)
Suppose {fn},cn is a sequence of analytic functions on I := {z eC ‘ |z| < 1}.

Show that if f,, — g for some ¢ : D — C uniformly on every compact K C DD, then g is analytic
on D.

Solution:
By Morera’s theorem, it suffices to show [, f = 0 for all triangles ' C D. Noting that 7" is
closed and bounded and thus compact, f, — g uniformly on T'. Since the f, are holomorphic,
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J7 fn =0 for all n, and thus

/g:/limfnzlim/fn:limO:O,
T T nJr n

where moving the limit through the integral is justified by uniform convergence.

" 21.2 Fourier transforms are entire ~

Problem 21.2.1 (7)
Suppose that f : R — R is a continuous function that vanishes outside of some finite interval.
For each z € C, define

o) = [ rwe

—00

Show that g is entire.

Solution:
By Fubini:

e P dt dz

10
j{ izt o dt
(t) ( 7§ izt dz) dt

(t) - 0dt

;e\
||

i
\\\&@\

L
L

’

where the inner integral vanishes because z — e~

entire by Morera.

is entire by Goursat’s theorem. So g is

21.3 Tie’s Extra Questions: Fall 2009, Fall
2011

Problem 21.3.1 (?)
Let f(z) be analytic in an open set € except possibly at a point zg inside 2. Show that if f(z)

is bounded in near zp, then / f(2)dz = 0 for all triangles A in €.
A
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Solution:

Write D.(zp) for a disc in which f is bounded, say by |f| < M here. Note that if 2z is not in
the region enclosed by A, then [, f = 0 since f is holomorphic throughout A, so suppose zy
is in this region.

Since f is holomorphic in Q\{z0}, A can be deformed to 0D, (zp) without changing the integral.

=1

D¢ (20) ‘

< | f]

8]1))5(20)

< f M
0D (z0)

M - 2re
0

£

14

0,

noting that the bound M is constant and remains an upper bound on smaller discs by the
maximum modulus principle.

" 21.4 Fall 2021.2 ~

Problem 21.4.1 (?)

Let y(t) be a piecewise smooth curve in C,t € [0, 1]. Let F'(w) be a continuous function on .
Show that f(z) defined by

f(z) = L 20) g,

w—z

is analytic on the complement of the curve ~.

Solution (Using Morera):
By Morera’s theorem, it suffices to show [, f(z)dz = 0 for all triangles A C 7¢. Claim:

Af(z)dz:ALZi@dwdz
—L/Aulj(_widzdw

:LF(M)(Awizdz) dw

:/VF(w)-Odw
=0
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That the inner integral is zero follows from the fact that the function z — ﬁ is holomorphic
on ¢, since it has only a simple pole at w where w € -« is fixed.
That the interchange of integrals is justified follows from Fubini’s theorem: these are continuous

functions on compact sets, which are uniformly bounded and thus Lebesgue measurable and
integrable.

Solution (Using limit definition):
The claim is that f is complex differentiable, thus smooth, thus holomorphic and equal to its
Taylor series expansion. The quick justification:

o . . 9 [Fw)
7z <Z>—&Aw_zdw
_ EF(w)dw

N0z w—2

_ [ _Fw)
"

where differentiating through the integral is justified since the integrand is a continuous function
of z on «y since w # z on «y, and + is a compact set.

Slightly more rigorously, one can equivalently pass a limit through the integral to show that
the defining limit exists:

f(z+h)—f(z):/vwi(}iu)_zdw—/vj(_widw

_ / (w—2)F(w) — (w+h — 2)F(w) dw
y (w+h—2z)(w—2)

h

- WF(w)(w—i-h—z)(w—z) dw

h—0 F(w)

— [y (w22 dw,

since the term involving h goes to 1.
— 21.5 Spring 2020 HW 2, SS 2.6.6 ~

Problem 21.5.1 (7)

Suppose that f is holomorphic on a punctured open set Q \ {wo} and let T C 2 be a triangle
containing wg. Prove that if f is bounded near wy, then [, f(z) dz = 0.

Solution:
Without loss of generality assume wg = 0. If |f(z)| < M for |z| < e, pick T contained in D,
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I Half-planes, discs, strips

then

@] < f 1 < f arae = au,

and by homotopy invariance, this integral doesn’t change as T is perturbed. Shrinking T, we
can make u(7) — 0.

See also conformal map exercises.

— 21.6 Classifying conformal maps ~

Problem 21.6.1 (?)
Define

G::{zEC‘%(z)>O, ]2—1]>1}.

Find all of the injective conformal maps G — ID. These may be expressed as compositions of
maps, but explain why this list is complete.

Solution:

Use that every element of Aut(D) is of the form f(z) = A¢4(2), and the region G is conformally
equivalent to D. Thus every element of Aut(G) can be conjugated to an element of Aut(ID) by
a conformal map F': G — D. One such map is gotten by rotating z — iz to get HHN |z| > 1,
then applying a Joukowski map z — z + z~! to get H. So

feAu(G) = f=Floy,oF for some 1, € Aut(DD).

22 ‘ Half-planes, discs, strips

22.1 Tie’s Extra Questions: Spring 2015
(Good Practice)

Problem 22.1.1 (7)
Find a conformal map

1. from {z: |z —1/2| > 1/2,Re(z) > 0} to H

2. from {z: |z —1/2| >1/2,]z] < 1} to D
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Half-planes, discs, strips

3. from the intersection of the disk |z + i| < v/2 with H to D.

4. from D\[a, 1) to D\[0,1) (0 < a < 1).

Short solution possible using Blaschke factors.

5. from {z : |z| < 1,Re(z) > 0}\(0,1/2] to H.

Solution:

Part 1: this is a bigon with vertices 0,00, so send 0 — oo with 1/z. Orient ‘R and the
circle S positively, note that both will be mapped to generalized circles. To find the resulting
region, use handedness — it’s on the right of iR and the right of S. The map preserves iR
and as t traces out (—oo,07,0",00), f(it) traces out (0,00, —00,07), so this preserves the
orientation of {R. For S, let zp :== £(1+1) € S, then f(z9) = 1 — 4. So the arc (1, z9,0) maps
to (1,1 —4,00), so this is a vertical line through R(z) = 1 oriented downward. The region is
to the right of .S, so we have

A 8 2T (O w:\/z N W, =60
=7 _— | o
'25:5(\4«-{) \‘> =
\
2,0 2271 W, =0 W= |(
‘_57
S AN \
— &j lh’3:\‘i

The rest is standard:

« Dilate and rotate to 0 < J(z) < 7 using z +— inz.
o Exponentiate using z — e* to get H.
« Apply the Cayley map z — 27 to get D.

Part 2: a bigon with vertex 1, i.e. a lune. Send 1 — co with f(z) := —2=, and check that

z—1’
o 1~ o0
o J(1+d)— —(1+14)
e 0= —1
o i —1(1+14)
. —1I—>—%

By tracking tangent/normal vectors, this results in the region —1 < R(z) < —%:
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Wo =
) N
N
N
N
wz::Z\‘

N4

Y
S A 'é(\-h)

— N
s

The rest is standard:

o Translate to the right by z — 2z + % to get —% < R(z) <0.
Rotate and dilate by z — —2imz to get 0 < J(z2) < 7

o Exponentiate by z — €* to get H,

e Cayley map z — 2—;; to get .

Part 3: a bigon in H with vertices &1, with an arc passing through z3 = i(v/2 — 1). Take
Z > % to obtain

e —1—0
e 11— 00

e 00— —1

Claim: z3 — wo where arg(wy) = —37/4
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Proof (?).
Let z3 = ic where ¢ := /2 — 1, then
14 23
_1 — Z3
1+1c
C1—idc
(1+ic)?
1+ ¢?

B 1—c2+, 2c
“\1reT iy e )
Nowcheckthat02:3—2\/§and1—02:—24—2\/5, SO

2¢  2(v2-1)
1—c2 —2+22

f(z3) =

so the argument is arctan(1) = T or —37. Since 1 — ¢® > 0,2¢ > 0, noting the negative
sign above, f(z3) is in Qs, so take =57

Orienting the bigon positively, we have (—1,0,1) — (0, —1, 00), i.e. the real axis oriented from
+00 — —oo. Similarly (1,23, —1) + (c0,w],0), which is a line passing through w}, oriented
from Q3 — Q1. Since the original region was on the left of both curves, we get

s Wm0
N
"~
Wy = -| Wo= 0O
7 RS >
i3
-|-¥Z
ws="Z (1+1)

o Flip this to @1 with z — —2 to get 0 < Arg(z) < /4.
« Rotate clockwise with z — e to get —7/8 < Arg(z) < 7/8.

o Dilate the argument to a half-plane with z — 220 where ) = /8 to get —m/2 <
Arg(z) < m/2.
 Rotate with z — iz to get H.

