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Undergraduate Analysis: Uniform Convergence

1 ‘ Preface

I’d like to extend my gratitude to Peter Woolfitt for supplying many solutions and checking many
proofs of the rest in problem sessions. Many other solutions contain input and ideas from other
graduate students and faculty members at UGA, along with questions and answers posted on Math
Stack Exchange or Math Overflow. However, any mistakes are absolutely my own, either in my
own solutions or transcribing others’.

The first 12 or so sections are comprised strictly of actual past qual questions from UGA. The
remainder of the document includes other questions (and some solutions) from other sources that I
found while studying, along with a few midterms from the UGA qual course.

2 Undergraduate Analysis: Uniform
Convergence

— 2.1 Fall 2018.1 ~

Let f(z) = 1. Show that f is uniformly continuous on (1,00) but not on (0, 00).

Concepts Used:

e Uniform continuity:

Ve >0,3(¢) >0 suchthat |z—y|<d = |[f(x)— f(y)| <e.

o Negating uniform continuity: Je > 0 such that Vd(e) there exist z,y such that |z — y| < 0
and |f(z) — [(y)) > e.

e Archimedean property: for all z,y € R there exists an n € N such that nx > y. Take
r=¢c,y=1, son5>1and%<5.

Strategy:
1 is the only constant around, so try to use it for uniform continuity. To negate, find a bad x: since
1/x blows up near zero, go hunting for small zs!

Solution: « Claim: f(z)= 1 is uniformly continuous on (¢, o) for any ¢ > 0.

Preface 8



Undergraduate Analysis: Uniform Convergence

— Note that
1 1
2l lyl > ¢ >0 = |zy| = z|ly| > = — < .
lwyl
— Letting ¢ be arbitrary, choose § < ec?.
{ Note that § does not depend on z, y.

— Then
1 1
@) = 1)l = |5~ |
_ |z -yl
Ty
0
S -
Ty
0
S
<e€
e Claim: f is not uniformly continuous when ¢ = 0.
— Take € < 1, and let § = d(¢) be arbitrary.
— Letxn:%fornzl.
— Choose n large enough such that % <4
— Then a computation:
RN
Tn — Tn+1| = n n+l
B 1
n(n+1)
1
< —
n
< 4,

— Why this can be done: by the Archimedean property of R, for any § € R, one can
choose choose n such that nd > 1. We’ve also used that n+1 > 1 so n%rl <1
— Note that f(z,) =n, so

lf(zns1) — flan)|=(n+1)—n=1>¢.

" 2.2 Fall 2017.1 ~
Let
o0 n
f(z) = nz:,;m

2.2 Fall 2017.1 9



Undergraduate Analysis: Uniform Convergence

Describe the intervals on which f does and does not converge uniformly.

Concepts Used:

fv = f uniformly < | fv — fll,, — 0.

— Applied to sums:

SN B = | D | —o.

0<k<N k>0 E>N+1 || o

e An infinite sum is defined as the pointwise limit of its partial sums:

e’ N

cpx” = lim cpx”
D ca” = lim Y e
n=0 n—=

o Uniformly decaying terms for uniformly convergent series: if > 2 fn(z) converges
uniformly on a set A, then

| falloo,a = sup | fu(2)] =3 0.
z€EA

o M-test: if f,, : A — Cwith || f,||, < M, and > M,, < oo, then }_ f,, converges uniformly
and absolutely.

— If the f,, are continuous, the uniform limit theorem implies >_ f, is also continuous.

Strategy:
No real place to start, so pick the nicest place: compact intervals. Then bounded intervals, then
unbounded sets.

Solution:

n

e Set fy(z) =0, L.
— Then by definition, fy(z) — f(z) pointwise on R.

e Claim: fy converges on compact intervals

2.2 Fall 2017.1 10



Undergraduate Analysis: Uniform Convergence

— For any compact interval [—M, M], we have

oo xn
[fn(z) = f(@)]lo = sup —
ze[-MM] |,ZN1q1 v
o0 xn
< sup -
ze[-MM] Ny 1TV

o0 Mn

< 2o

n=N+1

o0 Mn
< Z —— since all additional terms are positive
= n!

:eM

< 00,

so fy — f uniformly on [—M, M] by the M-test.

& Note: we've used that this power series converges to e® pointwise everywhere.
e This argument shows that f converges on any bounded set.

e Claim: fy does not converge uniformly on all of R.
— Uniformly convergent sums have uniformly decaying terms:

n—o

N .
Z In e Zgn uniformly on A — ||gn|]007A = sup |gn(x)| — 0.
n<N €A

— Take By a ball of radius N about 0, then for N > 1, note that + = N on the
boundary and so

zk

o Nk N—oo
! Tk

— OQ.

OO7BN

e Conclusion: fy converges on any bounded A C R but not on all of R.

— 2.3 Spring 2017.4 ~

Let f(x,y) on [—1,1]? be defined by

2my2 2 (x,y) 7é (070)
x, = (w +y )
f(z,y) {0 (0.0

Determine if f is integrable.

2.3 Spring 2017.4 11



Undergraduate Analysis: Uniform Convergence

Concepts Used:

o Just Calculus.
e 1/r is not integrable on (0,1).

Solution:
Switching to polar coordinates and integrating over the quarter of the unit disc D N Q; C I?
in quadrant 1, we have

/fdAz/ FdA
12 D
w/2 pl .2 :
:/ / T cos(Gz sin(6) - drdf
0 0 r

w/2 rl ;
/ / cos(#) sin(6) dr do
o Jo r
1

/o1 vir) </()Tr/2 cos(6) sin(6) d9>
/o1 % dr) (/o1 " du) u = sin ()
)

" 2.4 Fall 2014.1 ~

Let {f,} be a sequence of continuous functions such that )" f,, converges uniformly.

Prove that 3 f,, is also continuous.

Concepts Used:

e The uniform limit theorem.
o £/3 trick.

Solution:

Claim: If Fy — F uniformly with each Fj continuous, then F' is continuous.

2.4 Fall 2014.1 12



Undergraduate Analysis: Uniform Convergence

Proof (of claim).
 Follows from an £/3 argument:
|F(z) = Fy| < [F(z) = Fn(z)| + [Fn(2) = ()] + [Fn(y) = F(y)] <e = 0.

— The first and last £/3 come from uniform convergence of Fy — F.
— The middle €/3 comes from continuity of each Fi .

e Now setting Fiy := 22]:1 fn yields a finite sum of continuous functions, which is contin-
uous.
e Each Fl is continuous and Fy — F' uniformly, so F' is continuous.

— 2.5 Spring 2015.1 ~

Let (X,d) and (Y, p) be metric spaces, f: X — Y, and zp € X.

Prove that the following statements are equivalent:

1. For every € >0 30 > 0 such that p(f(x), f(zo)) < € whenever d(x,xy) < 0.
2. The sequence {f(z,)},~; — f(xo) for every sequence {z,} — xo in X.

Concepts Used:

e What it means for a sequence to converge.
o Trading Ns for Js.

Solution:

2.5 Spring 2015.1 13



I Undergraduate Analysis: Uniform Convergence

Proof (1 = 2).

Let {x,} "= ¢ be arbitrary; we want to show {f(z,)} "= f(x0).

— We thus want to show that for every € > 0, there exists an N(g) such that

n>N(E) = p(f(an), f(20)) < e.

Let € > 0 be arbitrary, then by (1) choose § such that p(f(z), f(xg)) < € when
d(z,x0) < 0.

e Since x,, — x, there is some N such that n > N = d(x,,z9) < 0

Then for n > N, d(z,,x0) < § and thus p(f(z,), f(zo)) < &, so f(x,) — f(zo) by
definition.

Proof 2 = 1).

The direct tmplication is not a good idea here,
since you need a handle on all x in a neighbor-
hood of xy, not just a specific sequence.

e By contrapositive, show that I = 2.

e Need to show: if f is not -0 continuous at xg, then there exists a sequence z,, — ¢
where f(zn) 7 f(z0)-

e Negating 1, we have that there exists an € > 0 such that for all §, there exists an z
with d(x,z) < 0 but p(f(z), f(xo)) > ¢

e So take a sequence of deltas §,, = %, apply this to produce a sequence x, with
d(2n, 20) < 6p =1 — 0 and p(f(2y), f(x0)) > € for all n.

o This yields a sequence x,, — x¢ where f(z,) 4 f(xo).

" 2.6 Fall 2014.2 ~

Let I be an index set and v : I — (0, 00).

a. Show that

Za(i) = sup Za(i) < oo = [ is countable.
el J%%i{e =

b. Suppose I = Q and ) g a(q) < co. Define
f@) =7 alq)

q€Q
q<z

2.6 Fall 2014.2 14



Undergraduate Analysis: Uniform Convergence

Show that f is continuous at * <— = ¢ Q.

Concepts Used:

e Can always filter sets X with a function X — R.

e Countable union of countable sets is still countable.
 Continuity: lim, ., f(y) = f(x) from either side.

e Trick: pick enumerations of countable sets and reindex sums

Solution:

Proof (of a).

o Set S:=73,cra(i), we will show that S < co = [ is countable.
o Write

I1=J Sa, Sn:z{iel‘a(i)zl}.

e n

— Note that S, C S for all n, so 3"y (i) > Y cq, a(i) for all n.

— It suffices to show that .5, is countable, since I is a countable union of S,,.

e There is an inequality
oo > 8= Z a(7)
el
> ) a(i)

1€Sn

1
>> -

1€Sn

1
2521

1€Sn
(e

= 00 >nS > #S5,.

2.6 Fall 2014.2
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Undergraduate Analysis: Uniform Convergence

Proof (of b).

o We’ll prove something more general: let @ = {q;} be countable and {«ay = a(qx)}
be summable, and define

f(z) = Z Q.

g <z

— f is always discontinuous precisely on the countable set () and continuous on
R\ Q.

— f is always left-continuous, is right-continuous at x € R\ @, and not right-
continuous at x € )

— f has jump discontinuities at every g,,, where the jump is precisely a;,,.

e This follows from computing the left and right limits:

f(x"'):%ii% Z o = Zak: Zak-l-Zak

g <z+h G <x <z Q=
fa™) = lim o oar= ) a,
- qr<x—h qr <z

where we've used that {¢g; < x} = {qx < x} [ {x} in the first equality.

e Then if x = ¢y, for some m,

F@) =flgh) = > ax+om

9k <qm

f@™) = flag) = D o

AL <qm

which clearly differ if «,,, # 0.

o Taking z &€ @, we have {qx <z} = {qx < x}, since {qx =z} =0, so

fzt) = Z ap = Z ay

<z qr<T

f@™) =" o,

qL<T
so the limits agree.

e To recover the result in the problem, let Q = {g;} be any enumeration of the
rationals.

2.6 Fall 2014.2 16



I General Analysis

3 ‘ General Analysis

— 3.1 Fall 2021.1 ~

Problem 3.1.1 (7)
Let {z,,}.” ; be a sequence of real numbers such that z; > 0 and

1+x,

Tpp1=1—24z,) ' = S
n

Prove that the sequence {z,} converges, and find its limit.

Solution:
If a limit L exists, we have x,, — L for all n, so

1+L
L_-i—

1
= —= [’+L-1=0 = L=—=(-1+ )
oL T 0 2( \f5>

Noting that /5 > 1, the condition #; > 0 and a small induction noting that if z,, > 0 then
%_t—g: > 0, the only solution can be L = —1 + /5. To see that this does converge, write
f(z) =1—(2+2)"! so that 2,41 = f(2,). The claim is that f is a contracting map on a
metric space, which implies it has a unique fixed point zy by the Banach fixed point theorem,

and if f(zp) = 2o then zp = L. This follows from the mean value theorem, since
1f(2) = fw)| = [ (©lz —w| < |z — w] for some & € (2, w).
Since f'(z) = (2 + z) 72 satisfies 0 < f/(z) < 1 for all z, we have

[f(2) = fw)] <]z —wl.

e 3.2 Fall 2020.1 ~

Problem 3.2.1 (7)
Show that if z,, is a decreasing sequence of positive real numbers such that Y>> ; x, converges,
then

lim nz, = 0.
n—oo

General Analysis 17



General Analysis

Solution:
See this MSE post for many solutions: https: //

math. stackexzchange. com/ questions/ 4603/
tf-a-n-subsetO-infty-is—-non-increasing-and-sum-a—n-1in
Note that the “obvious” thing here is fiddly: there

are bounds on the slices

(N-M+lay < Y ap<(N-M=E1ay,
M<k<N

but arranging it so that the constants match the in-
dices in (N—M £1)xy = Nz requires something
clever.

Fix € > 0, we’ll find n > 1 so that nz, < e. Find n,m with n > m large enough so that

€ > Z T > Z Ty = (M —n)zy,.

m+1<k<n m+1<k<n
Then rearrange:
e>(m—n)r, = nx, <&e+me,.
Now choose n large enough so that x,, < e, which holds since > x,, < 0o, to obtain

nx, <&+ me=¢e(l+m)— 0.

— 3.3 Spring 2020.1 ~

Prove that if f : [0,1] — R is continuous then

lim /01 ka1 f () de = f(1).

k—o00

Concepts Used:

« DCT
o Weierstrass Approximation Theorem

— If f:[a,b] — R is continuous, then for every £ > 0 there exists a polynomial p.(z)
such that ||f — pe||, <e.

Solution:

3.3 Spring 2020.1 18
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I General Analysis

e Suppose p is a polynomial, then integrate by parts:

1 179
. k—1 o 9 i
klglgo/o kx p(ac)dz—klggo ; <3x$ >p(a:)da:
ool (o)
_klggo {x p(a;)’o ; x 8$< x)) de| IBP
1
=p(1) — lim 7 (gi( )) dx,

k—o00

o Thus it suffices to show that

(e (Op
lim ; x (81‘( )) dxr = 0.

k—o0

o Integrating by parts a second time yields
1 0 k9
. k(9P T p
dm e (8x m) da _klgrolok: k+1 <ax2( )> d
i P
kIE&kH e k:+1 (a:c2( )> o
1
=—1
kgrolo 0 k‘—l—l 8332
1
= — lim DCT
/0 k—>ook+1 (8902 > de by DC

:—/0 0(2;@)) dx

=0.