« Cayley map, z — 2.

Part 4: See part 5. The critical step is a Blaschke map v, which sends a — 0. For a € R,
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1o(R) = R and this will map the partial slit from a to the boundary to a usual slit from 0 to
the boundary.
Part 5: Dealing with the slit:

/ ; /\-\)-;2 () N
— - N .
* | — ~ (@] 7
_"Trz
~

Z2 kSe
/ ;
\

e ,‘&\\ 21y 22 - '\\
) \

N
rd

I 1 4

-;\ 10 ) ? —)7

b

N4

« Use a Blaschke factor to send a :== —1/2 — 0, so z + {==. Checking that (-1/2,0,1) —
(0,—1/2,—1), the image is D\ (—1,0].

 Rotate with z — e~z to get D\ [0, 1).

« Unfold with z > 22 to get DN H, noting that the slit becomes [—1, 1] and is erased here.

o Use z+— —1/z to get D° N H.

« Use the Joukowski map z — z 4 2! to map to Q34

e Use z — —z to get H.

22.2 Tie’s Extra Questions: Fall 2016
(Half-strip)

Problem 22.2.1 (?)
Find the conformal map that takes the upper half-plane conformally onto the half-strip

{w:x—i—iy‘ —7r/2<a:<7r/2,y>0}.
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Solution:
It’s well known that z — sin(z) sends —7/2 < R(z) < 7/2 with I(z) > 0 to H:

| N N
"B | A L B A
l W= 0
e > e
2o & I\ 2:0 2% | e == W, = |
e Pt | | | - D

So take z +— arcsin(z).

23 ‘ Lunes, Bigons

23.1 Fall 2019.5, Tie’s extra questions: Fall
" 2009, Fall 2011, Spring 2014, Spring ~
2015

Problem 23.1.1 (?)
Find a conformal map from

D:{ZEC‘]z|<1and

1’>1}
7572

to the unit disk A = {z: |2] < 1}.

Solution:
This is a lune-type region:
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(01)

(L0)

The usual strategy is to blow up the tangency, so send 1 — oo with

Claim: f has the following effect:
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Proof (of claim).
Write C for S' and Cy for the smaller circle. Computing the image of C;: parameterize
as 1 (t) = e for t € [—m, 7], then

Fon ) =

o—it/2
T Git/2 _ g—it)2
o—it/2

~ 2isin(t/2)
= —% csc(t/2) (cos(t/2) — isin(t/2))

=3 (cot(t/2) — 1)

1
=3 (=1 —icot(t/2))
1 1

Some analysis on cot(t/2):

o —1 0~ 0N\, —00

e 0 "~ 00N\(0
Thus for — cot(t/2),

. —W/‘O’V“)O/(OO

e 0 /"m~—00 N0
So the image is a vertical line through R(z) = —% oriented from —oo — oo.

For the image of Cy: parameterize as 72(t) = 3 (1 + €'), then

1

1
_% 4 %eit

1
TSV

9e—it/2

cit/2 _ g—il]2

9e—it/2
T2 sin(t/2)
= —icsc(t/2) (cos(—t/2) + isin(—t/2))
= —icsc(t/2) (cos(t/2) — isin(t/2))
= —i(cot(t/2) — 1)
= —1—icot(t/2).

fn(t) =

By the same argument as above, this traces out a vertical line at R(z) = —1.

By handedness, since the original region is on the left with respect to C; and the right
23.1 FPaithivesiiet betl'audhenewaregion sitey thepefls ab i (sprim 2035and the right of R(z) = —47

(since both are oriented from —oo to o).
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From here, it’s a standard exercise. In steps:
« Map R to the vertical strip —1 < R(z) < —1 using z Zil.
« Shift using z — 2 + 5 to send this to —3 < R(z) < 0.
« Rotate using z — —iz to get 0 < J(2) < 3, a horizontal strip.
« Dilate using z — 27z, which sends § — i, so the resulting region is 0 < J(2) < 7.
e Apply z — €* to map the horizontal strip to H.
e Apply the Cayley map z — i—jrz to map H — D.

— 23.2 Fall 2021.7 ~

Problem 23.2.1 (7)
Find a conformal map from the intersection of |z — 1| < 2 and |z + 1| < 2 to the upper half
plane.

AWarning 23.2.1
DZG: I'm 90% sure this is meant to be |z —1|,|z+ 1| < V2 or |z — 1%, |z + 1> < 2. Otherwise
computing the argument of the resulting lines is tricky. .. e

Solution:
The region:

Note that you can find that ¢, —i are the intersection points by noting that ‘R is the perpen-
dicular bisector through the line segment connecting the centers of the circles, then expanding
lz— 1> = (z — 1)2 + 42 = 2 and setting = = 0 to get y = +i.

First rotate this by 7/2:
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il N

(—1.0) (1.0)

Call the upper circle C; and the lower C5. Send —1 — 0,1 — oo by taking

z+1

f(z) = T

This sends the circles to lines through zero, and the lune now spans a triangular sector. Finding
the angles of the lines: write ¢ := 1 4+ /2. Note that f fixes R, so the image regions are
symmetric about R, and it suffices to find the angle of the line f(C7). Note that C; NiR = ic,
so we compute Arg(f(ic)):

ic+1

ic—1

(1+ic)?

c2+1

—1+c* - 2ic
2+1

-1 . 2c

21 'y

flic) =
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S0
Arg(f(ic)) = arctan <+j62>

1-(3+V2)
= arctan(—1)
I

4 4

Thus f(Cy) = {te_TiTr ‘ te (—oo,oo)}. Note that f(ic) € Qu, since ¢ —1,¢> +1 > 0 and

32_% < 0. For the orientation of f(C1), note that (1,ic,—1) — (oo, f(ic),0), so the line is

oriented from (4 to Q2.
A similar computation shows

8—1+_ 2
= 7
2 +1 2 +1

f(=ic) € Q1,

and (—1, —ic, 1) — (0, f(—ic),00), so f(C2) is oriented from Q3 to Q1.

Since the origin region was to the left of the curves, it remains to the left, so the resulting
region is {z ‘ 3r/4 < Arg(z) < 57T/4}:
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From here, it’s a standard exercise, so to sum up:

e Rotate R — R by z — iz to get a horizontal lune with intersection points =+1.
¢ Send —1 — 00,1 — 0 by z = Ztl to send R — 37/4 < Arg(z) < 57/4.

22—
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o Reflect by z +— —z to get —7/4 < Arg(z) < 7/4.

“Open” by z — 2% to map to —7/2 < Arg(z) < 7/2, where here 6y == 7.
Rotate by z — iz to get 0 < Arg(z) < 3, i.e. H.

« Use the Cayley map z — < to send H — D.

— 23.3 Spring 2020.5, Spring 2019.6 ~

Problem 23.3.1 (Spring 2020.5)
Find a conformal map that maps the region

|
zZ— = >

R={z‘§R(z)>0, 5

o}

to the upper half plane.

Problem 23.3.2 (Spring 2019.6)
Find a conformal map from

{z |1z =172 > 1/2,%() > 0}

to H.

Solution:
The main step: blow up the tangency.
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2 V2

The individual maps:

¢« Send 0 — 0o by 2 — 1 to map R to 0 < R(2) < 1
o Rotate with z — iz to map this to 0 < J(z) < 1
o Dilate by z— 7z to get 0 < J(z) <7

e Apply z — €* to map to H.

That steps 1 and 2 work requires a bit of analysis. Use that f(z) := 1/z satisfies f(R) = R
and f(iR) = iR. To see where the circle C gets mapped to, parameterize it as

Y(t) = {% (1 +eit> ’ te [—71',7'(']}.
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Now computing its image:

2
1+et
26_7”
6_7”(1 + eit)

26—it
—w @
e2 +e2

—it
2e2

:2COS(%)
sec(t> <cos<_t)+'s' <_t)>
= - — isin [ —
2 2 2
(2) (= (5) -0 (5))
= - — ) —isin | =
sec | 5 ) {cos (3 sin { 5
t
—1—itan (-
(1),
and as ¢ runs from —7 to 7, — tan () runs from +o0 to —oo. So this is a line along z = 1,

oriented top to bottom as in the image.
Similarly, computing f(iR): parameterize 7(t) = it with t € (—00,c0), then

() =

and as t runs from 0 to co, —1/¢ runs from —oo to 0, and as ¢ runs from —oo to 0, —1/¢ runs
from 0 to co. So f(iR) is oriented from bottom to top, as in the image.