— The DCT can be applied here because polynomials are smooth and [0, 1] is compact,

SO g b is bounded on [0, 1] by some constant M and

[

e So the result holds when f is a polynomial.

82
AP

1
8332 §/01-M:M<oo.

e Now use the Weierstrass approximation theorem:

— If f: [a,b] — R is continuous, then for every ¢ > 0 there exists a polynomial p.(z)
such that ||f —pcll,, <¢

3.3 Spring 2020.1 19



General Analysis

e Thus

/01 kx*tp.(x) do — /01 ka*=1 f(z) da /01 kz* =Y (pe(z) — f(2)) dz

1
<|[ ke = fl e

1
— lpe = fllo | [ Ra* o

1
= lpe = fll - o],

= [Ipe = flloo
8300

and the integrals are equal.
e By the first argument,

1
/ kz*1p.(z) dz = p.(1) for each e
0

. . . . . . 0
« Since uniform convergence implies pointwise convergence, pe(1) “= f(1).

" 3.4 Fall 2019.1
Let {a,}52; be a sequence of real numbers.
a. Prove that if lim a, = 0, then
n—oo
lim AT
n—00 n
. a
b. Prove that if Z — converges, then
n
n=1
lim 5O
n—00 n
Solution:
3.4 Fall 2019.1 20



General Analysis

Concepts Used:

o Cesaro mean/summation.
o Break series apart into pieces that can be handled separately.
e Idea: once N is large enough, a; ~ S, and all smaller terms will die off as N — oo.

— See this MSE answer.

Proof (of a).

Prove a stronger result:

N
1
ap, — S = SNIZNZak—)S.
k=1

For any € > 0, use convergence ay — S: choose (and fix) M = M (e) large enough
such that

k>M+1 = Jap— S| <e.

With M fixed, choose N = N (M, e) large enough so that +- SM ar — S| <e.

e Then
N3 NI\i=
11/ N
k=1 k=1
1|
=—1> (ar—9)
N4
1N
S—Z|ak—5|
=i
| M N
=52 lw =S+ > oS
k=1 k=M-+1
| M N
§N2|ak—5|+ > & sincea — S
k=1 k=M-+1

1 M
:N2|ak—5|+(N—M)€

<e+ (N(M,e) — M(e))e.
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General Analysis

#todo
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General Analysis

Proof (of b).

Define

[e'e) a
Fn = ?

k=n

r, "=0.

Compute

1
=> ag==T1+To+ - +Tp—Tn41)
n n

e This comes from consider the following summation:

I'1 = Y j—; 3 is the original series and each Iy, is a tail of T'y, so by assumption

T ai +42 +4% +
FQ : 0?2 _1_% L
I's: % JL
,?:1 Fz : aq +a2 +a3 + ... an _’_(71:_;:[1

o Use part (a): since T, "Z8°0, we have %Zzzl I "=0.

¢ Also a minor check: I'), - 0 — %Fn — 0.

e Then
1 & 1
ST
n = n
1 & 1
= <— Zﬂc) - (—Fnﬂ)
nf n

3.4 Fall 2019.1
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" 3.5 Fall 2018.4 ~

Let f € L'([0,1]). Prove that

lim /1 f(z)|sinnz| dz = z/1 f(z) dx
0 7 Jo

n—oo

Hint: Begin with the case that f is the characteristic
function of an interval.

#todo

Solution:

Concepts Used:

o Converting floor/ceiling functions to inequalities: z — 1 < |z| < x.

Case of a characteristic function of an interval [a, b]:

o First suppose f(r) = x[q,5(7)-

o Note that sin(nz) has a period of 27/n, and thus { ((21:/‘:3)J = V(g;a)J full periods in
[a, b].

o Taking the absolute value yields a new function with half the period
— So [sin(nz)| has a period of 7/n with {ﬂbﬂ_—alJ full periods in [a, b].
o We can compute the integral over one full period (which is independent of which period
is chosen)

— We can use translation invariance of the integral to compute this over the period 0
to m/n.
— Since sin(nx) is positive, it equals [sin(nx)| on its first period, so we have

w/n
/ |sin(nz)|dz = / sin(nz) dx
One Period 0
1 ™

= /Sin(u)du u=nx
n.Jo

= % <— cos(u) ‘:)
2

n.

o Then break the integral up into integrals over full periods Py, Ps, -+, Py where N =

[n(b—a)/x]

3.5 Fall 2018.4 2



I General Analysis

« Noting that each period is of length 7, so letting L;,, be the regions falling outside of a
full period, we have

e Thus

/ab|sin(n$)\d:): = (i\f: /P' \sin(nm)]dw) +/Ln, |sin(nx)| dx

1 J

2
= — |+ |sin(nz)|dz
(j ”) /L

where (claim) C,, "= 2 and R(n) 0.

)= G =G =

then use the fact that "T_l — 1.

. Cn—>%:

— Then equality follows by the Squeeze theorem.
e R, —0:

— We use the fact that m(Ly,) — 0, then [} [sin(nz)| < [, 1=m(L,) — 0.
— This follows from the fact that L,, is the complement of U; P}, the set of full periods,
SO

m(Ln) =m(b—a) =Y m(F))

oo 222 ()

"2 (b—a)—(b—a)
= 0.

where we’ve used the fact that
() (==) =2 C)
< () (557)

= (b_a)a

then taking n — oo sends the LHS to b — a, forcing the middle term to be b — a by
the Squeeze theorem.
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I General Analysis

General case:

e By linearity of the integral, the result holds for simple functions:

— If f =Y ¢jxp; where Ej = [aj, b;], we have

1 1
/0 f(x)|sin(nz)| dz :/0 ZCjXEj (z)[sin(nx)| dx
1
= ch/O XE; (7)|sin(nx)| dx
=D cilbj - aj)%
= %ch(bj - a;)
= %chm(EJ)
2 ri

)

e Since f € L', where simple functions are dense, choose s, , f where |[sy — f||; < &,
then

=| [ 1) - sx (@) pinta)
< [ 1562) — sw@)llsin(o)] de

= [I(f = sn) [sin(nz)]ll,
< If = snlly - llsin(nz)[[|o, by Holder
<e- 17

'/01 f(z)|sin(nz)| dz — /01 sy (2)|sin(nz)| dz

e So the integrals involving sy converge to the integral involving f, and

lim /f )|sin(nz)| = hrn hm sy (x)|sin(nz)]
n—oo n—00 N —00

oy : : 0
]\}gnoo Jim sy(z)[sin(nz)| because ?

= 2 fonto
ik

which is the desired result.

" 3.6 Fall 2017.4 ~
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General Analysis

Let
falx) =nz(l—2)", neN.
a. Show that f,, — 0 pointwise but not uniformly on [0, 1].
b. Show that

1

lim n(l—z)"sinxdr =0
n—oo 0

Hint for (a): Consider the mazimum of fp.

Solution:

Concepts Used:

e Y fn<oo <= supfn,—0.

o Negating uniform convergence: f,, /4 f uniformly iff Je such that VN(g) there
exists an xy such that |f(zn) — f(z)] > &.

o Exponential inequality: 1 +y < e¥ for all y € R.

a.
fn — 0 pointwise:

o Finding the maximum: can check that %L; =z(1—2)" 1 (1+ (n?*-1)2)

e This has critical points z = 0,1, n_T-ll-l’ and the latter is a global max on [0, 1].

e Set z, = E_Tll

Compute

-—-n

lim fn(xn) = nh—>r%o 2+ 1

(14+z,)"=0-1=0.
e So sup f, — 0, forcing f,, — 0 pointwise.
The convergence is not uniform:
o Let z, = % and € > e~ !, then
[nz(l —z)" — 0l = [nen(l —z,)"|

(-3)

>e !

> €.

— Here we've used that (1 + %)™ < e” for all z € R and all n.

3.6 Fall 2017.4 o7



General Analysis

— Follows from 1+ y < e¥ applied to y = z/n.

* Thus [|fo = Ofl = [[fullc > ™! > 0.
b. ?

#todo
o Noting that sin(z) < 1, we have
1
< / In(1 — )" sin(z)|
0
1
< [ty
0
1

:n/o (1—a)"

/01 n(l —z)"sin(x)

n(l — z)"+!
B n+1
=50.
— 3.7 Spring 2017.3 ~
Let
falz) = ae™ "% — be™™  where 0 < a < b.
Show that

a. 3.0% | ful is not in L(]0, 00), m)

Hint: f,(x) has a root x,,.

i fn is in L*([0,00),m) and /oo i fn(x)dm = lné
n=1 0 4 a
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General Analysis

Solution:

I Concepts Used:

a.

e fn has a root:

ae~ T — be—nbx - — 6—nbx6nax — en(b—a)av i T = In (%)
n(a —b)

SHE

e Thus f, only changes sign at x,, and is strictly positive on one side of x,,.

= Ty

e Then
x)|dx = / z)| dz
JRNACIEED 3y RIAC
(o]
> Z/ fn(z)dx
n “ITn
1
— - <e—bn$ e—anc 00)
n n Tn
1 —bnzp —anny
= Zn: E (6 (& )
b.
?
" 3.8 Fall 2016.1
Define
=1
flz) =) —.
n=1 n
Show that f converges to a differentiable function on (1, 00) and that
e} 1 /
HOEDY <—m>
n=1 n
Hint:
(i) = _ L Inn
ne n®
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General Analysis

Solution:

Concepts Used:

o 7

o Set fn(x) =01 n7%, so f(x) = limy o0 f(@).

e If an interchange of limits is justified, we have
o N N "
2y — _ = ~(o+
g 3 = | (0 = (L)
N

1 N
= 1 im — —(z+h)
et (5)- ()

1 [
— 7 s —z _ —(z+h)
1\}511 ilzm%) . lg n n ] (1)

1
= lim lim — [n‘x — n_(””h)} since this is a finite sum
N—o0 h—0 h
w35 ()
= lim — | =
N—oco xr \n%
n=1
N
In(n)
= i —
Ngnoongl nt ’

where the combining of sums in (1) is valid because Y n~" is absolutely convergent for
x > 1 by the p-test.

e Thus it suffices to justify the interchange of limits and show that the last sum converges
n (1,00).

o Claim: >>n*In(n) converges.
— Use the fact that for any fixed € > 0,

In(n) r.H. 1/n 1
lim (n) /
n—oo nf n— 00 gnE—l n—oo enf

— This implies that for a fixed € > 0 and for any constant ¢ > 0 there exists an N
large enough such that n > N implies In(n)/n® < ¢, i.e. In(n) < cn®.

— Taking ¢ =1, we have n > N = In(n) < n®

3.8 Fall 2016.1 30



General Analysis

— We thus break up the sum:

where the last term converges by the p-test if v —e > 1.
— But € can depend on z, and if z € (1,00) is fixed we can choose ¢ < |z — 1| to

ensure this.

e Claim: the interchange of limits is justified.

" 3.9 Fall 2016.5 ~
Let ¢ € L*°(R). Show that the following limit exists and satisfies the equality
@)\
. o n
Jim ([ 00)" — el
Solution:
Concepts Used:
o 7
Let L be the LHS and R be the RHS.
31
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General Analysis

Claim: L < R. - Since |p| < ||¢||o, a-e., we can write

rh [ el
R 1+=x

</ ol
“Jr1+422

1
_ n
= llell% | 15

o
= |liZ, arctan(a)|

— o™ (F_ 7
— el (5 - 5)

=7llel5

n
[e.o]

1o,

= Ln < {/7ll#|
1

= L<mroly

n— o0

= 1elloos

where we've used the fact that c¢n "=5° 1 for any constant c.

Claim: R < L.

o We will show that R < L + ¢ for every € > 0.
o Set

Se = {z e R" | p(a)| > llelloc — <}

e Then we have

LI S > LI N
1 3 dz o1 3 dr S: CR

_ n
> / 8 % dz by definition of S.

n 1
= ([lello —€) /Ss mdﬂf

= (lell —&)" Ce where C. is some constant

1
n

1
> (I¢lloo =€) CE
" (gl — ) -1

e—0
= lelloos

= (f )

where we’ve again used the fact that ¢ — 1 for any constant.
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— 3.10 Fall 2016.6 ~
Let f,g € L*(R). Show that
Jim N f(@)g(x+n)de =0
Concepts Used:
« Cauchy Schwarz: [[fgll; < |[fll1llgll;-
e Small tails in LP.
Solution:
« Use the fact that LP has small tails: if h € L?(R), then for any ¢ > 0,
Ve, 3N € N suchthat / |h(z)]? dz < e.
|lz|>N
e So choose N large enough so that
[ @l <
llz|>N
[l <e
z|=N
e Then write
/ f(@)g(x +n)dx =/ f(x)g(xz +n)dx + f(z)g(x +n)dz.
R4 =lI<N llz|>N
¢ Bounding the second term: apply Cauchy-Schwarz
1 1
2\’ 2\’ 1
[t tn)de < ( [ i@l ) - ( [ ot ) <&t gl
[lz]| >N =l=N z|=N
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I General Analysis

¢ Bounding the first term: also Cauchy-Schwarz, after variable changes
N
| t@ga o= [ f@gl+n)do
|zl <N -N

N+n
= [ fa—mg@)da

—N+n

<[ fa=mg()da

<([ e —n>|2)% (/. |g(x),2)é
< |I£ll,-e3.

e Then as long as n > 2N, we have

J1@ge+ )l < (1l + lgll) - 2.

— 3.11 Spring 2016.1 ~

For n € N, define
1\™ 1 n+1
en:<1—|—> and En:<l—|—)
n n

Show that e, < E,, and prove Bernoulli’s inequality:

(14+2)">14nx —-l<z<oo, neN.

Use this to show the following;:

. The sequence e,, is increasing.
. The sequence FE,, is decreasing.
2< e, < E, < 4.