That the region outside the disc is mapped to the strip shown: points x € R with |z| > 1 map
to |x| < 1, which is in the strip. One can also conclude this by handedness: the original region
is on the right with respect to C7 and also on the right with respect to iR, so the new region
should be on the right with respect to both f(iR) and f(C7) with their induced orientations.

— 23.4 UMN Spring 2009 ~

Problem 23.4.1 (Lune, one intersection)

Find a conformal map from the region bounded by ‘z —il=1%and |z —i|=1toD.

Solution:
This is a lune with a single intersection vertex at z = ¢. Orient the circles positively.

o Take f(z) = £ to send

— 71— 00
- —1—0
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— 1y

1—i
-0—=-1
So |z| = 1 is sent to the imaginary axis {it} for ¢ € (—o0, 00) oriented positively and
‘z —% = % is sent to {—1+ it} also oriented positively. The region then maps to

-1 < R(z) <O.
o Rotate by z — —imz to get 0 < J(z) < 7.
e Take z — €* to get HL.

o Take 2z — 22 to get D.

24 ‘ Joukowski Maps, Blaschke Factors, Slits

e 24.1 Spring 2021.7 (Slit) ~

Problem 24.1.1 (7)
Let R be the intersection of the right half-plane and the outside of the circle ‘z — %‘ = % with

the line segment [1,2] removed, i.e.

2—1’>1}\{z::x+iy 1<z <2, y:O}.

R:{ZEC’%(Z)>O, 51> 5

Find a conformal map from R to H the upper half-plane.

Concepts Used:

e Blow up the point of tangency: inverting through a circle sends inner circles to lines,
fixes the real line, and preserves regions between curves. E.g. the image of |z — /2| = 2
is {S(2) =2}

e So z — 1/z maps the region into a half-strip.

Solution:

Note: this seems unusually difficult for a UGA question! This is a bigon with one vertex
zo = 0, so send it to infinity and keep track of the slit.

In steps:

o Use z — 1/z to get a vertical strip 0 < R(z) < 1, where the slit maps to [1/2,1].
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A
30
/” 5
T2
\* P x_.//
& ) 2 V2
/L'\ -..
o - k.
|1 [
AN \

o Shift and dilate with z — 7(z — 1/2) to get —7/2 < R(z) < /2, where the slit is now
at [0,7/2].

o Apply z +— sin(z) to get C\ [0, 1].

o Move the slit with z — 4(z — 1/2) to get C\ [-2,2].

e Apply z — z + 27! to get C\ D, where the slit is now eliminated.

o Usezr—1/ztogetD

e Use the inverse Cayley map z z%fz to get H.

s 24.2 Exercises (Lune) ~

Problem 24.2.1 (7)
Let A = % (1 + z\/§> and find a map

R:={|z—)\]<1}ﬂ{‘z—X‘<1}—>]D).

Solution:
The region looks like the following:
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3]

%]

Following the general strategy for lunar regions, send the intersection points to 0 and oo to
get triangular sector. So choose to send 0 — 0 and 1 — oo by taking

z
z) = .
fe) =
Note: mistake here, really we need to compose with
z + —2z to get the picture, so take f(z) = 12
instead!!

Claim:

f(R) = {z ‘ — 0y < Arg(z) < 90}7 Oy = %
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= 2 (437 +i)

2
_LL —— )
2-\ £
A y4
1/ ¥ K" '-)
N\
o - D)) ) (3 L

‘F( i

=2(v3-i)

N

R4

From here it is easy to map to the disc:
e 2+ %7 sends R to [Arg(z)| < 6o
o 2z 2% maps |Arg(z)| < 0y — |Arg(z)| < §, the right half-plane.
e 2z +— iz rotates the right half-plane into H.

. zHi—lﬁmapsHﬁD.

Lle)

24.2 Exercises (Lune)
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Proof (of claim).

Since both C,Cy pass through 0,1, their images become circles passing through f(0) =
0, f(1) = oo, so lines through the origin. Since f fixes R and the original region is
symmetric about R, the resulting region will also be symmetric about R. As shown in
the picture, since the interior of the region is to the left of each circle, the image will be
to the left of each line. So it suffices to find the orientation of the two lines, as well as
the angle that one of them makes with the z-axis.

Consider f(C7) — it suffices to find Arg(f(zg)) for any zo € C1, so look for a point (other
than 0,1) where Arg(f(z9)) is easy to compute. Noting that C; intersects iR, we can

find this point:
1\2 V3\?

1 1
r=0 = y:i§\/§+§\/§:07\/§7

so choose zg = iV/3:

i3 1
=—=-(3-iv3) = A = —.
fleo) = 72— = 1 (3-1V3) = Awg(f(0))
So C does get mapped to the line in the image running from Q2 — Q4.
To get the orientation of Cy, use that iv/3,0, 1 map to f(zg), 0, 0o, which gives a Q4 — Q2
orientation — oops.

Mistake here: should have chosen z — % to
make the picture accurate!

Similarly for Cy, setting 21 := —iv/3 yields f(21) = } (3 + z\/§>, so Arg(f(z1)) = §. The
orientation is found from 1,0, zg — 00,0, f(zp), which is Q3 — Q1.
Again, mistake in the picture!
Intersecting the regions that are to the left of each image curve yields 57/6 < Arg(z) <
77 /6, and composing with z — —z yields —7/6 < Arg(z) < 7/6.
|

— 24.3 Fall 2020.5, Spring 2019.6 (Joukowski) ~

Problem 24.3.1 (7)
Consider the function f(z) = % (z + %) for z € C\{0}. Let D denote the open unit disc.

a. Show that f is one-to-one on the punctured disc D\{0}. What is the image of the circle
|z| = r under this map when 0 <r <17

b. Show that f is one-to-one on the domain C\D. What is the image of this domain under
this map?
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c. Show that there exists a map g : C\[-1,1] — D\{0} such that (g o f)(z) = z for all
z € D\{0}. Describe the map g by an explicit formula.

Solution:
Part a: That f: C\ {0} — D\ {0} is injective: compute the derivative as

Fe=3(1-%),

which only vanishes at z = +1. Away from 0 in I, f’ is nonzero and continuous, so by the
inverse function theorem f is a local homeomorphism onto its image, and in particular is
injective.

The images of circles: parameterize one as v(t) = Re' for t € [-n,n]. Note that if R = 1,
f(y(t)) = 3 (e + e7) = cos(t), so as t increases from —m — T, the interval [—1, 1] is covered

2
twice. For 0 < R < 1,
1
+ Reit
Rezt+R 1 7it)

fy(@) =

7 N
=
@
S

(
(R cos(t) + iRsin(t) + R~ ' cos(—t) + iR ! sin(—t))
(R cos(t) + iRsin(t) + R cos(t) — iR~ sin(—t))

l\D\»—*l\D\»—ll\DM—l[\)\r—tw\»—t

(R + R_l) cos(t) +i— (R R~ ) sin(t)
:= Hp cos(t) + iVgsin(t),

which is generally the equation of an ellipse of horizontal radius Hgr and vertical radius Vg.
As R varies, these sweep out ellipses of vertical radii from 0 to co. One can compute the foci:
their distance from z = 0 is given by ¢, where

1 1
¢ =Hp Vi = Z(R+R_1)2 — 4 (B- R =1,

so the foci are all at &1 € R. One can check that these are clockwise when 0 < R < 1 and

counterclockwise when R > 1.
In general, you take the coefficient for the major
azis squared minus that of the minor axis squared.
The foci are along the major axis.

Part b: The claim is that f(C\D) =C\ [-1,1].

Note that f(z) = f(1/z), so for z # 1/z there are exactly two preimages. These points
are exactly z = %1, so we need to take the domain 2 := C\ (D U {%1}) to get injectivity.
Otherwise, for every z € Q, exactly one of z or 1/z is in D, so f(z) takes on unique values in
Q). By part 1, the images of circles of radius R are ellipses, and these sweep out the entire
plane outside of [—1, 1]:

To be explicit, one can just solve for the two preimages. Setting w = f(z) and solving for z
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yields

_1<+1)
w—2 z p;
= 2wz =2>+1

= 22 2wz+1=0

2w 4+ VAw? — 4
Z:
2
= z=w+ Vw? -1,

where in order to define vw? — 1, one needs a branch cut for Log along [—1,1], which is
precisely what we’re deleting from the image.

Part c: as in a usual conformal map problem, find a map to C\ [-1,1] — D.

¢ Send —1 — 0 and 1 — oo with z — ZH1. Checking that f(0) = —1, this yields C \ R<o.

o Unwrap with z — /z to obtain the right half-plane —7/2 < Arg(z) < 7/2.

e Apply the rotated Cayley map z — zjri to map this to D.