Climy, oo € = limy, oo B,

W N =

" 3.12 Fall 2015.1 ~

Define

f(x) =co + 12’ + ear® + ...+ cuz™ with n even and ¢, > 0.

Show that there is a number x,, such that f(x,,) < f(z) for all z € R.
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— 3.13 Spring 2014.2 ~

Let {ay} be a sequence of real numbers such that
{bn} € P(N) = > anby < cc.
Show that >~ a2 < co.

Note: Assume ay, b, are all non-negative.

Solution:

e Define a sequence of operators

TN:KQ—)El

N
{bn} = > anbn.
n=1

« By assumption, these are well defined: the image is ¢! since |Tx({b,})| < oo for all N
and all {b,} € (2.

¢ So each Ty € (¢2)V is a linear functional on ¢2.

o For each z € 2, we have ||Tn(z)||g = SN 1 anb, < oo by assumption, so each Ty is
pointwise bounded.

+ By the Uniform Boundedness Principle, supy [|Tn||,, < oo
o Define T' = limn o0 T, then ||T,, < oo.

o By the Riesz Representation theorem,

V2o ad = H{an}le = 1Tl 2y = 1Tl < oo

¢ So Y a2 < oo.
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I Measure Theory: Sets

4 ‘ Measure Theory: Sets
— 4.1 Fall 2021.3 ~

Recall that a set E C R? is measurable if for every ¢ > 0 there is an open set U C R? such that
m*(U\ FE) < e.

a. Prove that if F is measurable then for all ¢ > 0 there exists an elementary set F', such that
m(EAF) < e.

Here m(FE) denotes the Lebesgue measure of F, a set F' is called elementary if it is a finite
union of rectangles and EAF denotes the symmetric difference of the sets £ and F.

b. Let £ C R be a measurable set, such that 0 < m(FE) < oo. Use part (a) to show that

lim [ sin(nt)dt =0

n—x g

- 4.2 Spring 2020.2 ~

Let m, denote the Lebesgue outer measure on R.

a.. Prove that for every £ C R there exists a Borel set B containing E such that

my(B) = my(E).

b.. Prove that if £ C R has the property that
ms(A) = m*(AﬂE) + m*(AﬂEC)

for every set A C R, then there exists a Borel set B C R such that £ = B\ N with m.(N) = 0.

Be sure to address the case when m.(E) = oo.

Concepts Used:

e Definition of outer measure:
my(E) = inf Q;
(E) (@ =n E ,| il

where {Q;} is a countable collection of closed cubes.
e Break R into [[,cz[n,n + 1), each with finite measure.
o Theorem: m.(Q) = |Q| for @ a closed cube (i.e. the outer measure equals the volume).
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I Measure Theory: Sets

Solution:

Proof .

m.(Q) <1Q:

e Since Q C @Q, Q@ = @ and m,(Q) < |Q| since m, is an infimum over such coverings.

e Fixe > 0.

o Let {Qi};2; = Q be arbitrary, it suffices to show that

QI < (Z\Qﬂ) +e.
=il

o Pick open cubes S; such that Q; C S; and |Q;| < |S;| < (1 +¢)|Qil.

e Then {S;} = @, so by compactness of @) pick a finite subcover with N elements.

« Note

N N N o
QclUS = Q1<) ISiI<)Y (1+)Q;l < (1+¢)) Qi
i=1

=1 =1 =1
e Taking an infimum over coverings on the RHS preserves the inequality, so

Q < (14 ¢)m(Q)

e Take € — 0 to obtain final inequality.

o If m.(E) = oo, then take B = R" since m(R") = oco.
e Suppose N :=m,(E) < oc.

e Since m,(F) is an infimum, by definition, for every € > 0 there exists a covering by
closed cubes {Q;(e)};2; = E depending on ¢ such that

Z|QZ(5)\ < N +e.
i=1

o For each fixed n, set ¢, = % to produce such a covering {Q;(e,)};o; and set B, =

U2 Qilen)-
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I Measure Theory: Sets

e The outer measure of cubes is equal to the sum of their volumes, so

1
m.(B Z\Qlanl<N+5n:N+—
=1

Now set B =22, Bn

— Since E C B,, for every n, E C B
— Since B is a countable intersection of countable unions of closed sets, B is Borel.
— Since B,, C B for every n, we can apply subadditivity to obtain the inequality

1
ECBCB, = N<m.(B)<mi(B,) < N+ = forall ncZ="
n

o This forces m.(F) = my(B).
b.

Suppose m(F) < oo.

By (a), find a Borel set B D F such that m.(B) = m.(F)
« Note that EC B = B\ E=FE and BNE°= B\ E.
o By assumption,

m,(B) = m.(B[ | E) + m.(B[ ) E)

m(E) = m.(E) +m.(B\ E)
my(E) — my(E) =m.(B\ E) since m4(E) < 0o
= m.(B\ E)=0.

o So take N = B\ E; this shows m,(N) =0and E =B\ (B\ E) =B\ N.
If m,(F) = oc:

o Apply result to Egp == E([R,R+1)" CR" for R€ Z,so E =[[pERr
Obtain Bg, Ng such that Egr = Br \ Ngr, m«(ERr) = m.(Bgr), and m.(Ng) = 0.

» Note that
— B :=Jr Brg is a union of Borel sets and thus still Borel
- E=UgrEr
— N:=B\E

— N':= g Ng is a union of null sets and thus still null

e Since Er C Bp for every R, we have E C B
o We can compute

N=B\E= (UBR> \ (UER> CUBr\Er) =JNr =N’
R R R

R

where m,(N') = 0 since N’ is null, and thus subadditivity forces m.(N) = 0.
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Measure Theory: Sets

" 4.3 Fall 2019.3. ~

Let (X,B,u) be a measure space with p(X) = 1 and {B,}32; be a sequence of B-measurable
subsets of X, and

B = {:L‘ eX ’ x € B, for infinitely many n} .

a. Argue that B is also a B-measurable subset of X.

b. Prove that if >>2 ; u(By) < oo then p(B) = 0.

o0

n—1 Satisfies

c. Prove that if Y07 ; pu(By,) = oo and the sequence of set complements { B}

K K
M(ﬂ BZ) = I 0= n(Bn)
n==k

n=k

for all positive integers k and K with k < K, then u(B) = 1.

Hint: Use the fact that 1 —x < e~ for all x.

Concepts Used:
e Borel-Cantelli: for a sequence of sets X,

{x ‘ r € X, for infinitely many n} = ﬂ U X, = limsup X,
N>1n>N "

{1‘ ‘ x € X, for all but finitely many n} = U ﬂ X, = liminf X,,.
N>1n>N

e Properties of logs and exponentials:
He’”” = ™ and Zlog(mn) = log (H acn> .
n n n

e Tails of convergent sums vanish.

o Continuity of measure: B, N\, B and u(Bp) < oo implies lim, u(B,) = p(B), and
B, /B = lim, u(B,) = u(B).

Solution:
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Proof (of a).

o The Borel o-algebra is closed under countable unions/intersections/complements,
e B =limsup, B, = Nn>1 Up>N By, is an intersection of unions of measurable sets.

[ |
Proof (of b).

o Tails of convergent sums vanish, so

n>N
e Also,
M
By= () U B.\\B
N=1n>N
e A computation:
u(B) = p By
N>1n>N
< By, VN
n>N
< > u(Bn) VN
n>N
2o,

where we’ve used that we’re intersecting over fewer sets and this can only increase
measure.
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Proof (of c).

e Since u(X) =1, in order to show u(B) = 1 it suffices to show u(X \ B) = 0.

e A computation:

N=1
0o K
=3 gim [[ (- u(B)
K—)oo
=1 n=N
o) K
< lim e~ H(Bn)
—1 K—)oo e N
[eS)
= lim e~ 3 #(Bn)
N1 K—o0

q K
e~ limg 00 En:N M(Bn)

Il
e F08 £V

e ZZO:N #(Bn)

e =
[

continuity of measure from above

by assumption

by hint

el‘

by continuity of f(z) =

o Here we've used that every tail of a divergent sum is divergent: if > >° ; a,, — 00
then for every N, the tail >°0° y a, — oo as well.

o We've also use that if b, — oo then e t» — 0.

4.4 Spring 2019.2

4.3 Fall 2019.3.
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Let B denote the set of all Borel subsets of R and p : B — [0,00) denote a finite Borel measure on
R.

a. Prove that if {F}} is a sequence of Borel sets for which Fj, O Fjq for all k, then
o
li F) = F;
Jim g1 (Fy) = p (;Ql k)

b. Suppose p has the property that p(E) = 0 for every E € B with Lebesgue measure m(E) = 0.
Prove that for every e > 0 there exists ¢ > 0 so that if E' € B with m(F) < 0, then u(E) < ¢

Concepts Used:

e Proof of continuity of measure.
o Using limsup/liminf sets (intersections of unions and vice-versa) and (sub)additivity to
bound measures.

— Control over lower bound: use tails of convergent sums
— Control over upper bound: use rapidly converging coefficients like >~ 1/2"

e Convergent sums have vanishing tails.

o Intersecting over more sets can only lose measure, taking a union over more can only
gain measure.

e Similarly intersecting over fewer sets can only gain measure, and taking a union over
fewer sets can only lose measure.

Strategy:

Use a limsup or liminf of sets and continuity of measure. Note that choosing a limsup vs a liminf is
fiddly — for one choice, you can only get one of the bounds you need, for the other choice you can
get both.

Proof (of a). e Observation: p finite means p(E) < oo for all E € B, which we’ll need in
several places.

e Prove a more general statement: for any measure p,
p(Fr) < oo, Fy \( F' = lim p(Fy) = p(F),
k—o00

where Fj, \( F means F} DO Fy D --- with Ny Fx = F.

— Note that pu(F) makes sense: each Fj, € B, which is a o-algebra and closed under
countable intersections.

o Take disjoint annuli by setting Ey := Fy \ Fii1
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o Funny step: write
o
Fy = FII[] Ex-
k=1

— This is because x € F iff x is in every F}, so in F, or
— x &€ F} but x € Fy, noting incidentally x € F3, Fy, - - -, or,
— x ¢ F5 but x € F3, and so on.

o Now take measures, and note that we get a telescoping sum:

W(F) = (F) + 3 ()
k=1

N
= p(F) + lim kZ::l 1(Ex)

N
= p(F) + lim > pu(Fg \ Fiy1)
N—>ook:1

N

= u(F) + ]\;gnoo Z w(Fy) — p(Fra1) to be justified
k=1

= (F) + Jim [(a(FY) = (o)) + (u(F) = () + -

+ (W(Fn-1) — p(FN)) + (W(FN) — p(Fn+1))]

= pu(E) + lim p(F) = p(Fy)
= wE) + p(F1) — Hm p(Fryi).

o Justifying the measure subtraction: the general statement is that for any pair of sets
AC X, u(X \ A) = u(X) — u(A) when u(A) < oc:

X = ATI(X \ A)
= w(X)=pu(A) +p(X\ A4) countable additivity
— 1(X) — p(A) = p(X \ 4) if u(4) < 0.

o Now use that u(Fy) < oo to justify subtracting it from both sides:
p(Fy) = p(F) + p(F1) = lm p(Fyg)
—00
= 0=p(F) — lim p(Fniq)
N—o0
im p(Fn41) = p(Fr).

N—oo

o Now use that limy 00 t(Fn4+1) = limy 00 (Fn) to conclude.
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Proof (of b).

o Toward a contradiction, negate the implication: there exists an € > 0 such that for all d,
there exists an E € B

m(E) <6 but p(E) > €.
— Goal: produce a set A with m(A) =0 but u(A) # 0.

o Take a sequence 0, = a(n), some function to be determined later, produce sets E,, with

m(E,) < o, but w(Ey) >¢e Vn.
e Set
M oo M 00
Ay=() U En= ) Fn Fy = J En.
N=1n=N N=1 n=N

— Observation: Fy 2O Fynyp for all N, since the right-hand side involves taking a
union over fewer sets.
— Notation: define

o0 o0
A = ﬂ U E,.
N=1n=N
e Bounding the Lebesgue measure m from above:

m(Ac) :mm 0 E>

N=1n=N

<m ( U En> VYN
n=N

IN

oo
n=N
0

IA

Z m(En) VN by countable subadditivity
n)

D af

n=N

N—o0

— 0,

where we’ve used that intersecting over fewer sets (i.e. none) can only increase measure
in the first bound.

— We have control over the sequence a(n), so we can choose it to be summable so
that the tails converge to zero as rapidly as we’d like.
— So e.g. for any €1 > 0, we can choose a(n) = €1/2", then

o

Za(n)gzg—i:q%&
n=1

n=N
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e Bounding the y measure from below:

B(Ane) = 1 ( N FN>
N=1

= lim p(Fn) by part (1)
N—o00

- A}gnoo 8 (nL:JN En)

T

- ]\;gnoo 'UJ(EN)

> lim ¢
N—o0

=¢

> 0,

where we’ve used that taking a union over fewer sets can only make the measure smaller.

— 4.5 Fall 2018.2 ~

Let E C R be a Lebesgue measurable set. Show that there is a Borel set B C E such that
m(E\ B) =0.

Concepts Used:

o Definition of measurability: there exists an open O D E such that m.(O \ E) < ¢ for all
e > 0.

¢ Theorem: FE is Lebesgue measurable iff there exists a closed set F© C E such that
m«(E\ F) < ¢ for all e > 0.

o Every F,,G;s is Borel.

e Claim: FE is measurable <= for every ¢ there exist F. C E C G, with F. closed and
Ge open and m(G: \ E) < ¢ and m(FE \ F;) < e.

— Proof: existence of G; is the definition of measurability.
— Existence of F.: ?

o Claim: F is measurable = there exists an open O O E such that m(O \ E) = 0.

— Since E is measurable, for each n € N choose G,, D E such that m, (G, \ E) < L.
— Set Oy =N, G, and O == N2, G,..
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— Suppose E is bounded.
¢ Note On N\, O and m.(0;) < oo if E is bounded, since in this case

(G \ B) = ma(G1) — mu(E) < 1 <= ma(G1) < ma(E) + % < .

¢ Note Ox \ E N, O\ E since Oy \ E = On(E® 2 Ony1 ) E€ for all N, and
again m, (01 \ E) < co.
& So it’s valid to apply continuity of measure from above:

m«(O\ E) = A}l_r}noo m«(On \ E)

< lim m«(Gn \ E)
N—o0

I
=
=

|
I
=

where the inequality uses subadditivity on ﬂf:]:l G, C Gy
— Suppose E is unbounded.

& Write E¥ = EN[k, k + 1] € R? as the intersection of F with an annulus, and
note that £ = [[,cnEr-

& FEach E} is bounded, so apply the previous case to obtain O O Fj with
m(Ox \ Ef) = 0.

& So write O = Ex] [Ny where Ny, := Oy \ Ej is a null set.

¢ Define O = ey O, note that £ C O.

¢ Now note

O\ E = (I1;0r) \ (I Ex)
C ) (O \ Ex)
= m.(O\ E) <m. (11 (O \ Ex)) =0,

since any countable union of null sets is again null.
— So O D E with m(O \ E) = 0.

e Theorem: since F is measurable, E¢ is measurable

— Proof: It suffices to write £ as the union of two measurable sets, E¢ = SJ(E°—Y95),
where S is to be determined.

— We'll produce an S such that m.(E° — S) = 0 and use the fact that any subset of
a null set is measurable.

— Since F is measurable, for every € > 0 there exists an open O, O FE such that

my(O: \ F) < e.

Take the sequence < &, == %} to produce a sequence of sets O,,.

Note that each Oy, is closed and

O0,2FE < O; C E“.

— Set § :=J,, O5,, which is a union of closed sets, thus an F set, thus Borel, thus
measurable.
Note that S C E° since each O,, C E*.
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— Note that
E°\ S = E°\ <U (9,‘;)
n=1

00 C
= F¢ ( (’)C) definition of set minus

00 (&
(ﬂ On> De Morgan’s law
n=1
n=1
= On|\E
n=1
CON\E forevery N eN.

— Then by subadditivity,

YN = m,(E°\S) = 0.

m.(BS\ 8) < m.(On \ E) <

— Thus E°\ S is measurable.

Solution:

Since F is measurable, F¢ is measurable.

Since E° is measurable exists an open O O E° such that m(O \ E€) = 0.
Set B:=0¢ then O D K¢ «<— O°‘CFE <— BCE.

Computing measures yields

E\B=E\O°=E()0)=E[O=0(|E) =0\E",

thus m(E \ B) = m(O \ E€) = 0.
e Since O is open, B is closed and thus Borel.

d.irect Proof (Todo)

— 4.6 Spring 2018.1 ~
Define
E = {w eR:|x— ]—)‘ < ¢~ for infinitely many p,q € N} .
q
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Prove that m(E) = 0.

Concepts Used:

Borel-Cantelli: If {E}},., C 2R is a countable collection of Lebesgue measurable sets
with >,z m(Ey) < oo, then almost every x € R is in at most finitely many E,.

— Equivalently (7), m(limsupy_,, Fx) = 0, where limsup,_,o, Ex = N2y U;>k Ej,
the elements which are in Fj, for infinitely many k.

Solution:

Strategy: Borel-Cantelli.
We'll show that m(E) (\[n,n + 1] = 0 for all n € Z; then the result follows from
m(E) =m ( U ENn,n+ 1]) <> m(E(\n.n+1])=0.
ISy / n=1
By translation invariance of measure, it suffices to show m(E N[0, 1]) = 0.
— So WLOG, replace E with E([0, 1].
Define

E; = {a: € [0,1] ‘ Ip € 229 st

1
J J
— Note that Ej C [[,cz>0B;-3 (?), i.e. a union over integers p of intervals of radius

1/7% around the points p/j. Since 1/§3 < 1/4, this union is in fact disjoint.

Importantly, note that

o0 o
limsup E; = ﬂ U E;=F
Jj—reo n=1j=n

since

z € limsup F; <= x € I for infinitely many j
J
3

<= there are infinitely many j for which there exist a p such that |z — E‘ <jJ
J

<= there are infinitely many such pairs p, j
< x € L.

Intersecting with [0, 1], we can write E; as a union of intervals:
- 1 2 J—1 .
=0 1 (e (Gt (5) 0 0

where we’ve separated out the “boundary” terms to emphasize that they are balls about
0 and 1 intersected with [0, 1].
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» Since Ej is a union of open sets, it is Borel and thus Lebesgue measurable.

o Computing the measure of Ej:

— For a fixed j, there are exactly j + 1 possible choices for a numerator (0,1, --

thus there are exactly j 4+ 1 sets appearing in the above decomposition.

— The first and last intervals are length ]%

— The remaining (j + 1) — 2 = j — 1 intervals are twice this length, ]%

— Thus

i =2(3) - (2)= 2

e Note that
1
Zm(Ej) = 22,—2 < 00,
jEN jend
which converges by the p-test for sums.

e But then

m(E) = m(lim sup Ej)

J
=m(() U E))
neNj>n
< m( U E;) for every N
Jj=N
< > m(E)
j=N

N—
=220

o Thus E is measurable as a subset of a null set and m(E) = 0.

" 4.7 Fall 2017.2
Let f(x) = 2% and E C [0,00) == R™.
1. Show that
m*(E) =0 < m*(f(F)) =0.
2. Deduce that the map
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0: LRT) = LRT)
Ew f(E)

is a bijection from the class of Lebesgue measurable sets of [0, 00) to itself.

Solution:
a.

It suffices to consider the bounded case, i.e. E C Bjs(0) for some M. Then write E,
B,(0)NE and apply the theorem to E,, and by subadditivity, m*(E) = m*(U,, En)
Lemma: f(x) =22, f~!(z) = \/z are Lipschitz on any compact subset of [0, 00).

Proof: Let g = f or f=1. Then g € C*([0, M]) for any M, so g is differentiable and ¢ is
continuous. Since ¢’ is continuous on a compact interval, it is bounded, so |¢'(z)| < L for all
x. Applying the MV'T,

IA I

[f(@) = fW)l = f(O)lz —y| < Llz —yl.
Lemma: If g is Lipschitz on R", then m(E) =0 = m(g(E)) = 0.
Proof: 1f g is Lipschitz, then
9(Br(x)) € Brr(2),
which is a dilated ball/cube, and so
m*(Bry(z)) < L™ -m*(B,(x)).

Now choose {Q;} = E; then {g(Q;)} = g(E).
By the above observation,

9(Q5)] < L™|Qj1,

and so

m*(g(E)) < Y 19(@) < Y L"Q;1 = L") Qs — 0.
J J J
Now just take g(x) = 22 for one direction, and g(x) = f~!(x) = y/z for the other.

b.

Lemma: E is measurable iff E = K[[N for some
K compact, N null.

Write £ = K[[N where K is compact and N is null.

Then ¢~ (E) = ¢~ '(KIIN) = ¢~ "(EK)[Tp~ " (N).

Since ¢~ }(N) is null by part (a) and ¢~ !(K) is the preimage of a compact set under a
continuous map and thus compact, ¢~ (FE) = K'[[N’ where K’ is compact and N’ is null, so
¢~ 1(E) is measurable.

So ¢ is a measurable function, and thus yields a well-defined map £(R) — L(R) since it
preserves measurable sets. Restricting to [0,00), f is bijection, and thus so is ¢.
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— 4.8 Spring 2017.1 ~

Let K be the set of numbers in [0, 1] whose decimal expansions do not use the digit 4.

We use the convention that when a decimal number
ends with 4 but all other digits are different from
4, we replace the digit 4 with 399 ---. For example,
0.8754 = 0.8753999 - - -.

Show that K is a compact, nowhere dense set without isolated points, and find the Lebesgue
measure m(K).

Concepts Used:

e Definition: A is nowhere dense <= every interval I contains a subinterval S C A°.

— Equivalently, the interior of the closure is empty, (f)o = (.

Solution:
Claim: K is compact.

o It suffices to show that K¢ :=[0,1]\ K is open; Then K will be a closed and bounded
subset of R and thus compact by Heine-Borel.

o Strategy: write K¢ as the union of open balls (since these form a basis for the Euclidean
topology on R).

— Do this by showing every point x € K¢ is an interior point, i.e. x admits a neigh-
borhood N, such that N, C K*.

o Identify K¢ as the set of real numbers in [0, 1] whose decimal expansion does contain a
4.

— We will show that there exists a neighborhood small enough such that all points in
it contain a 4 in their decimal expansions.

o Let x € K¢ suppose a 4 occurs as the kth digit, and write

k 00
x=0.didy- - dpy 4 dppy1 - = (Z djlo—j) + (4-10—"?) + ( > djm—j) :
j=1

j=k+1

e Set r, < 107" and let y € [0,1] () B,, (z) be arbitrary and write
i .
y= Z ¢;1077.
j=1

e Thus |z —y| < 7, < 107%, and the first k digits of x and y must agree:
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— We first compute the difference:

r—y=>Y d;j1077 => ;1077 => " (d; — ¢;) 1077
=1 i=1 i=1

— Thus (claim)
0 .
lz—y| <D |dj—¢j|107 <107F = |dj —¢;| =0 Vj<k
j=1

— Otherwise we can note that any term |d; — ¢;| > 1 and there is a contribution to
|z — y| of at least 1- 1077 for some j < k, whereas

j<k < 1077 > 107",
a contradiction.

o This means that for all j < k we have d; = ¢;, and in particular dy, = 4 = ¢, so y has a
4 in its decimal expansion.

o But then K¢ =J, By, () is a union of open sets and thus open.

Claim: K is nowhere dense and m(K) = 0:

« Strategy: Show (F)O = 0.

e Since K is closed, K = K, so it suffices to show that K does not properly contain any
interval.

o It suffices to show m(K°) = 1, since this implies m(K) = 0 and since any interval has
strictly positive measure, this will mean K can not contain an interval.

e As in the construction of the Cantor set, let

— K denote [0, 1] with 1 interval (1%, %) of length 11—0 deleted, so

1
m(Kg) = 10"
: . 1.5 14 15 94 95 1
— Kj denote Ky with 9 intervals (W7 W) , (W? W) e (W’ W) of length 155
deleted, so
1 9
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e Then compute

PR 1 & /9\" 1 1
m(K):Z%m”“:leZ%(lO) :10<1_9>:1.

=

Claim: K has no isolated points:

A point z € K is isolated iff there there is an open ball B, (z) containing x such that
B, (z) € K°.

— So every point in this ball should have a 4 in its decimal expansion.

Strategy: show that if x € K, every neighborhood of = intersects K.
Note that m(K,) = (1%)” "0

Also note that we deleted open intervals, and the endpoints of these intervals are never
deleted.

— Thus endpoints of deleted intervals are elements of K.
Fix z. Then for every ¢, by the Archimedean property of R, choose n such that (%) ! <e.

Then there is an endpoint x,, of some deleted interval I, satisfying

|z — 2| < (190) <e.

So every ball containing = contains some endpoint of a removed interval, and thus an
element of K.

4.9 Spring 2017.2 ~

a. Let p be a measure on a measurable space (X, M) and f a positive measurable function.

Define a measure A by

A(E)::[Efdu, EeM

Show that for g any positive measurable function,

/ngx\z/xfgdu

b. Let £ C R be a measurable set such that

/a:de:O.
E
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Show that m(E) = 0.

Concepts Used:

o Absolute continuity of measures: A < u <= EF € M, u(E)=0 = A(F)=0.

e Radon-Nikodym: if A < g, then there exists a measurable function % = f where

ME) = [g fdp.
e Chebyshev’s inequality:

A= {a:GX ’ |f(:v)|20} = M(Ac)gc—P/A |fIPdu Y0 < p < oo.

Solution:
a.

e Strategy: use approximation by simple functions to show absolute continuity and apply
Radon-Nikodym

o Claim: A < p, ie. u(E)=0 = AE)=0.
— Note that if this holds, by Radon-Nikodym, f = g—z = d\ = fdu, which would

yield
/ gdr= / af du.

e So let E' be measurable and suppose p(E) = 0.

e Then

AME) = /Ef dp =nli_>ngO {/Esndu ’ Sn :=j§cju(Ej), Sn /‘f}

where we take a sequence of simple functions increasing to f.

 But since each E; C E, we must have u(E;) = 0 for any such Ej, so every such s, must
be zero and thus A(E) = 0.

b.

« Set g(z) = 22, note that g is positive and measurable.

o By part (a), there exists a positive f such that for any £ C R,

/Egdmz/ngdu

— The LHS is zero by assumption and thus so is the RHS.
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— m < p by construction.

— Note that gf is positive.
. DeﬁneAk:{asGX ‘ gf-XE>%}, for k € Z=°

e Then by Chebyshev with p = 1, for every k& we have

M(Ak)ék[ngdu=0

o Then noting that Ay \ A := {x eX ‘ gf - xe(x) > O}, we have p(A) = 0.
e Since gf is positive, we have
r€FE < gfxp(x) >0 < x€ A
so E = A and p(E) = u(A).

e But m < p and u(E) =0, so we can conclude that m(E) = 0.

— 4.10 Fall 2016.4 ~

Let (X, M, u) be a measure space and suppose {E,,} C M satisfies

lim pu(X\E,)=0.

n—0o0

Define

G = {a: e X ‘ x € E, for only finitely many n} .

Show that G € M and p(G) = 0.

Solution:

e Claim: G € M.

— Claim:

G

(A.05) -0 0%

N=1n=N N=1n=N
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¢ This follows because z is in the RHS <= z € Ef for all but finitely many n
< z € F, for at most finitely many n.

— But M is a o-algebra, and this shows G is obtained by countable unions/intersec-
tions/complements of measurable sets, so G € M.

o Claim: p(GQ) = 0.
— We have

o 4.11 Spring 2016.3 ~

Let f be Lebesgue measurable on R and £ C R be measurable such that

0<A:/Ef(1‘)dw<oo.