This composes to
z+1
z—1 1

+1
o1t

(Vz¥i-—yz—1)
(z4+1)—(2—1)

=2—Vz22-1,

9(z) =

and checking that it has the right inverse:

24.4 Tie’s Extra Questions: Spring 2015
o
(Joukowski)
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Problem 24.4.1 (7)
1 1
Prove that f(z) = —3 (z + ) is a conformal map from the half disc
z

{z=a+iy: |2| <1, y>0}

toH:={z=z+1iy: y>0}.

L

Solution:
Consider the images of arcs yg(t) :== Re' for t € [0, 7] and 0 < R < 1, which fill out the upper
half disc:

1

f(Re) = 5 ((R + R_1> cos(t) +i(R— R™Y) sin(t)) = Hpcos(t) + Vgsin(t),

where Hg :== —3R+ R~ ! and Vg := —1(R—R™!). Note that Hp € (—o0, —1] and V € (0, 00)
— in particular, since Vg > 0, as t ranges through (0, 7), this traces out the top half of an ellipse
(noting that Vi < 0 would trace out the bottom).

As R ranges from (0,1), Vg ranges from (0, 00), so this traces out all such elliptic arcs in H

passing through Hr < 0,iVg € H,—Hg > 0. So these trace out all of H.

o 24.5 UMN Spring 2008 ~

Problem 24.5.1 (7)
Define A := {R(z) > 0,3(z) > 0}. Find a conformal equivalence AN A — A.

Solution:
In steps:

« Unfold with z + 2% to get DN H.
o Joukowski it with z — —%(z +27!) to get H.

e Fold with z — 23 to get Q1 = A.

2 5 ‘ Linear Fractional Transformations

— 25.1 Tie's Extra Questions: Spring 2015 ~

24.4 Tie’s Extra Questions: Spring 2015 (Joukowski) 162



Linear Fractional Transformations

Problem 25.1.1 (7)
Let C and C’ be two circles and let z; € C, 20 ¢ C, 2} € C’, 2z, ¢ C'. Show that there is a
unique fractional linear transformation f with f(C) = C’ and f(z1) = 21, f(22) = 25.

Solution:
Main idea: both circles can be uniformized in ways that send z, 25 to zero. Handling C:

e fi: Uniformize by translating and scaling C' to S'. Note that the image of z; is in S!

o fou if 25 was not enclosed by C, apply z +— 1/z to move z3 into D. Otherwise just take
fo = id. In either case, z; € S' is preserved.

 f3: apply a Blaschke factor ¢,(2) to move z3 — 0 in D. Since v, preserves S!, z; is
moved to another point in S?.

Define F' = f3o0 fyo fi. Similarly define g1,---,g3 and G for C’, so z5, — 0 in D. Now
F(z1),G(2]) € S, so there is a rotation h : z — Az that sends F(21) — G(2]).
Take the final map to be f := Goho F~L.

" 25.2 UMN Fall 2012 ~

Problem 25.2.1 (7)
Suppose f is holomorphic on A* and R(f) > 0. Show that f has a removable singularity at
z=0.

Solution:

We have f : A* — {R(z) >0}, so let T : {R(z) >0} — A be the rotated Cayley map

T(z) = jﬁ Then G :=T 1o f: A* — A, and since |T| < 1, z = 0 is a removable singularity

for F' and F extends holomorphically to G : A — C, since a priori G(0) may not be bounded

by 1. Supposing G is not constant, G(A) C A by continuity and G(A) is open by the open

mapping theorem, and A = f(A) C G(A), so G : A — A is a map of the disc. Then
=ToG: A — {R(z) >0} is an extension of F' which is bounded in neighborhoods of

z = 0, making zero a removable singularity for f.

" 25.3 UMN Fall 2009 ™~
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Problem 25.3.1 (7)
Suppose f is entire and f(C) C H. Show that f must be constant.

Solution:
Write T : C — D for the Cayley map, then F' := foT satisfies F'(C ) =T(f(C)) CT(H)=D,so
F is a bounded entire function and thus constant. So ¢ = F(z) = T(f(2)) = f(z) =T (c

making f constant.

26 ‘ Schwarz Lemma

26.1 Fall 2020.4 (Schwarz double root)
F#stuck

Problem 26.1.1 (?)
Let D := {z : |z| < 1} denote the open unit disk. Suppose that f(z): D — D is holomorphic,
and that there exists a € D\{0} such that f(a) = f(—a) =0.

« Prove that |f(0)| < |a|?.

« What can you conclude when |f(0)| = |a|*?

Solution:
Part 1:
Write 1q(2) = 1= for the Blaschke factor of a, and define

f(2)
Ya(2)Y-a(2)

9(2) =
Claim: [g(z)| <1 onD.

Proof (of claim).
|9a(2)| = 1 on D, so lim, 1 ¥, (re’) = 1 for any fixed t. Then for any f with |f| <1 in

D,
f 1 1 r—1
— < — — 1.
‘ re”  a(re®) T sup, g (rett)
So apply this to f =g and f = - to get it for m.
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In particular, |g(0)] <1, so

1> |g(0)| = ‘Ba(o)’.‘f(?;—a(oﬂ = ‘{5’02” - |a|2 > |f(0)|

Part 2: Applying Schwarz-Pick:

, 1—|f(0))?
o< 0 =1 <1

using that a # 0, so f is a contraction.
Can write fo(z) = w to write fe(z) =
g(22). Compose with some 1, to get 0 — 0 and

apply Schwarz — unclear how to unwind what hap-
pens in the case of equality though.

" 26.2 Fall 2021.5 ™~

-

Problem 26.2.1 (?)
Assume f is an entire function such that |f(z)| = 1 on |z| = 1. Prove that f(z) = ¢*2", where
f is a real number and n a non-negative integer.
Suggestion: First use the mazimum and minimum
modulus theorem to show

f(z) = € ﬁ 2T A%
-

1— 2z

if f has zeros.

Solution:
First show the hint: assume f has nonzero zeros. Write Z(f) := f~1(0) for the set of zeros in
D.

Claim: If we assume f is continuous on D, then $Z(f) < oo

Proof (?).
Suppose #Z(f) = oo, then by compactness of D there is a limit point z5. If zy € D,
then there is a sequence {z;} — 2o with f(z) = 0 for every k, so f is zero on a set
S == {2z }1>1 U{z0} with an accumulation point and this forces f = 0 on D by the identity
principle, contradicting |f| = 1 on D>
Otherwise, if zgp € dD, using continuity of f we have f(z;) = 0 for all k£ and 2z — 2 so
f(20) = 0, again contradiicting |f| = 1 on 9D.

[ |
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So write Z(f) = {z1, -, zm} and define

~—

g(z) = ] S h(z) = /)

|k LT AR 9(2)’
Claim: h(z) =1 is constant on D, so that f = \g for some A € S', i.e. A = € for some 6.

Proof (?).
Note that h cincels all zeros of f, so h is nonzero and holomorphic on D. Moreover
lg(z)] < 1 on D since these are well-known to be in Aut(D). It’s also well-known that

g(2)] =1 on OD. Thus |h(z)| =1 and || =1 on dD, and by the maximum modulus
h(z)
principle,

1

|h(z)] <1 and ‘h(z) <1 onD,
forcing |h(z)| = 1 and thus h(z) = €% for some 6.
|
So we now have
0 Z — Zk
f(Z) =e€ 1— ﬁZ’

1<k<m

which has poles at points z for which zxz = 1 for some z; € Z(f). However, since we assumed
f was entire, it can have no such poles, which forces z; = 0 for all k. But then

flz) = et? H c _00 = eifym,

— 26.3 Fall 2021.6 (Schwarz manipulation) ~

Problem 26.3.1 (?)
Show that if f: D(0, R) — C is holomorphic, with |f(z)] < M for some M > 0, then

‘ 1(2) ~ J(0)
M2 T0)f(2)

2]
= MR

Concepts Used:
The strategy:

« Write the RHS as a. Note that we need to get rid of the M? on the LHS, so keep the M
around and write a := z/R so z = aR.
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o Make the substitution to get

Lm0 |y

M? = f(0)f(aR)| ~

M (f(aR) — £(0))

M2 — f(0)f(aR)

f(aR) /M f(0)/M
)f(aR)/M?

< la|

< lal.

— Recognize the LHS as 1y,(g(a)) for w = f(0)/M and g(a) = f(aR)/M.

Solution:
Proof due to Swaroop Hegde!

Fix R, M and make a clever choice: define

F:D—C

BPii)

Write a := F(0) and consider the Blaschke factor

a—z

Ya(2) = € Aut(D),

1—az
and define

g:D—=D
2z (g0 F)(2).