Show that for every 0 < ¢ < 1, there exists a measurable set E; C E such that

f(z)dz = tA.
Ey

o 4.12 Spring 2016.5 ~

Let (X, M, i) be a measure space. For f € L'(u) and A > 0, define

e(A\) = p({z € X[f(z) >A})  and  P(A) = p({z € X|f(z) < -A})
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Show that ¢, 1) are Borel measurable and
oo
0

o= [ i)+ wn)] ax
X
— 4.13 Spring 2016.2 ~

Let 0 < A < 1 and construct a Cantor set C) by successively removing middle intervals of length
A

Prove that m(C)) = 0.

" 4.14 Fall 2015.2 ~

Let f: R — R be Lebesgue measurable.

1. Show that there is a sequence of simple functions s, (z) such that s,(z) — f(z) for all z € R.
2. Show that there is a Borel measurable function g such that g = f almost everywhere.

— 4.15 Spring 2015.3 ~

Let p be a finite Borel measure on R and £ C R Borel. Prove that the following statements are
equivalent:
1. Ve > 0 there exists G open and F' closed such that
FCECG and p(G\F)<e.
2. There exists a V € G5 and H € F, such that
HCECV and pu(V\H)=0

o 4.16 Spring 2014.3 ~

Let f: R — R and suppose
vz € R, f(z) > limsup f(y)

Yy—x

Prove that f is Borel measurable.
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o 4.17 Spring 2014.4 ~

Let (X, M, u) be a measure space and suppose f is a measurable function on X. Show that

8 fx {u(fl(l)),

and characterize the collection of functions of each type.

5 ‘ Measure Theory: Functions

— 5.1 Spring 2021.1 ~

Problem 5.1.1 (Spring 2021, 1)
Let (X, M,u) be a measure space and let E, € M be a measurable set for n > 1. Let
fn == xg, be the indicator function of the set ' and show that

—00

a. fn "=° 1 uniformly <= there exists N € N such that E,, = X for all n > N.

n—oo

b. fo(z) "= 1 for almost every z <=

u(ﬂ U(X\Ew)zo.

n>0k>n

Solution:
Part a:
=

e Suppose xg, — 1 uniformly, we want to produce an N such that n > N = z € E,
for all z € X.
o Take € := 1/2. By uniform convergence, for N large enough,

Vn>N |xg,(z)—1]<1/2 Ve e X
< Vn>N xg,(z)=1 Ve e X
<— VYn>N ze€kE, Vee X <~ Vn>N FE,=X,

where we’ve used that F,, C X by definition and this shows X C FE,. So this N suffices.
<—=:

e Let € > 0 be arbitrary.
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e Choose N such that n > N — X = E,,. Then

Yn>N zekE, Ve e X
Vn>N xg,(z)=1 Ve e X
Vn>N |xg,(z)—1=0<e¢ Vo e X,

so X, — 1 uniformly.
Part b:
e Define
S = {xEX ‘ XE, () = 1}
= {x eX ‘ Ve, AN s.t. |xg,(z) — 1] <e,Vk > N}

n>0k>n

L

so S is the set where f,, — f and X \ S is the exceptional set where f,, /4 f doesn’t
converge pointwise.

o Claim: L=X\S,s0ifz el < v X\ L.

e Proof of claim: Suppose there exists an N such that the first line below is true. Then
for a fixed z, there are equivalent statements:

xeS

<= INst. Ve >0, |xg(r)—1<e¢ Vk > N
<= dIN s.t. |xg,(z) -1 =0 Vk > N
<= dIN s.t. xg, () =1 Vk > N
< dN s.t. x € E}, Vk > N
— INst. o ¢ X\ By, Vk> N
— INst.z¢ |J X\ E

k>N
=az¢ () UJX\E

n>0 k>n

— z &L

o Proving the iff: f,, — f almost everywhere <= u(X\S)=0 < u(L)=0.
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— 5.2 Spring 2021.3 ~

Let (X, M, u) be a finite measure space and let {f,}oo; C LY(X, ). Suppose f € L*(X,u) such
that f,,(x) "= f(x) for almost every = € X. Prove that for every £ > 0 there exists M > 0 and a
set £ C X such that u(F) <e and |f,(z)| < M for all z € X \ E and all n € N.

7 5.3 Fall 2020.2 ~

a. Let f: R — R. Prove that

f(z) <liminf f(y) for each x e R <= {z € R ’ f(z) > a} is open for all a € R

Yy—T

b. Recall that a function f : R — R is called lower semi-continuous iff it satisfies either condition
in part (a) above.

Prove that if F is any family of lower semi-continuous functions, then

g(z) = sup{f(2) | f € F}

is Borel measurable.

Note that F need not be a countable family.
" 5.4 Fall 2016.2 ~

Let f,g: [a,b] — R be measurable with

/abf(a:) dx = /abg(m) dx.

Show that either

1. f(z) = g(z) almost everywhere, or
2. There exists a measurable set E C [a, b] such that

/Ef(x)dx>/Eg(x)dx

Concepts Used:
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« Monotonicity of the Lebesgue integral: f <gon A = [, f< [49

Strategy:
Take the assumption and the negation of (1) and show (2). The obvious move: define the set A
where they differ. The non-obvious move: split A itself up to get a strict inequality.

Solution:

o Write X = [a,b],

e Suppose it is not the case that f = ¢ almost everywhere; then letting A =
{:c eX ’ f(z) # g(:c)}, we have m(A) > 0.

o Write

A=AlA2 :=A{f > g} II{f < g}

o Both A; are measurable:

— Since f, g are measurable functions, so is h = f —g.
— We can write

A={zex ] h> 0} =h1((0,00))
Ay i={z e X [ h<0}=h7Y((~00,0)),

and pullbacks of Borel sets by measurable functions are measurable.

o Then on E, we have f(z) > g(z) pointwise. This is preserved by monotonicity of the
integral, thus

f(x) > g(x) on E = /Ef(x) dx > /Eg(x) dzx.

— 5.5 Spring 2016.4 ~

Let E C R be measurable with m(E) < co. Define
f(z) = m(E N (E +2)).
Show that
1. fe LYR).

2. f is uniformly continuous.
3. limpy o0 f(7) = 0.
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I Integrals: Convergence

Hint:

XEﬁ(E+x)(y) =xe¥)xe(y — )

6 ‘ Integrals: Convergence

) 6.1 Fall 2020.3 |
Problem 6.1.1 (7)
Let f be a non-negative Lebesgue measurable function on [1, 00).
a. Prove that
1 b 1 b1
1< d - ——d
- <b—a/a /(@) x) (b—a/a fx) a:)
for any 1 < a < b < oco.
b. Prove that if f satisfies
t
/ f(z)dz < t?log(t)
1
for all t € [1,00), then
© 1
——dr =00
e
Hint: write
c3 | N |
——dxr = / —— dx.
/1 Y2 ) T@
Solution:
Part 1: By Holder with p = ¢ =2 on Lq[a,b],
N2 an2 |k e 112 12_/b '/bl
o) = lidlf = #2773 < 2], 2], = ) p@rda [0 a
Part 2: It suffices to show
2k+1 1
— > ¢ where cp, = 00.
L >
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Integrals: Convergence

Manipulate the given inequality a bit:

b b ) b\ ! 1
[ 1= [ <00 — (/ f) 0]

- .
Rewrite the bound in part 1:
[3=([ e 0
- —a
a [ \Ua ~ b2log(b)
Now set a = 2F, b = 2F+1:
2kl ok+1 _ 9k)2 92k
[ ar> ( S _ — 0(1/k),
o F@) T PTG 1) log(2) | 2% - 4(k + 1) log(2)
and > 1/k = oo.
— 6.2 Spring 2021.2 ~
Problem 6.2.1 (7)
Calculate the following limit, justifying each step of your calculation:
n z
L:= lim M dx.
n—00 Jo 224 cos (£)
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Integrals: Convergence

Solution: e If interchanging a limit and integral is justified, we have

[T ¢
n—00 J(0,n) 22 4 cos (£)

= lim X(0.m) (X)) 52— 0s (3) dx
n—00 /(0,00) (Om) ¥ 22 + cos (%)
DCT cos (£)
= li _ P \n)
/(o,oo) n60 X(0; m (@ )xQ + cos (£) dr
cos (£ )m I
(%)
_ . Iimn_m; cos (£) "
(0,00) limy, o0 22 4 cos (£)

1‘ T o z
:/ cos (limy, o0 £) I
(0

00) T2 4 cos (limy, o0 £)

_/ Ly
~ Joee) 22 +1 *

where we’ve used that cos(f) is continuous on R to pass a limit inside, noting that x is
fixed in the integrand.

o Justifying the interchange: DCT. Write f,,(z) = cos(x/n)/(x? + cos(z/n)).
e On (o, ) for any o > 1:

— We have
1
22 + cos(z/n)

1
_$2_17

[fn(@) <

where we’ve used that —1 < cos(z/n) < 1 for every z, and so the denominator is

minimized when cos(z/n) = —1, and this maximizes the quantity.
— Setting g(z) == 1/(2? — 1), we have g € L'(a, o0) by the limit comparison test with
h(z) = 2%
g(x) 22— 1 1 200
— = =1-— 1<
h(z) x? x? o

and so g, h either both converge or both diverge. But [5° x—IQ dx < oo by the p-test
for integrals since a > 1.

e On (0,q):
— Just use that f,(x) is bounded by a constant:
| cos(z/n) cos(z/n)|
()] = x? +cos(x/n)’ = lcos(z/n)| L

where we've used that x? is positive, and removing it from the denominator only
makes the quantity larger.
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n Integrals: Convergence

— Then check that [§'1dz = a < o0, so 1 € L'(0, ).

— 6.3 Spring 2021.5

Problem 6.3.1 (7)
Let f, € L?([0,1]) for n € N, and assume that

o |fully < nTo for all n € N,

. ]?n is supported in the interval [27, 2”“], S0
. 1 ‘
fn(f) = / fn(l.)e%rzf-:c dr=20 for 6 g [271’2»,1_1_1]‘
0

Prove that 3, cy fn converges in the Hilbert space L2([0, 1]).

Hint: Plancherel’s identity may be helpful.

AWarning 6.3.1
Although this mentions Plancherel, probably what is needed is Parseval’s identity:

S [f[ = [ 15w as,

keZ
" 6.4 Fall 2019.2
Prove that
d" sinz 1
dx™ x |~ n
for all z # 0 and positive integers n.
1
Hint: Consider / cos(tz)dt
0
Solution:
65
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n Integrals: Convergence

Concepts Used:

« DCT
¢ Bounding in the right place. Don’t evaluate the actual integral!

e By induction on the number of limits we can pass through the integral.

e For n = 1 we first pass one derivative into the integral: let x, — x be any sequence
converging to x, then

0 sin(x o !
E ; ):%/0 cos(tx) dt

1 1 1
= lim </ cos(txy,) dt—/ cos(tx) dt)
Tn =T Ty — X 0 0
1 _
~ lim ( / cos(txy,) — cos(tx) dt)
0

Tp — T

1
= zligz </0 (t sin(tx)
1
= lim </ tsin(t&y,) dt>
En— 0
1
0

n—T

B ) dt) where &, € [z, 2] by MVT,§, — x

1
:/ tsin(tx) dt
0

o Taking absolute values we obtain an upper bound

0 sin(z)
or «x

1
/ tsin(tx) dt‘

0

1
< / ¢ sin(tz)| dt
0

1
S/ 1dt =1,
0

since t € [0,1] = |t| < 1, and [sin(zt)| < 1 for any = and ¢.

o Note that this bound also justifies the DCT, since the functions f,(t) = tsin(t,) are
uniformly dominated by g(t) = 1 on L*([0,1]).
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Note: integrating by parts here yields the actual

formula:
! - 1
=it t t=1 +
/ tsin(tz) dt =1pp (M) ‘ _/ cos(tx) 0
0 X t=0 0 €T
_ —cos(z) sin(z)
= - =
x cos(z) — sin(z)
e wz .

o For the inductive step, we assume that we can pass n — 1 limits through the integral and
show we can pass the nth through as well.

O" sin(x ol
Py :c( ) = 3 /0 cos(tz) dt
a 1 an—l
- % o Oxn—1

—8/1t”—1f (z,t) dt
_a$ 0 n—1\T,

— Note that f,(z,t) = +sin(tz) when n is odd and f,(z,t) = % cos(tz) when n is
even, and a constant factor of ¢ is multiplied when each derivative is taken.

cos(tz) dt

« We continue as in the base case:

o [t ! - t) — fo—1(a,t
f/ " (2 t)dt = lim [ ! (f” 1(Znt) — Fna (@, )) dt
ox Jo Tp—z o Ty — X
=y lim lt”_l% (&k,t)dt  where & € [zg, 2], & — ©
zp—z Jo ox ’ ’
1 af
o . n—1 n—1
=por | Jim 70— (€, 1) dt
1
— 3 n
= [ i g,
1
::/ t" fr(x,t) dt.
0
— We’ve used the fact that fo(z) = cos(tx) is smooth as a function of z, and in
particular continuous
— The DCT is justified because the functions h, ;(x,t) = t" f (&, t) are again uni-
formly (in k) bounded by 1 since t < 1 = " < 1 and each f, is a sin or
cosine.
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n Integrals: Convergence

o Now take absolute values

0" sin(x)

o™ =z

- ‘/01 " fo () db
< [ sty ai

1
s/o 471 fo (2, 2)| dlt

1
g/ 7] - 1 dt
0
1
< / t" dt since t is positive
0
- 1
Con+1
1
< —.
n

— We've again used the fact that f,,(z,t) is of the form =+ cos(tz) or £sin(tx), both
of which are bounded by 1.

)
[

6.5 Spring 2020.5

Compute the following limit and justify your calculations:

n 22 —(n+1)
lim 1+ — dx.
0

n—00 n

Solution:

Concepts Used:

« DCT
o Passing limits through products and quotients
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n Integrals: Convergence

Note that
(n+1) 1
lim (1 + —) = T
" n lim,, <1 + $2> (1 + %2)
1
- 1-e%?

— e,

If passing the limit through the integral is justified, we will have

" 22 —(n+1) 22 —(n+1)
lim (1 + —) dr = lim X[0,n] (1 + —) dx
0 n

n—00 n n—oo JR

n—oo

—(n+1)
“ ,}Lngo< ) e
N 2
b

NG

5

2 (n+1)
- / lim (o0 <1+g> dr  bytheDCT

Computing the last integral:

2
(e = () ()
R R R

:/ / 6_(w+y)2 dx

RJR
2w oo 5

:/ / e " rdrdf uw=r?
0 0
1 2w oo

=— e “dudf
oh
1 2m

= /0

:7‘("

and now use the fact that the function is even so [5° f = % [ f.

Justifying the DCT:

e Apply Bernoulli’s inequality:

where the last inequality follows from the fact that 1 + % >1
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— 6.6 Spring 2019.3 ~

Let {fx} be any sequence of functions in L?([0, 1]) satisfying || fx||, < M for all k € N.
Prove that if fy — f almost everywhere, then f € L?([0,1]) with ||f|l, < M and

lim /01 fr(z)dx = /01 f(x)dx

k—o0

Hint: Try using Fatou’s Lemma to show that || f||, <
M and then try applying Egorov’s Theorem.

Solution:

Concepts Used:

o Definition of LT: space of measurable function X — [0, o0].

 Fatou: For any sequence of L™ functions, [liminf f,, < liminf [ f,.

e Egorov’s Theorem: If E C R" is measurable, m(F) > 0, fx : E — R a sequence
of measurable functions where lim,,_,~ fn(2z) exists and is finite a.e., then f, —
f almost uniformly: for every € > 0 there exists a closed subset F. C FE with
m(E \ F) < e and f, — f uniformly on F.

L? bound:

o Since fr — f almost everywhere, liminf, f,(z) = f(x) a.e.
o ||fnlly < oo implies each f,, is measurable and thus | j"n|2 € LT, so we can apply Fatou:

1715 = [ 1)
_ /limninf|fn(w)|2
< liminf [ |fo(2)]?
Fatou n
< limninfM
=M.
o Thus [|f]l, < VM < cc implying f € L2

Equality of Integrals:

e Take the sequence ¢, = %
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n Integrals: Convergence

e Apply Egorov’s theorem: obtain a set F. such that f, — f uniformly on F. and

m(I\ F;) <e
. 1 . 1
i | [ -] < i[5 1]
=n15%o</ a1+ [ ”‘f'>
= / li_)m |fr— f]+ lim / by uniform convergence
an o0 n—

=0+ lim | fn — 1,

n—oo I\F

so it suffices to show [p p [fn — f] 20,

e We can obtain a bound using Holder’s inequality with p = ¢ = 2:

/I\FE o fl < </1\F6 Ifn—f|2> </1\F6 |1|2)
— < / s f!2> H(F)

[ = fllon(F2)

<
< (I fallo + 1£1lo) n(F2)
<2M - p(Fr)

where M is now a constant not depending on ¢ or n.

o Now take a nested sequence of sets F. with p(F.) — 0 and applying continuity of measure
yields the desired statement.

— 6.7 Fall 2018.6 ~

Compute the following limit and justify your calculations:

n d
lim a:

R TR

Solution:
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Concepts Used:

« Note that z# "= 1 for any 0 < x < oo.
e Thus the integrand converges to e%, which is integrable on (0
e Break the integrand up:

00 1 1 1 0o
b vt =k b
" 6.8 Fall 2018.3

Suppose f(z) and = f(x) are integrable on R. Define F' by
F(t) ::/ f(z) cos(zt)dx

Show that

oo

F'(t) = — /_ xf(x)sin(zt)dx.

o0

1+ %)nx%

,00) and integrates to 1.

1
dx.

Solution:

Concepts Used:

¢ Mean Value Theorem
DCT

0

ot

Fiy=2

ot
DCT

/ f(z) cos(zt) dz
R
/R f(az)% cos(at) da

/ xf(x)cos(zt) dx,
R

so it only remains to justify the DCT.
o Fix ¢, then let ¢,, — t be arbitrary.

6.8 Fall 2018.3
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Integrals: Convergence

e Define

bl ) = 12

cos(tx) — cos(tn:v)> nesoo O

— o (@) cos(at)

since cos(tx) is differentiable in ¢ and this is the limit definition of differentiability.

o Note that
9 cos(tz) = lim cos(tz) — cos(ty)
ot tn—t tn — 1t
0
MyT 5% cos(tx) ‘ for some &, € [t, t,] or [tn,1]
t=En
= zsin(§,)

where &, "2 ¢ since wlog t, <&, <tandt, "t.

e We then have
|hn ()] = [f(2)z sin(§nx)| < |zf(z)] since [sin(éyx)] <1
for every x and every n.

e Since zf(x) € L'(R) by assumption, the DCT applies.

= 6.9 Spring 2018.5

Suppose that

e fn,f € Lla
e fn — f almost everywhere, and

o Jlfal = JIfI-

Show that [ f, — [ f.

Solution:
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Concepts Used:

o Fatou:
/ liminf f, < liminf / fn
/lim sup fn > lim sup/fn.
o Since [|fa] "= [|f], define
hn = |fn — f] "0 ae.
gn = |ful + 111 "0 2/f] ace.

— Note that g, — hyp "=° 2|f] — 0 = 2|f|.

« Then
/2|fy :/limninf(gn—hn)
_ / lim inf(g,) + / lim inf(—,,)
_ / lim inf(g,) — / tim sup(h)

= [21f1 - [ timsup(i,)

< /2|f| —limsup/hn by Fatou,

o Since f € L', [2|f] = 2||f|l; < oo and it makes sense to subtract it from both sides,
thus

0< —limsup/hn
= —limsup/|fn—f|.

which forces limsup,, [ |f, — f| = 0, since

— The integral of a nonnegative function is nonnegative, so [ |f, — f| > 0.

= So (= [|fa—f) <0.
— But the above inequality shows (— [ |f, — f]) > 0 as well.

o Since liminf,, [ h, <limsup, [ h, =0, lim, [ h, exists and is equal to zero.

o= 5= 5= 1] < [15.- 1

o But then
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and taking lim,,_,, on both sides yields

Ji | [ g [ o] < m [15,- 110
50 limpseo [ fu = [ f.

— 6.10 Spring 2018.2 ~
Let
x
= — > 0.
fn(x) T x>0
a. Show that this sequence converges pointwise and find its limit. Is the convergence uniform
on [0,00)7
b. Compute
Jm [ fa(w)da
Solution:

Concepts Used:

o« 7

Part a Claim: f, does not converge uniformly to its limit.

o Note each f,(z) is clearly continuous on (0,00), since it is a quotient of continuous
functions where the denominator is never zero.

« Note
r<1l = 2""=°0 and z>1 — 2" "= .
e Thus
z, 0<z<1
T
fal@) = 1 T f@) =14 2 =1
0, z>1
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o If f, — f uniformly on [0,00), it would converge uniformly on every subset and thus
uniformly on (0, c0).

— Then f would be a uniform limit of continuous functions on (0, 00) and thus con-
tinuous on (0, 00).

— By uniqueness of limits, f,, would converge to the pointwise limit f above, which is
not continuous at z = 1, a contradiction.

Part b - If the DCT applies, interchange the limit and integral:
nh_)ngo/o fo(z)dr = /0 Jim fn(z)dx DCT
— | t@yda
0

1 e’}
:/xdac—i—/ 0dz
0 1
1 52

L

e To justify the DCT, write

[ n@=[ ne+ [ h.

o fn restricted to (0, 1) is uniformly bounded by go(z) = 1 in the first integral, since

T < 1
1+ 2m 1+ 2z

z€[0,1] = <1:=g(x)

SO

1 1
/ fn(a:)d:cg/ ldr =1 < o0.
0 0

Also note that go - x(0,1) € L*((0, 00)).
« The f, restricted to (1,00) are uniformly bounded by g;(z) = 2 on [1,00), since

x T 1 1 1
1+xn_E:FSEEL([1,OO)When7’LZ3,

z € (l,00) =
by the p-test for integrals.

e So set

9= 90" X(0,1) T 91" X[1,00)>

then by the above arguments g € L'((0,000)) and f,, < g everywhere, so the DCT applies.
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e 6.11 Fall 2016.3 __
Let f € L'(R). Show that
tim [ 17y =) = f0)]dy = 0
Solution:
Concepts Used: ]
o O — LP is dense.
o If f...7

« Fixing notation, set 7, f(y) := f(y — x); we then want to show
0
I7ef = fllps =0
o Claim: by an €/3 argument, it suffices to show this for compactly supported functions:

— Since f € L', choose g, C C>*(R!) smooth and compactly supported so that
1f =gl <e

— Claim: ||7,.f — 29| < e.
{ Proof 1: translation invariance of the integral.

& Proof 2: Apply a change of variables:
Irof =gl = [ I7af(w) = 7aa(w)] dy
= / [fly—x) —g(y —2)|dy
R
= [ 1) —g(ldu  (u=y -, du=dy)

— Then
Imef = fllh = I7ef —Teg + 729 —9+9— fl;
< ref = 1eglly + lwg —glly + g — fll;
<2+ |9 —gll;-

o To show this for compactly supported functions:

7
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— Let g € C°(R1Y), let E = supp(g), and write
729 —gll; = [R l9(y — ) — g(y)| dy
= /E l9(y — ) — g(y)ldy + [E l9(y — ) = g(y)l dy

= /E l9(y — x) — g(y)| dy.

— But g is smooth and compactly supported on E, and thus uniformly continuous on

E, so
iig%[E\g(y—x)—g(y)ldy=/Eiig5\g(y—w)—g(y)\dy
=/ 0dy
E
=0.
— 6.12 Fall 2015.3 ~

Problem 6.12.1 (?)
Compute the following limit:

. n npne ® [z
hm/ sin | — | dx
n—oo J1 14 nx? n

Solution:

o0 —X o0 —X
[ = lim ° _sin <5> X[1n] d = / € lim sin <5> XL 4 = 0,
) 1 n )

n—oo Jq %4_332 n 2 n=oo

since sin(x/n) — 0. Passing the limit through the integral is justified by the DCT: write

ne % T
fa(z) = ——sin (ﬁ) X[1,n]-

1 + na?
Then
e—CC
fal@)] < g(a) = S € L1 (1,00),
since
o0 1 o0
1l = | || @< [ | do=1< o0,
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— 6.13 Fall 2015.4 ~

Let f:[1,00) — R such that f(1) =1 and

1

F) =

Show that the following limit exists and satisfies the equality

lim f(z) <1+~

T—00 4

7 ‘ Integrals: Approximation

" 7.1 Fall 2021.2 ~

Problem 7.1.1 (?) a. Let F C R be closed, and define
dr(y) = inf |z —y|.

zeF

For y ¢ F, show that

2
z—y|2de < ——,
/F| vl ~ or(y)

b. Let ' C R be a closed set whose complement has finite measure, i.e. m(R \ F) < oo.

Define the function
Or(y)
I(z) = / d
(=) R [T —y[?

Prove that I(z) = oo if x ¢ F, however I(z) < oo for almost every x € F'.

Hint: investigate [}, I(x)dz.

Solution (Part a):
Let y € F¢ which is open, then one can find an epsilon ball about y avoiding F. We can
take € := dp(y) to define A := B.(y), and we still have A C F° and F C A°. Note that
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I Integrals: Approximation

|z —y|> = (z — y)? since this is always positive, then

[y Pde< [ oy de
F Ac
—€
:/ (x7)2dx+/ (x—y) 2 de
—E€
—/ 2dx—i—/ 2 dx

U=—00

U=—=& U=00

Solution (Part b):

Estimate:
/I ) dx —// dydx
—/ or(y /x)dxdy
— [oe) [ vy + [ aet) [ sy

_0+/ or(y /733 )dafdy

<[ 2dy
Fc

= 2u(F°)

< 00,

where we've used that y € F' = Jp(y) = 0 and applied the bound from the first part. We've
also implicitly used Fubini-Tonelli to change the order of integration, justified by positivity of
the integrand and the finite iterated integral. This forces I(x) < oo for almost every z € F,
since if I(x) is unbounded on any positive measure set then this integral would diverge.

If ¢ F, pick an e-ball A about = avoiding F' so that |x —y| > ¢ for any y € A° and thus
(x —y)~? < e72. Note that §p(y) > ¢, so

= / 5r(y)(z —y) 2 dy
R

> [ Sp(y)(z—y)Pdy
Ac

> [ Sp(y)e2dy
Ac

2/ e ldy

= p(A%)e™!
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which can be made arbitrarily large by taking ¢ — 0.
#todo: Not great, A° depends on ¢ so this ratio has a competing numerator. . .

o 7.2 Spring 2018.3 ~

Let f be a non-negative measurable function on [0, 1].

Show that

=

S, ( /M f(x)pdx) = [ £llse-

Concepts Used:

o ||fllo = inf; {t ’ m ({a: e R" ‘ f(z) > t}) = O}, i.e. this is the lowest upper bound that
holds almost everywhere.

Solution:
o N1, < M lloe:
— Note |f(z)| < [/ f||,, almost everywhere and taking pth powers preserves this in-
equality.
— Thus
lf(x)] < [|flloo a.e. by definition
= [f(@)[" < |fIl5% forp=>0
— I/l = [ 1@ do
X
< P dx
< [ 112
= £z, [ 1da
= [|f||%, - m(X) since the norm doesn’t depend on x
=[IfII% since m(X) = 1.
¢ Thus [[f[|, < [|fll for all p and taking lim;, .o preserves this inequality.
o N1, = 1 lloe:
— Fixe > 0.
— Define

S ={z e R" | |£(@)] = Ifllc — ¢}
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¢ Note that m(S:) > 0; otherwise if m(S:) =0, then t := || f||,, — ¢ < || f.. But
this produces a smaller upper bound almost everywhere than || f||,, contradict-
ing the definition of || f||. as an infimum over such bounds.