Then g(0) = 0 and |g(z)| < 1 for all z € D, so by Schwarz we have [g(z)| < |z| for all z € D.
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Thus for all z € D,

1R _
| ) <[]
M
NECORNIC]
1 _ [O0f(R)
1@
f(R2) = £(0) | _ |2l
e 0 R S M
flw)— £0) | Jul
e SO w)| T MR

which holds for all w € D by replacing Rz with w (i.e. to show this equality for arbitrary
w € D, write w = Rz for some z € D and run this chain of inequalities backward).

— 26.4 Scaling Schwarz ~

Problem 26.4.1 (7)
Let B(a,r) denote the closed disc of radius r about a € C. Let f be holomorphic on an open
set containing B(a,r) and let

M= sup |f(2)].

2€B(a,r)
Prove that
Z€§<a’f>’z#a’ MS%‘
2 |z — al r
Solution:
Set
Rz+a)— f(a
o) T2t @) = (@)
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so that g(0) =0 and g : D — D so Schwarz applies,

‘f(Rz—l—a)—f(a)
2

<
9()| < 2l = -

— |f(Rz+a) — f(a)| < 2M|z|

— 15w - fa)] < 2m| "
flw) = fla)] _ 2M
= |P==F
e 26.5 Bounding derivatives ~

Problem 26.5.1 (7)
Suppose f : D — H is analytic and satisfies f(0) = 2. Find a sharp upper bound for |f’(0)],
and prove it is sharp by example.

Concepts Used:
Some useful facts about the Cayley map:

(z) = Z—_i maps H — D sending ¢ — 0.
e C71(2) = —iZ4 maps D — H sending 0 — i.
. C/( ) = (ZT)Z and C/( ) = —%’l

e (C71(2) = ZZ5; and C'(0) = 2i.

(z=D)
o A mistake that’s useful to know: ¥/ (z) = &%g and ¢!, (w) — oo.

Solution:

Define g : H — H by g(z) = %iz, s0 g(2) = i. Then set F := Cogo f: D — D where
C(z) = Z; is the Cayley map.Since F'(0) = C(g(f(0))) = C(g(2)) = C(i) = 0, Schwarz
applies to F' and |F'(z)| <1 for z € D. By the chain rule,

F'(2) = f'((90 C)(2)) - g'(C(2)) - C'(2).
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By Schwarz, if |[F'(z)| = 1 for any z € D, we’ll have F'(z) = Az for some |A| = 1. Unwinding
this:

F(z)=Xz = (Cogof)(z) =Xz

A 1
— () =g € ) =g (i)
Az +1
— f(z) =25
Moreover f'(z) = —2 (ﬁ), )
[F/(0)] = 4[A] = 4.
— 26.6 Schwarz for higher order zeros ~

Problem 26.6.1 (7)
Suppose f : D — D is analytic, has a single zero of order k at z = 0, and satisfies
limp, |1 [f(2)| = 1. Give with proof a formula for f(z).

Solution:
Note |f(z)] < 1, and g := f(z)/z" has a removable singularity at zero since g is bounded on
D: fixing |2| =7 < 1,

f(z)

‘g(z)’ = ok

So g : D — D since |g(z)] < 1 on D by the MMP. Since g has no zeros on D, by the MMP
lg| > 1 on D, so |g| =1 is constant, making g(z) = Az a rotation. Then f(z) = A\z".

= |f()|rF <rh 2

Alternative to MMP: if g has no zeros in D, g
admits a conjugate reflection through D by z —

1/f(1/z). This is bounded and entire, thus con-
stant, making g constant.
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— 26.7 Schwarz with an injective function ~

Problem 26.7.1 (7)
Suppose f,g: D — Q are holomorphic with f injective and f(0) = ¢(0).
Show that

vo<r<1l,  g({lzl<rh) S F{lzl<r}).

The first part of this problem asks for a statement
of the Schwarz lemma.

Solution:
Since f is injective, it has a left-inverse f~1, and F := f~!g is well-defined. Since F : D — D
and F(0) = 0, Schwarz applies and |F(z)| < z on D. Unwinding:
((Fog)e)| < l2l = lg(2) <If(2)]  VDEZ
This says that g(D) C f(D), and in particular this holds on all D,(0), so g(ID,(0)) C f(ID,(0)).

— 26.8 Reflection principle ~

Problem 26.8.1 (?)
Let S = {z eD | X(z) > 0}. Suppose f : .S — C is continuous on S, real on S N R, and

holomorphic on S°.
Prove that f is the restriction of a holomorphic function on D.

Solution:
Define a function

F(z) = {J”(Z) N

Then F is holomorphic on S := {z eD ‘ I(z) < 0} — write wg € S as wy = zg for some zg € 9,
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then
f(z) =" er(z—20)"
= (@) = i@m
zi@(z—fo)k
S w),

which yields a power series expansion of I about wg. So f is analytic at every point in S and

thus holomorphic. Since f(z) = f(z) for z, f(z) € R, F is a continuous extension of f to D.
By the symmetry principle, F' is holomorphic, and F|g = f.

27 ‘ Blaschke Factors

27.1 Spring 2019.5, Spring 2021.5
(Blaschke contraction)

Problem 27.1.1 (7)
Let f be a holomorphic map of the open unit disc D to itself. Show that for any z,w € D,

‘ f(w);f(z)
1—f(w)f(z)

Show that this inequality is strict for z # w except when f is a linear fractional transformation
from D to itself.

1—wz

w—z
S’

Concepts Used:
The Schwarz conjugation trick:

A A A A

-
\J

Write the RHS as a, we then want something in the form |F'(a)| < |a|. The choice a = 1,(2)
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is forced, so z = 9! (a). This forces the choice for the LHS

F) —(Fough@

Solution:
This is the Schwarz—Pick lemma.

o Fix z; and let wy = f(z1). Define

Yul2) = T € Aut(D).

— Note that inequality now reads

1) ()] < e (2)].
Moreover v, is an involution that swaps a and 0.
e Now set up a situation where Schwarz’s lemma will apply:

z w z
0 w—1> 21 i) f(2) BEISIN 0,

so F'i=1¢(;)0 f o, € Aut(D) and F(0) = 0.

o Apply Schwarz we get |F(z)| < |z| for all z, so

[F(2)] < 2]
— ‘ f(Zl)—(fOTl)zl)(Z) §|Z|
1= f(z1) - (fov:)(?)
f(z1) = f(w) 5 w = e
- |1_f(21)_f(w) < [0, (2) ¥a(2)
| f) = fw) ]
L= f(z1) - flw)| 11 =712

e Since z; was arbitrary and fixed and w was a free variable, this holds for all z,w € D.

az+b

» Strictness: suppose equality holds, we'll show that f(z) = 2 +d
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e By Schwarz, F(z) = Az for A € S'. Thus

(Vfy o fothy)(z) = Az
= (fotu)(2) =¥, (A2)
= flw) =5, W5 (w) w =1, (2)
= Ys(z) (A2 (w))
= Mpr(n) (T/)zl (w))
= AMa (Yp(w))

- <1a:a%:$)>

- (Ea ))zzsz:i)
) (—A(ab—l)er)\(a—b))’

(@=5)z+ (~ba+1)

which is evidently a linear fractional transformation.

" 27.2 Schwarz-Pick derivative

~

Problem 27.2.1 (7)
Suppose f : D — D is analytic. Prove that

f@l

VYa € D, < .
1—|f(@) ~ 1—la?

Solution:

Claim: Holomorphic maps on DD contract Blaschke factors:

()| = [0 (F(2)];

i.e.

f( )~ f(2)
~ fw)f(=)]| ~

'w—z

1—wz
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Proof (?).
Make a change of variables a = 1,(2) so z = ¥, (a) = 1, (a), then the desired inequality
follows if we can show

[0y (f B (@)))] < el
So define F' == 14, © f o 1y, then since 1,,(0) = w,

F(0) = ¥ gy (f (w)) = 0.

Moreover |F(z)| <1 since each constituent is a map D — ID. So F satisfies Schwarz and
the claim follows.

|
Given this, there’s just a clever rearrangement to obtain the stated result:
Fw) ~ 1) | R
L= f(w)f(z)| ~ I1—wz
S S YV CES PR
iG] | z—w I—ws
and taking z — w on both sides yields
1 1 1—|f(w)]?
— |l < — = |[f(w)] < ——5-.
1—[f(w)[? jwl? 1— Jwl?
s 27.3 Schwarz and Blaschke products ~
Problem 27.3.1 (7) 3
Suppose f : D — D is analytic and admits a continuous extension f : D — D such that

2l =1 = |f(z)| = 1.
a. Prove that f is a rational function.
b. Suppose that z = 0 is the unique zero of f. Show that

IneN, A€ S' suchthat f(z) = A2

c. Suppose that ay,- - ,a, € D are the zeros of f and prove that
Loz —a;

e st hthat =[] —=.

suchthat  f(z2) H [~
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Solution:
Part 1: use the reflection principle to define

fz)lzl <1
F(z) = { .
mm =1

Now F : CP! — CP! is holomorphic and all such functions are rational. As a consequence, f

is rational.
Part 2: As in the proof of Schwarz, define g(z) = L&) where n = Ords(0). Then g is

2n

holomorphic on D since the singularity at z = 0 is removable. On |z| =7 < 1,
1 _
|z r r

using that |f| < 1 on D. By the MMP, |g| < 1 on all of D. Note that |g| = 1 when |z] = 1,
so |1/g| <1 in D by the MMP, forcing |g| = 1. Unwinding this, |f| = |2|", go f(z) = Az" for
some |A| = 1.