— Then
171 = [ 1@ da
X
> | |f(x)]P de since S: C X
Se

> [ flle =l do - since on Se.[f] = 1fll — =

=||fllo —¢€l? - m(S;) since the integrand is independent of
>0 since m(S:) >0
— Taking pth roots for p > 1 preserves the inequality, so
1

0
— (£l = 1l — &l m(S)7 =5 1 flloo — &l =3 1| £lloo

where we’ve used the fact that above arguments work
— Thus [|f][, = [ fll-

— 7.3 Spring 2018.4 ~

Let f € L?([0,1]) and suppose

(x)x"dx = 0 for all integers n > 0.
[0,1]

Show that f = 0 almost everywhere.

Concepts Used:

o Weierstrass Approximation: A continuous function on a compact set can be uniformly
approximated by polynomials.

« C*(]0,1]) is dense in L?([0,1])

o Polynomials are dense in LP(X, M, ) for any X C R" compact and p a finite measure,
forall 1 <p < .

— Use Weierstrass Approximation, then uniform convergence implies LP(u) conver-
gence by DCT.

Solution:
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Integrals: Approximation

Proof (using Fourier transforms).

o FixkeZ.

o Since e2mikz

is continuous on the compact interval [0, 1], it is uniformly continuous.
e Thus there is a sequence of polynomials P, such that

l— i
PE n 0 627mk:v

)

uniformly on [0, 1].
» Note applying linearity to the assumption [ f(x)z"™, we have
/f(a:)x” de =0Vn = /f(a:)p(x) drx =0

for any polynomial p(x), and in particular for Py (z) for every ¢ and every k.

« But then

1 .
wazAf@fm“M

1
— [ #(@ Jim Pu(a)
0 {—r00
1
= Zlim f(z)Py(x) by uniform convergence on a compact interval
—o0 Jo
= lim 0 by assumption
£—00
=0 VkeZ,

so f is orthogonal to every ey.

e Thus f € St := spang {ek}é_ez C L?([0,1]), but since this is a basis, S is dense
and thus S+ = {0} in L2([0, 1]).

e Thus f =0 in L?([0,1]), which implies that f is zero almost everywhere.
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I Integrals: Approximation

Proof (Alternative).

By density of polynomials, for f € L?([0,1]) choose p.(x) such that || f — pc| < €
by Weierstrass approximation.

e Then on one hand,

1£CF =polly = [[£2], = 1F - pelly
= Hf2H1 — 0 by assumption

= [I£113-
— Where we've used that || f2||, = [ |f?| = [If)? = Hng

e On the other hand

1£(f = o)l <IN f = pellc by Holder
<elfll

< e[ flla/m(X)

=¢l||f|l, since m(X) =1.
— Where we've used that || fglly = [ [fg] = [fllg] < [ Iflloclgl = I1flosllgll:-
o Combining these,
2
11z < [IFllee = [Ifllz <& —=0,.

so || fll; = 0, which implies f = 0 almost everywhere.

— 7.4 Spring 2015.2 ~

Let f : R — C be continuous with period 1. Prove that
N—oo N

1 Y 1
lim —E:f(noz):/ F(H)dt YaeR\ Q.
n=1 0

Hint: show this first for the functions f(t) = e?mikt
fork € Z.
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S 7.5 Fall 2014.4 ~

Problem 7.5.1 (7)
Let g € L*([0,1]) Prove that

/ f(z)g(x)dx =0 for all continuous f : [0,1] = R = g(x) = 0 almost everywhere.
(0,1]

Concepts Used:

o Polar decomposition: f = sign(f)-|f].
o L>®[0,1] C LY0,1].

Solution:
Use that L>°[0,1] C L'[0, 1], so fixing g, choose a sequence of compactly supported continuous
functions fi converging to sign(g) in L. We can arrange so that |gx| < 1. Then

/\g\ Z/Sign(g) g
Z/lilgngky

DCT ;.
= h,gn/gk-g

=limO0
k
=0,

where the DCT applies since defining hy, := g - g we have |hg| < g € L1[0, 1], and each integral
is zero since g is continuous (and we use the hypothesis).

8 |

— 8.1 Spring 2021.4 ~

Let f, g be Lebesgue integrable on R and let g, (z) := g(x — n). Prove that

i (Lf + gnlly = [[f1l + lgll;-
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Concepts Used:

o For f € LX), ||Ifll, = [x |f(2)|dz < cc.

 Small tails in L;: if f € L*(R"), then for every £ > 0 exists some radius R such that

1l (msy < e

e Shift g to the right far enough so that the two densities are mostly disjoint:

Figure 1: Shifting density

o Any integral f; f can be written as || f||; — O(err).

e Bounding technique:

a—e<b<a+e = b=a.

Solution:

e Fix e.

« Using small tails for f,g € L', choose Ry, Ry > 0 so that

[ i<
BRl(O)C

/ gl < e
BR2 (O)C
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— Note that this implies

Ry
[ os=ns -2
Ry

Ro
| lonl = llawl - 2=
Ry

— Also note that by translation invariance of the Lebesgue integral, ||g||; = |lgn||;-

e Now use N to make the densities almost disjoint: choose N > 1 so that N — Ry > Rj:

Figure 2: Shifting density

e Consider the change of variables x — x — N:

Ro N+R» N+Ro
[ @l = [ gt - Wl i= [ oyt o

—R> N—-Rs —R>

— Use this to conclude that

N+Ro
[ lanl = llgwll — 2.

N—-Ry

e Now split the integral in the problem statement at Ri:

— 00

Rq 00
£ +gwlh = [ 1f+oxl= [ 1f+oxl+ [ 1f+onl =D+ I
1

e Idea: from the picture,

— On I, f is big and gy is small
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— On Iy, f is small and gy is big
o Casework: estimate I, Iy separately, bounding from above and below.

e [{ upper bound:

Ry
I ;:/ |f + gn]
oo

R1 R1
= [ i1+ [ lowl
Ry N—R>
S/ |f|+/  lgnl R <N -Ry

=gl = [ 11+ [ law

<lflh - [ 171+e
< ISl +e.

R1
< [+ law
o0

— In the last step we’ve used that we’re subtracting off a positive number, so forgetting
it only makes things larger.

— We’ve also used monotonicity of the Lebesgue integral: if A < B, then (¢, A) C (¢, B)
and ch [f] < ch | f| since | f] is positive.

e I lower bound:

Ry
I 1=/ |f + gn|

Ry
> [ 1f1= lon]
Ry Ry
= [ 1= [ o
—o0o —o0
Ry N—Rsa
> [Cu= [ ol Ri< N - R,
—00 o0

=gl = 1= [ law

> |flly—e—¢
= [Iflly = 2.

— Now we’ve used that the integral with g comes in with a negative sign, so extending
the range of integration only makes things smaller. We’ve also used the ¢ bound
on both f and gy here, and both are tail estimates.

e Taken together we conclude

1Flly =26 < L < I £l e=0 = nL=|fl
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e Iy lower bound:

[ee]
Iyi= [ 17+l
Ry

[e.9] o0
< [+ o
Ry Ry

oo Ry
< [Cif1+lavl = [ low
1 —00

R

Ry
<e+lloxl = [ lo]
o0

<e+llgnlly
=&+ llglly-

— Here we’ve again thrown away negative terms, only increasing the bound, and used
the tail estimate on f.

e [> upper bound:

I ;:/ |f + gn]|

R1

o0
= [ “lox+1]
Ry
o0 o0
> [Tl = [ 1]
Ry Ry
R1 0o
—llgwll = [ lowl = [ 1
—o0 Ry

> [lgn |l = 2e.

Here we’ve swapped the order under the absolute value, and used the tail estimates on
both g and f.

Taken together:

llglly —e < Ir < gy + 2.

Note that we have two inequalities:

R1
171 =25 < [ 1f = gxl < ISl +e
o0

o0
lolly =25 < [ 1f = gnl < llgl +=.

1
¢ Add these to obtain

I+ llglly —4e < hi+ L= |If —gnlly < I+ llglly + 2.

e Check that as N — oo as € — 0 to yield the result.
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e 8.2 Fall 2020.4

Problem 8.2.1 (7)
Prove that if zf(x) € L'(R), then

Fly) = [ (@) cos(ya) da

defines a C! function.

Solution: « Fix yg, we’ll show F” exists and is continuous at yq.

e Fix a sequence y, \yo and define

h(xayn) B h(l‘,yo)
Yn — Y0

hin(x) = h(z,y) = f(zx)cos(yz).

e« We can then write
oh .
By (™ ¥0) = 15, fn(2)

e Apply the MVT:

M, yn) — h(z,y0) _ Oh

() 1= I — S () for some § € [yo, yu.

e Use this to get a bound for DCT:

h(z, yn) — h(z, yo)

hp(z)| = ‘
| ()] —
Oh ~
~ |5 @)
Oh
< sup —(w,y)’
YE€[Yo,yn] 9
< sup |zf(z)sin(yz)|
Y€ [yo,yn]
<lzf(z)l,

and by assumption z f(x) € L.
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e So this justifies commuting an integral and a limit:

F(y,) — F
Yn=Yo Yn — Yo

= lim hy(z) dz

PEY [ Nim by (2) da

n—o0

oh
= 8 (z,y0) dz

- /xf(a:) sin(yz) dx,
and since this limit exists and is finite, F' is differentiable at yq.

e That F' is continuous:

Oh

yrlllg%/o Fyn) = yhg%/o Ay (% 9n) du
DCT Oh
N }Lll%/o oy (% 9n) do

/ lim zf(z)sin(y,z) dx

Yn—Y0

— [ af(@)sin(yor) do.

where we’ve used that y — sin(yx) is clearly continuous.

e 8.3 Spring 2020.3

Problem 8.3.1 (7)

a. Prove that if g € L'(R) then

lim |f(z)|dx =0,
N—o0 |z|>N

and demonstrate that it is not necessarily the case that f(z) — 0 as |z| — oc.

b. Prove that if f € L'([1,00]) and is decreasing, then lim, .o f(z) = 0 and in fact
limy 00 xf(x) = 0.

c. If f:[1,00) — [0,00) is decreasing with lim, . zf(z) = 0, does this ensure that
feLi([1,00))?
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Concepts Used:

e Limits
o Cauchy Criterion for Integrals: [ f(x)dz converges iff for every € > 0 there exists an
My such that A, B > My implies | [¥ f) <e ie. ‘ I f‘ Ao

o Integrals of L! functions have vanishing tails: [y |f| N2ee .

o Mean Value Theorem for Integrals: | : f(t)dt = (b—a)f(c) for some c € [a,b].

Proof (of a).
Stated integral equality:

o Lete>0
o C.(R") <= LY(R") is dense so choose {f,} — f with || f, — f|l; — 0.
o Since {f,} are compactly supported, choose Ny > 1 such that f, is zero outside of

By, (0).
e Then

N>Ny — = [ 1= fat o
|z|>N |z|>N

<[ e [
:/ |f — fal

|lz|>N
< [ W=l

~te- ([, 1)
noo </|x|>N 1)

20,
To see that this doesn’t force f(z) — 0 as |z| — oo:

o Take f(x) to be a train of rectangles of height 1 and area 1/27 centered on even integers.
e Then

N—oo

o
[ =2 12 =0
|z|>N =N
as the tail of a convergent sum.
o However f(z) =1 for infinitely many even integers z > N, so f(z) /4 0 as |z| — oo.
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Proof (of b, Solution 1, a slight trick).
o Since f is decreasing on [1,00), for any ¢ € [z — n, x| we have

r—n<t<z = f(x) < f(t) < flx—n).
o Integrate over [z, 2z], using monotonicity of the integral:

2x 2x 2x
f@dt< [ ft)dt< | fle—mn)dt
2x 2%

2z
— f(a) dtg/ fdt< fw—n) [ dt
@) < [ f)dt < ofz—n)

T

e By the Cauchy Criterion for integrals, lim;_, fﬁ T f(t) dt =0.

So the LHS term zf(z) = 0.

Since z > 1, | f(z)| < |zf ()]

o Thus f(z) =5 0 as well.

|
Proof (of b, Solution 2: Variation on the trick).
o Use mean value theorem for integrals:
2x
f(t)dt = xf(cy) for some ¢ € [z,2x] depending on z.
e Since f is decreasing,
P <2 — f(20) < f(e) < f(@)
= 2xf(2z) < 2xf(cy) < 2z f(x)
2z
= 2zf(2z) < 2:6/ f(t)dt <2zf(x)
x
« By Cauchy Criterion, [** f — 0.
e So 2z f(2x) — 0, which by a change of variables gives uf(u) — 0.
o Since u > 1, f(u) <uf(u)so f(u) — 0 as well.
|
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Proof (of b, Solution 3: Contradiction).

T—0

Just showing f(z) — 0:

Toward a contradiction, suppose not.
Since f is decreasing, it can not diverge to +oo
If f(z) — —oo, then f & L*(R): choose x¢ > 1 so that t > zg = f(t) < —1, then

Then t > 29 = |f(t)| > 1, so

/1 \f|>/ \dt>/ 1 =0

Otherwise f(x) — L # 0, some finite limit.

If L > 0:
— Fix e > 0, choose £y > 1 such that t >zy = L—e< f(t) <L
— Then
oo o 0
[Tr= sz [ @-gd-x
1 o) o
If L <0:

— Fix e > 0, choose zp > 1 such that t > 29 = L < f(t) < L+e.

— Then
Amfzéjfzéj(L) dt =

Showing z f(z) =3 0.

Toward a contradiction, suppose not.
(How to show that zf(x) 4 +00?)
If xf(x) = —c0

— Choose a sequence I' = {Z;} such that x; — oo and z; f(x;) — —oc.
— Choose a subsequence I'' = {x;} such that z;f(x;) < —1 for all i and z; < x;41.