Part 3: Define U(z) = [[y<,, ¥a, (2) where 1, (2) = {==. Set g(z) := %, then by the same
argument as above, |g| <1 and |g| =1 on |z| = 1. Then g has no zeros, since they’ve all been
divided out, and no poles since f is holomorphic on D, so 1/g is holomorphic on . Since
|1/g] = 1 on S, this forces g to be constant. Equality in the Schwarz lemma implies g(z) = Az

is a rotation, and unwinding this yields f(z) = A\U(z).

27.3.1 Tie’s Extra Questions: Fall 2009

Problem 27.3.2 (7)
Let g be analytic for |z| <1 and |g(z)| < 1 for |z] = 1.

1. Show that g has a unique fixed point in |z| < 1.

2. What happens if we replace |g(z)| < 1 with |g(z)| <1 for |z| = 17 Give an example if
(a) is not true or give an proof if (a) is still true.

3. What happens if we simply assume that f is analytic for |z|] < 1 and |[f(z)| < 1 for
|z| < 1?7 Suppose that f(z) # z. Can f have more than one fixed point in |z| < 17

Hint: The map ¥4 (z) = 1(1 i
—az

may be useful.

Solution (Part 1):
Use Rouché: if |f(z)| < 1 is strict when |z| = 1, then consider F(z) := f(z) — z. Write the big
part as M(z) = z and the small as m(z) = f(z), then on |z| =1

m(2)] = /()] <1 = 2| = [M(2)],
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so M(z) and m(z) + M(z) = f(z) — z have the same number of zeros in D) — precisely one.

Solution (Part 2):

There is still a unique fixed point. Use the Brouwer fixed point theorem: since ¢ is holomorphic
on D, it is in particular continuous. By the Brouwer fixed point theorem, every continuous
map D — D has a fixed point. If g is nonconstant, then the fixed point is unique by Schwarz:
without loss of generality one can assume f(0) = 0 by composing with a Blaschke factor.
Apply Schwarz to f, then if f(a) = a we have the equality clause and f(z) = Az. Since
a= f(a) = Aa, A =1 and f is the identity. If g is constant, then |g(z)| < 1 on |z| = 1 forces
g=0.

Solution (Part 3):

Note that there is a major difference between self maps to D versus D. By the argument in
part 2, if f(z) is not the identity then f can have at most one fixed point. Moreover, not every
map f : D — D need have a fixed point: consider

g:H—H
z—z+ 1.

Now conjugate with the Cayley map C : H — D to define f := CgC~! : D — D which has no
fixed points at all.

27.3.2 Tie’s Extra Questions: Fall 2015 (Blaschke factor properties)
#complex/exercises/completed
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Problem 27.3.3 (?) a. Let z,w be complex numbers, such that Zw # 1. Prove that

'w—z <1 if|z] < 1and |w| <1,
1—wz
and also that

‘w—z =1 if[z]=1or |w| =1
1—-wz

b. Prove that for fixed w in the unit disk DD, the mapping

w—z
F:z—

1—-wz
satisfies the following conditions:
e F maps D to itself and is holomorphic.
o F interchanges 0 and w, namely, F'(0) = w and F(w) = 0.
o |F(2)]=11if|z]=1.
e F:DD~— D is bijective.
Hint: Calculate F o F.

— 27.4 Tie's Extra Questions: Spring 2015 ~

Problem 27.4.1 (7)

Suppose f is analytic in an open set containing the unit disc D and |f(z)| = 1 when |z|=1.
Show that either f(z) = ¢ for some 6§ € R or there are finite number of z;, € D, k < n and
0 € R such that

_eZGH Z — Rk

l—zkz '

Also cf. Stein et al, 1.4.7, 3.8.17

27.5 Tie's Extra Questions: Spring 2015
(Equality of modulus)

Problem 27.5.1 (?)
Let f and g be non-zero analytic functions on a region . Assume |f(z)| = |g(z)]| for all z in
Q. Show that f(z) = e?g(2) in Q for some 0 < 0 < 27.
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Solution:

Define F(z) = %.

Claim: F is holomorphic on €.

Proof (of claim).

Note that g(a) = 0 iff f(a) =0, so F has no poles. If F' has a singularity at 2o, noting
that |F(z0)| = 1, F is bounded in a neighborhood of zy and thus the singularity must be
removable. By Riemann’s removable singularity theorem, F' extends to a holomorphic
function.

Given this, note that |F(z)| = 1 for all z, so F(Q) C S, which is codimension 1 in C and
not open. By the open mapping theorem, F' must be constant, so F(z) = A, and in particular
since |F(2)| =1, A = €' € S! for some t. Then f(z) = \g(z).

28 ‘ Fixed Points

" 28.1 Fall 2020.7 ™~

Problem 28.1.1 (?)
Suppose that f : D — D is holomorphic and f(0) = 0. Let n > 1, and define the function
fn(2) to be the n-th composition of f with itself; more precisely, let

fi(z) = f(2), fa(2) := F(f(2)), in general fo(2) := f (fn-1(2)).

Suppose that for each z € D, lim,, o frn(2) exists and equals to g(z). Prove that either g(z) =0
or g(z) =z for all z € D.

Solution:

Note that there is a unique fixed point. We have f(0) = 0, so there is at least one, so suppose
a is another fixed point with f(a) = a. By Schwarz, |f(z)| < |z| with equality at any nonzero
point implying f is a rotation, and f(a) = a = |f(a)| = |a|, so write f(z) = ¥
f(a) = a = e forces § = 0, so f(z) = z is the identity.

Since f(0) = 0, the Schwarz lemma applies and either

z. Now

o f(2) =€’z is a rotation, or
o |f(0)] <1and|f(2)] <z forall z €D.

Supposing the latter, f is a contraction, and |f,+1(2)| < [fn(2)| for all n and all z, so
| fu(2)] =370 for all z. Since f,, — ¢ pointwise, this means g(z) = 0 for all z, making g = 0.
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Otherwise, suppose f is a rotation. Then if f(2) = €z, f.(2) = 2. The pointwise limit
lim,, 00 €™z can only exist if § = 0, otherwise this is periodic when 6 is rational or the
points €z, %z, ... form form a countably infinite set of distinct points. So f(z) = z, making
lim,, o0 fn(2) = 2z as well.

29 ‘ Open Mapping, Riemann Mapping,
Casorati-Weierstrass

29.1 Spring 2020.6 (Prove the open
mapping theorem)

Problem 29.1.1 (7)
Prove the open mapping theorem for holomorphic functions: If f is a non-constant holomorphic
function on an open set U in C, then f(U) is also an open set.

Solution (using the argument principle):
Idea:

A [/t

Let f: U — C. Pick wy € W with f(z9) = wo for some zy € U; we want to show that wy is
an interior point of f(U), so we’re looking for a disc containing wy and contained in f(U).
Write

90(2) = f(z) — wo,

S0 go is holomorphic and has a zero at zg. Since zeros of holomorphic functions are isolated,
there is some U’ := D, (zy) where go is nonvanishing. The claim is that if we choose ¢ small
enough, we can arrange so that W, := D.(wg) C f(U). This will follow if for every w € W,
the equation f(z) = w has a solution in U, i.e. Define a function that counts the number of
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R B (N
Flw) = 2mi /{)U’ f(z) —w;

1 AUG-w,
_27ri/aU/ f(z) —w d

= ﬁZ(f(Z) - w, U,)a

dz

which is the number of zeros of f(z) —w in U’ by the argument principle. Now F' is a Z-valued
function, and the only obstruction to continuity is if f(z) —w = 0 in the integrand for some z.
The claim is that € can be chosen such

z2€edU = |f(z) —w|>0 Yw € We.

The theorem then follows immediately: F(w): U’ — W, is a continuous and Z-valued, thus
constant. Then noting that F(wy) = 1 since 29 € U" and wg € W, we have F =1 > 0 for all
w.

Proof (of claim).
Choose

e:= min [f(z) — wol

Now if |w — wp| < € and |z — z9| = r, we have |f(z) —w| > ¢ > 0.

29.2 Fall 2019.4, Spring 2020 HW 3 SS
3.8.14, Tie's Extras Fall 2009,
Problem Sheet (Entire univalent
functions are linear)

Problem 29.2.1 (Entire univalent functions are affine/linear)
Let f: C — C be an injective analytic (also called univalent) function. Show that there exist
complex numbers a # 0 and b such that f(z) = az +b.

Hint: Apply the Casorati-Weierstrass theorem to
f(1/z).

Solution:
Note that f is non-constant, since a constant function is extremely non-injective. Consider
the singularity at oo:

o If it is removable, then f is bounded outside of a large disc, and bounded inside of it as
a continuous function on a compact set, making f entire and bounded and thus constant
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by Liouville.

o If it is essential, then by Casorati-Weierstrass there is a large disc of radius R such that
f(]D)RC) C C is dense. By the open mapping theorem, f(Dr) C C is open, so by density
it intersects f(D RC), but D ND5" is empty so this contradicts injectivity.

So we can conclude oo is a pole of some order N, so f (%) = Yocpen k2 ¥ and thus

f(z) = Xo<k<n cx2® is a polynomial of degree N. However, a polynomial of degree N is
generically N-to-one locally, so injectivity forces N = 1 and f(z) = ¢p + ¢1z, where ¢; # 0
since f is nonconstant.

Solution (older):

Write g(z) = f(1/z), which has a singularity at z = 0. The claim is that this is a pole.

If z =0 is a removable singularity, g is bounded on some closed disc |z| < ¢, so f is bounded
on |z| > . Moreover f is continuous and |z| < e, f is bounded on this disc. This makes f an
entire bounded function and thus constant by Liouville, contradicting injectivity.

If z = 0 is essential, then by Casorati-Weierstrass pick a punctured disc D = {|z| < ¢}
where g(D) is dense in C. Writing D¢ := {|z| > ¢}, this means that f(D¢) is dense. But
U :={|z| < €} is open and by the open mapping theorem f(U) is open, so by density there is
a point w € f(D°) N f(U) while U N D¢ = (), again contradicting injectivity.

So z =0 is a pole of g, and g admits a Laurent expansion

g(z) = Z cnzt.

k>—N

Since f is entire, it equals its Laurent expansion at z = 0, so equating the two series yields

dp Ck
fe) =3 dis* = g(z)=3 7= > +> adt
k>0 k>0 1<k<N k>0
== Z ckzk =0
k>0
= flz)= > a,
0<k<N

making f a polynomial of degree at most N.

Now f can not be degree zero, since constant maps are not injective. Moreover f can not be
degree N > 2, since any polynomial of degree N has N roots in C by the fundamental theorem
of algebra, and any two distinct roots will be points where injectivity fails. Finally, ruling out
the case of roots with multiplicity, if f(z) = ¢(z — a)", then f has exactly N preimages in a
neighborhood of a. Letting p be any such point, we can find N complex points mapping to it:

)N p

= E:(z—a)N

p=c(z—a
1
N
== <p) (]’%:zfa k=0,1,--- ,n—1
c
1

N
= 2z} = (ﬁ) C]l%—kai)p.

So f must be degree exactly 1, i.e. f(z) =az+b.
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— 29.3 Tie's Extra Questions: Spring 2015 ~

Problem 29.3.1 (?) 1. Let f be analytic in Q: 0 < |z — a| < r except at a sequence of poles
an € Q with lim,,_, a, = a. Show that for any w € C, there exists a sequence z, € €2
such that lim,, o f(2n) = w.

2. Explain the similarity and difference between the above assertion and the Weierstrass-
Casorati theorem.
DZG: I think it’s also necessary to state that z, —
a.

Solution:

As in the proof of Casorati-Weierstrass, fix w and suppose toward a contradiction that no
sequence sequence exists. Then there is some €, R such that

f(De(a)) € Dr(w)®,

for otherwise one could construct the desired sequence. In particular, |f(z) —w| > R for
|z — a| < ¢, so define

b
f(z) —w

Since G is bounded in this disc, any singularities here must be removable. Since the a; are
poles of f, they are zeros of G — this is because if | f(z)| — 0o as z — aj, then |G(z)| — 0. So
G(ar) = 0 for all k£ and G extends holomorphically over the removable singularity a, and by
continuity must satisfies G(a) = 0. But now G is zero on a set with a limit point, hence G =0
by the identity principle. This is a contradiction since if G = 0 on an open set, f has poles on
an open set, contradicting that f is holomorphic on §2.

The difference to Casorati-Weierstrass: the singularity at a is not essential, since in particular
it is not isolated. The conclusion is nearly the same though: this says that every w € C is a
limit point for f(€), so w is in the closure of f(€2), making the image dense in C.

G(z) = — |G(z)] <R '<o0 in D, (a).
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I Schwarz Reflection

— 29.4 Dense images #stuck ~

Problem 29.4.1 (7)
Suppose f: HUR — C satisfies the following;:

« f(i) =i

e f is continuous

e f is analytic on H

e f(2) eR < z€R.

Show that f(H) is a dense subset of H.

Solution:
Ideas:

o If an entire function doesn’t have dense image, it’s constant by Liouville using the proof
idea of Casorati-Weierstrass. ‘ )

o Conjugate f by T': H — D where T'(2) = 22, then f(0) =0

« Use that T(R) = S, so ’f(z)‘ =1 when |z| = 1.

e Schwarz reﬂegtion applies to f to define an entire function — if f isn’t dense, then the
extension of f isn’t dense...? .

e No clue how to use f(i) = i, although it implies f(0) = 0 and Schwarz applies.

— 29.5 Tie's Extra Questions: Spring 2015 ~

Problem 29.5.1 (7)

Let f(z) be an analytic function on C\{zp}, where zj is a fixed point. Assume that f(z) is
bijective from C\{zy} onto its image, and that f(z) is bounded outside D,(zp), where r is
some fixed positive number. Show that there exist a,b, ¢, d € C with ad — be # 0, ¢ # 0 such

az+b
that f(z) = 1 d

30 ‘ Schwarz Reflection

30.1 Tie's Extra Questions: Spring 2015
(Reflection for harmonic functions)
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Schwarz Reflection

Problem 30.1.1 (?) (1) Assume w is harmonic on open set O and z, is a sequence in O such
that u(z,) = 0 and lim z,, € O. Prove or disprove that u is identically zero. What if O
is a region?

(2) Assume u is harmonic on open set O and u(z) = 0 on a disc in O. Prove or disprove
that w is identically zero. What if O is a region?

(3) Formulate and prove a Schwarz reflection principle for harmonic functions
cf. Theorem 5.6 on p.60 of Stein et al.

Hint: Verify the mean value property for your new
function obtained by Schwarz reflection principle.

Solution:

Part 1: This is not true: take the holomorphic function f(z) = z, then u(z) := R(f(z)) = R(z)
is harmonic on nonzero on R but zero on iR.

Part 2: Set f := u, + iuy, then f is holomorphic on O. Since h =0 on D. € O, g = 0 on this
disc. By the identity principle for holomorphic functions, g = 0 on O. So h,, hy = 0, making
h constant, and since h = 0 on U this forces h =0 on O.

Part 3: Let u be harmonic on S, a region symmetric about R, and that u =0 on RN ST.

Define S~ = {? ’ z € S+}, and
+
U(s) = U(z) =ze€S8 .
-U(z) z€S.

Then U is a harmonic extension of u to S := ST U (ST NR)US™. To see that U is harmonic
on S, it suffices to check that U satisfies the mean value property on S. Clearly this holds in
ST, so for zg € ST we have

U(z0) = u(zo)
;ﬁ/ uzo—i-re ) dt

1
%/ Uz + re') dt

™
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I Schwarz Reflection

So for wg € S™, write it as wy = Zg, then

U(z0) = —u(Z0)
1 s
/ — zo + re”) dt

T or

1 —it
% zo +re ) dt
1 —at
ﬂ/ —u zo + re ) dt

1
77/ Uzo—i-re ) dt.
2r J_x

" 30.2 Reflection for the disc ~

Problem 30.2.1 (?) a. State the standard Schwarz reflection principle involving reflection
across the real axis.

b. Give a linear fractional transformation 7" mapping D to H. Let g(z) = Z, and show

(T ogoT)(z) =1/z.

c. Suppose that f is holomorphic on I, continuous on D, and real on S'. Show that f
must be constant.

Solution:
Part 1: Let Q = QT UTUQ™ be a region symmetric about R. If f is holomorphic on Q%
extending continuously to I and real valued on I, then f extends to a holomorphic function

F on all of 2 defined on Q~ by F(z) = f(2).
Part 2: The map is T'(z) = —i (‘z—fl) with T71(z) = 2, so

(T ogoT)(z) = T1(_Z.z+1)

z—1
()
:i(gj})—z’

i(E) +i
_E+D)-(E-1)
Z+1)+(z-1)

Part 3: Define h: H — H by h(z) = (TofoT 1)(z). Under T~! : D — H, we have T'(S') = R,
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I Schwarz Reflection

so h is a holomorphic function on H that is continuous and real-valued on R. By the reflection

principle, defining H(z) := h(Z) for J(z) < 0 yields an entire function H : C — C Noting that
for g(z) ==z, g = g, we can write

H::giloho:hflo(TflofoT)og,

We can then conjugate H by T to get a direct formula in terms of f, and unwinding this yields
the extension F': C — C defined by

f(2) zeD
F(z) =< f-(2) = zeDe,

1
L
f(z) = filz) =z€st

In particular, H is an entire bounded function and thus constant, making F' constant as well
and consequently f is constant.

30.3 Spring 2020 HW 2, SS 2.6.15
(Constant on boundary and
nonvanishing implies constant, using
Schwarz)

Problem 30.3.1 (?) B
Suppose f is continuous and nonvanishing on D, and holomorphic in D. Prove that if |z| =
1 = |f(2)| =1, then f is constant.

Hint: Extend f to all of C by f(2) = 1/f(1/Z) for
any |z| > 1, and argue as in the Schwarz reflection
principle.

Solution:

First, note that the Schwarz reflection principle can be applied here: let T': D — H be the
Cayley map, and consider f := T o foT~!: H — H. Now T(S') = R, and since f(z) € S!
when z € S!, we have f(R) = R, i.e. this is a real-valued function on R. So f extends
holomorphically to F : C — CC, and we can pull this back to a holomorphic extension of f.
Extend f to F': C — C by f(z) = 1/f(1/Z) for z € D¢ which generally has poles at the
points 1/Z; for z; € D zeros of f. Since f is nonvanishing, F' has no poles and thus defines
an entire function. By definition of F', we have F(C) C f ({|z| < 1}) U f ({|z] > 1}), which
are both the continuous images of compact sets and thus compact and bounded. So F'is a
bounded entire function and thus constant.
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31 ‘ Unsorted

— 31.1 Tie’s Extra Questions: Fall 2015 ~

1. Let f(z) € H(D), Re(f(z)) > 0 and f(0) =a > 0. Show that

m;;] <[], 1£(0)] < 2a.

f(z

2. Show that the above is still true if Re(f(z)) > 0 is replaced with Re(f(z)) > 0.

— 31.2 Tie's Extra Questions: Spring 2015 ~

(1) Let p(z) be a polynomial, R > 0 any positive number, and m > 1 an integer. Let Mpr =
supq{|z"p(z) — 1] : |z| = R}. Show that Mp > 1.

(2) Let m > 1 be an integer and K = {z € C : r < |z| < R} where r < R. Show (i) using (1) as
well as, (ii) without using (1) that there exists a positive number €y > 0 such that for each

polynomial p(z),

sup{|p(z) — 27| :2€ K} > ¢g.
— 31.3 Tie's Extra Questions: Spring 2015 ~

(1) Explicitly write down an example of a non-zero analytic function in |z| < 1 which has infinitely
zeros in |z| < 1.

(2) Why does not the phenomenon in (1) contradict the uniqueness theorem?

— 31.4 Tie’s Extra Questions: Spring 2015 ~

Let f be holomorphic in a neighborhood of D, (zy). Show that for any s < r, there exists a constant
¢ > 0 such that

(1,r)>
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where [ f]|(00,5) = SUPzep, (z0) [/ (2)] and || f[[ 1) = /D ( )|f(Z)|d$dy-
r(20

Note: FEzercise 3.8.20 on p.107 in Stein et al is a
straightforward consequence of this stronger result us-
ing the integral form of the Cauchy-Schwarz inequality
in real analysis.

— 31.5 Tie’s Extra Questions: Spring 2015 ~

Let f be an analytic function on a region 2. Show that f is a constant if there is a simple closed
curve 7 in 2 such that its image f() is contained in the real axis.

— 31.6 Tie's Extra Questions: Spring 2015 ~
72 > 1
(1) Show that o and g(z) = n:z;oo m have the same principal part at each integer
point.
2 71'2 0 1
(2) Show that h(z) = p— —g(z) is bounded on C and conclude that e nzoo o
— 31.7 Tie's Extra Questions: Spring 2015 ~

Assume f(z) is analytic in D : |2| < 1 and f(0) = 0 and is not a rotation (i.e. f(z) # ez).

o0
Show that Z f"(z) converges uniformly to an analytic function on compact subsets of D, where
n=1

() = F(f"(2)).

— 31.8 Tie’s Extra Questions: Spring 2015 ~

Let f be a non-constant analytic function on D with f(ID) C D. Use ¢,(f(2)) (where a = f(0),

_a—z £ (0)] — || £ (0)] + |=|
Ya(2) = 1 —az) to prove that RO <|f(R) < IESTOIER
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— 31.9 Tie's Extra Questions: Spring 2015 ~

Let f be holomorphic in a neighborhood of D, (zy). Show that for any s < r, there exists a constant
¢ > 0 such that

1l oo,s) < €l Ny

where || f[|(co,s) = SUD.cp, (20)| f(2)| and || fl[(1,r) = /D : | f(2)|dzdy.

r{Z20

— 31.10 Tie's Extra Questions: Spring 2015 ~

Let © be a simply connected open set and let « be a simple closed contour in 2 and enclosing a
bounded region U anticlockwise. Let f: © — C be a holomorphic function and |f(z)| < M for all
z € . Prove that |f(z)| < M for all z € U.

— 31.11 Tie's Extra Questions: Spring 2015 ~

Let f be holomorphic in a neighborhood of D, (zy). Show that for any s < r, there exists a constant
¢ > 0 such that

1l oo,s) < €llf Ny

where [|f]| ) = SPecp, o | ()] and [l = [ |f()ldady.

r{Z20

— 31.12 Tie’s Extra Questions: Fall 2016 ~

a. f(z) = u(x,y) + iv(x,y) be analytic in a domain D C C. Let zp = (x0,y0) be a point in D
which is in the intersection of the curves u(z,y) = ¢; and v(x,y) = c2, where ¢; and ¢ are
constants. Suppose that f'(z9) # 0. Prove that the lines tangent to these curves at zy are
perpendicular.

b. Let f(z) = 22 be defined in C.
o Describe the level curves of Re(f) and of Im(f).

o What are the angles of intersections between the level curves Re(f) = 0 and Im(f)? Is your
answer in agreement with part a) of this question?
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1~

31.13 Tie’s Extra Questions: Fall 2016 ~

. [+ D — C be a continuous function, where D C C is a domain.Let « : [a,b] — D be a smooth

curve. Give a precise definition of the complex line integral

I

. Assume that there exists a constant M such that |f(7)| < M for all 7 € Image(«). Prove that

]/ f| < M x length(c).

. Let Cgr be the circle |z| = R, described in the counterclockwise direction, where R > 1.

log (

Provide an upper bound for | fC ] which depends only on R and other constants.

31.14 Tie’'s Extra Questions: Fall 2016 ~

Let F' be an analytic function inside and on a simple closed curve C, except for a pole of
order m > 1 at z = a inside C. Prove that

dm— 1 "
2m% F(r)dr = lim (r—a)™F(1))).

T—=a drm— drm—1

. Evaluate

A
o (12 + 722

where C is the circle |z] = 4.

31.15 Tie's Extra Questions: Spring 2014,
Fall 2009, Fall 2011

(0.0]
For s > 0, the gamma function is defined by I'(s) = / e 5 dt.
0

Show that the gamma function is analytic in the half-plane R(s) > 0, and is still given there
by the integral formula above.
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e Apply the formula in the previous question to show that

T(s)D(1—s) = —

sinms’

[ee)
Hint: You may need T'(1 — s) = t/ et (vt)"3dv
0
fort > 0.

31.15.1 Tie's Extra Questions: Fall 2011

Problem 31.15.1 (7)

o Show that the function u = u(z,y) given by

e —e ™
u(z,y) = o sinnz forn €N
n

is the solution on D = {(z,y) |#? + y?> < 1} of the Cauchy problem for the Laplace
equation
Pu  O*u ou sin nx

W—i—agﬁ—o, u(z,0) =0, a—y(x,O): -

o Show that there exist points (x,y) € D such that limsup |u(z,y)| = oo.

n—o0
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