— Choose a further subsequence S = {azz el | 2x; < a:i+1}.
— Then since f is always decreasing, for t > ¢, | f| is increasing, and | f(x;)| < |f(2x;)],
Slo)
oo
INEEY |f|>2/ Olar= Y [l = 3w - oo
! o €8 7T z;€8

Ifxf(x) - L#0for 0 <L < oco:

— Fix € > 0, choose an infinite sequence {z;} such that L —e < x; f(z;) < L for all 1.

/1|f!>Z/ |dt>z/ f(z;) dt = lefxz>z _)
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o Ifzf(z) > L#0for —co < L <O0:

— Fix € > 0, choose an infinite sequence {z;} such that L < x;f(x;) < L + ¢ for all i.

/1|f|>Z/ |dt>Z/ f(a;)dt = Zmlfx,>z

|
Proof (of b, Solution 4: Akos’ suggestion).
For x > 1,
2z 2z 2z 00 .
of@| =| [ f@ | < [T1r@lar< [T irwiae< [T 1rw1a =S o
where we’ve used
o Since f is decreasing and lim,_,~ f(z) = 0 from part (a), f is non-negative.
 Since f is positive and decreasing, for every t € [a,b] we have |f(a)| < |f(t)].
o By part (a), the last integral goes to zero.
|

Proof (of b, Solution 5: Peter’s).

o Toward a contradiction, produce a sequence z; — oo with z; f(z;) — oo and z; f(x;) >

€ > 0, then
/f dac>Z/Z+1

Ti4+1
> Z/ f(@it1)
Ti41
=Zﬂmm/ da
i=1 B
o
>3 (@ir1 — ) f(mig1)
i=1
> €
> Tirl — T
= ;( i+1 1)377;—}-1
i=1 Li

which can be ensured by passing to a subsequence where ) % < 00.
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Proof (of c).

« No: take f(z) = —

zlnx
e Then by a u-substitution,

/m f=In(In(z)) =% oo
0

is unbounded, so f ¢ L'([1,00)).

e But
xf(x) = ln(la:) =
[ |
- 8.4 Fall 2019.5 ~

a. Show that if f is continuous with compact support on R, then

tiny [ [f(z =y) = f(z)lda = 0

y—0

b. Let f € L*(R) and for each h > 0 let

Auf@)= gy [ gty

« Prove that || Ay f|l; < | f]1 for all 2 > 0.

o Prove that A f — f in L'(R) as h — 0.

Concepts Used:

« Continuity in L' (recall that DCT won’t work! Notes 19.4, prove it for a dense subset
first).
e Lebesgue differentiation in 1-dimensional case. See HW 5.6.

Solution:
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Proof (of a). e Fix e > 0. If we can find a set A such that the following calculation
holds for A small enough, we’re done:

| 1f@=h) = f@)lda= [ 1f@=h) - f(@)]do
R A
< / €
A
= EM(A) — 07
provided h — 0 as € — 0, which we can arrange if |h| < e.

e Choose A D supp f compact such that supp f 1 C A

— Why this can be done: supp f is compact, so closed and bounded, and con-
tained in some compact interval [—M,M]. So eg. A =[-M — 1, M + 1]
suffices.

o Note that f is still continuous on A, since it is zero on A\supp f, and thus uniformly
continuous (by Heine-Cantor, for example).

e We can rephrase the usual definition of uniform continuity:
Vedd = 6(e) such that |z —y| <d = |f(z) — f(y)|<e Vz,yec A
as

Vedd = d(e) such that |h| <0 = |f(x —h) — f(z)| <e Vazsuchthat z,othe A

e So fix € and choose such a ¢ for A, and choose h such that |h| < min(1,4). Then
the desired computation goes through by uniform continuity of f on A.
|
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Proof (of b).
We have

1 x+h
o | 1w dy

S e
—FTQh//yh y)| dx dy
= [ 17w dy

= [I£1ly,

dzx

/|Ah ]da:—/

and (rough sketch)

dx

1
/R!Ah(f)(ﬂf) — f(z)| dz = L <2h /B(hvz)f(y) dy) — f(z)

1 1
A (M /. /@ dy) 3 Jouy T@

1
<67 35 o ooy 0 =) = S@)] dx dy

1
< _
hS Qh/R ”Txf le dy
— 0 Dby (a).

dx

Remark 8.4.1: This works for arbitrary f € L!, using approximation by continuous functions with
compact support:

o Choose g € CY such that | f —g||, — 0.
By translation invariance, |7, f — Thg||; — 0.

e Write

W\7f—=fli=lmf—9+9—mhg+ 79— flly
< \mnf — gl + llg — fIl + lI7ng — 9|
= |79 — g1,

so it suffices to show that ||7,9 — g|| — 0.

" 8.5 Fall 2017.3 ~
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Let
S = spcan {X(a,b) ‘ a,be R} )
the complex linear span of characteristic functions of intervals of the form (a,b).

Show that for every f € L'(R), there exists a sequence of functions {f,} C S such that

lim |[fn — fly =0

n—o0

Concepts Used:

e From homework: FE is Lebesgue measurable iff there exists a finite union of closed cubes
A such that m(EAA) < e.

Solution:

e Idea: first show this for characteristic functions, then simple functions, then for arbitrary

I
e For characteristic functions:

— Consider x4 for A a measurable set.

— By regularity of the Lebesgue measure, for every € > 0 we can find an I, such that
m(AAI;) < € where I is a finite disjoint union of intervals.

— Then use
e >m(AAle) = /X Ixa — X1.|s

so the xj. converge to x4 in Lj.

— Then just note that x7. = >>;<n x1; where Ic =[[;<n I, so x1. € 5.
e For simple functions:

— Let ¢ = pon kX By -

— By the argument above, for each k we can find I, x such that x;,_, converges to xg,
in L.

So defining e = > <y CkXI.,, the claim is that this will converge to ¢ in Ly.
Note that -

e = ZCkXIE,k = ch ZXIj,k = ZCkXIj,k €S
% % 7 k.

since now the I are indicators of intervals.
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— Moreover

> (XEk - st,k)

k

e — oIl =

< chHXEk = XI.x >
i

where the last norm can be bounded by the proof for characteristic functions.

o For arbitrary functions:

— Now just use that every f € L! can be approximated by simple functions ¢, so
that || f — ¢nll; <& for n>> 1.

— So find ¢, — f, and for each n, find g, € S with |g,r — ©nll, oo 0, an
approximation by functions in S.

— Then

Hf _gn,k” < Hf - Son” + HQOn _gn,k”7

which can be made arbitrarily small.

— 8.6 Spring 2015.4 ~

Problem 8.6.1 (7)
Define

1/3 .
flz,y) = W ifo<z<y
0 otherwise

Carefully show that f € L'(R?).

Solution:
Note that

/ |fldu = / / %1+$y 2dyd9:

1|Y=0o0
:/ -2z~ 3(1—{—2:3/)_5 dx
0

Y=z

[
B 0 %(14—1’2)%
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where

« For the first term: We've entirely neglected the 1 + 22 factor, since neglecting to divide
by a positive number can only make the integrand larger,

e For the second term:

1
V1+ 22

1+22>0 =

< 11
—_ /x2 - x
e Both terms converge by the p-tests.

The use of iterated integration is justified by Tonelli’s theorem on |f| = f, since f is non-
negative and clearly measurable on R?, and if any iterated integral is finite then it is equal to

J1fl.

— 8.7 Fall 2014.3 ~

Problem 8.7.1 (7)
Let f € L'(R). Show that

Ve > 03 > 0 such that m(E) <6 = / |f(z)|dz < €
E

Solution (by contradiction): e« Note that if m(E) =0 then [ f =0 for any f.
e Toward a contradiction, suppose there exists an € > 0 such that for all § > 0 there exists
a set Es C R with m(E) < d but [p [f| > e.
o Let 6, \, 0 be any sequence converging to zero and choose E,, with [ |f| > ¢ for every
n.
s Define E = limsup,, E, = x>1 Up>n En, then m(E) = 0 by Borel-Cantelli.

o Now estimate using Fatou:
L= [ xelr]
E X

:/ thUPXEn‘ﬂ

X n

zlimsup/ XE, | f]
n X

> limsup/ £
Ex

n

> limsupe
n

:5‘7

however / | f| dm = 0 since m(E) = 0, a contradiction. 7.
E
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Solution (direct):
Note that this is clear for simple functions: let ¢ = >7;-, cxm(Ay) < oo be simple function.
then ¢ is necessarily bounded on R, so let M = supg ¢ and estimate

/ 0= Z cgm (A N E)
E k
<> M -m(E)
k
= CMm(E),

for some constant C, so choosing 0 < &4 (and its corresponding E with m(E) < §) bounds
this above by €.

For arbitrary f € L!, there is a sequence of simple functions ¢, with [¢, / [f and
lon — £z, "Z% (). Choose ¢ and E as above, and use the triangle inequality to estimate

Jrr=[1f = ent el
< [N =eu+ [ leal,

choose n > 1 to bound the first term by e, noting that the second term is bounded by ¢ by
the case for simple functions.

— 8.8 Spring 2014.1 ~

Problem 8.8.1 (?) 1. Give an example of a continuous f € L'(R) such that f(z) /4 0
as|z| — oo.

2. Show that if f is uniformly continuous, then

lim f(z)=0.

|z|—00

Solution:

Part 1: Take a train of triangles with base points at k and k + 1, each of area 2%, Then
J1f1~ Y =027" < o0, but f(z) /4 0since f(z) > 0 infinitely often.

Part 2:

e Idea: use contradiction to produce a sequence with arbitrarily large terms, and bound
below an integral in a ball about each point.

e Suppose lim|, o f(z) = L > 0.

— Then for any ¢ there exists an M such that ©+ > M = |f(x)—L| < ¢, so
L—e<f(x)<L+e¢
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— Choosing ¢ = L/2 yields L/2 < f(x) < 3L/2, and so

‘Lmz/%MﬂzAWMww%m

contradicting f € L'(R). #.

e So it must be that this limit does not exist. Fix € > 0, then there are infinitely many x
such that f(z) > ¢, so choose a sequence z;,, — oo with f(z,) > ¢ for each n.

o Now use uniform continuity: pick a uniform 6 = §(¢) such that z € Bs(z,) =

|f(z) = fan)| <e/4.

o Now use that f(z,) —e/4 < f(z) < f(x,) + ¢/4 implies that f(x) > 3¢/4 whenever
x € Bs(xy,) for any n to estimate

/ f(2)|de > 26 -3¢/4 = C = Cj. > 0,
Bs(zn)

where C is a constant.

« But now we’ve contradicted f € L!:

/R\flzz

n>1

fl > C — oo,

n>1

provided we pass to a further subsequence of x,, such that the balls Bs(x,) are disjoint.

¢

O | Fubini-Tonelli

o 9.1 Spring 2021.6 ~

AWarning 9.1.1
This problem may be much harder than expected. Recommended skip.

Let f: R x R — R be a measurable function and for x € R define the set
B, ={yeR | p(z€R | f(z.2) = f(x.9)) > 0}.
Show that the following set is a measurable subset of R x R

E = U {z} x E,.

zeR
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Hint: consider the measurable function h(x,y,z) =

f(xay) — f(.’E,Z)

" 9.2 Fall 2021.4 ~

Problem 9.2.1 (7)
Let f be a measurable function on R. Show that the graph of f has measure zero in R2.

Solution:
Write

= {(x,f(x)) ‘ x € R} C R
Then

p(T) = /Rd Xxr dp

=/ /XF(ﬂs,y)dydfc
Ri-1 JR

0dx
Rd-1
=0,

using that [g xr(z,y) dy = 0 since if z is fixed then xr(z,y) = {f(2)} is a point with measure
zero. Since f is measurable, I' is a measurable set and xr is measurable. Since the iterated
integral was finite, the equalities are justified by Fubini-Tonelli.

— 9.3 Spring 2020.4 ~

Let f,g € L'(R). Argue that H(z,y) = f(y)g(z — y) defines a function in L'(R?) and deduce
from this fact that

(F+9)@) = [ f@ox—vdy
defines a function in L'(R) that satisfies

1 gl < (171 gl

Strategy:
Just do it! Sort out the justification afterward. Use Tonelli.
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Concepts Used:

e Tonelli: non-negative and measurable yields measurability of slices and equality of
iterated integrals

« Fubini: f(x,y) € L' yields integrable slices and equality of iterated integrals

o F/T: apply Tonelli to |f|; if finite, f € L' and apply Fubini to f

e See Folland’s Real Analysis II, p. 68 for a discussion of using Fubini and Tonelli.

Solution: e If these norms can be computed via iterated integrals, we have

7% gly = [ (> 9@ d

::/ ’/ H(z,y)dy| do
- oo
//Lf y)|dr dy
:/R/R|H z,y)| dz dy

— [, Hldug:
R2
= ||H||L1(R2)-

So it suffices to show || H||; < oo.

e A preliminary computation, the validity of which we will show afterward:

15y = 12 11 (r2)
_ / ( / 1y |dy> Tonelli
/ ( / 17 (y ydx> Tonelli
/(/ () ydt) setting t — o — y, dt — —dz
Jo (1t latonar) a
= [ ( /R |g<t>|dt) dy

= [ 1£@)1- gl dy
R

=gl / |f(y)| dy the norm is a constant
R

= llglly[1£1y

< 00 by assumption.

o We’ve used Tonelli twice: to equate the integral to the iterated integral, and to switch
the order of integration, so it remains to show the hypothesis of Tonelli are fulfilled.
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Claim: H is measurable on R2:
Proof (?).

« Tt suffices to show f(z,y) = f(y) and §(z,y) = g(z — y) are both measurable on
R2.

— Then use that products of measurable functions are measurable.

e f € L' by assumption, and L' functions are measurable by definition.
e The function (z,y) — g(z — y) is measurable on R?:

— g is measurable on R by assumption, so the cylinder function G(z,y) = g(x)
on R? is measurable (result from course).
— Define a linear transformation

oy e = of]-F]

and linear functions are measurable.
— Write

g —y) =G —y,y) = (GoT)(z,y),

and compositions of measurable functions are measurable.

o Apply Tonelli to |H]|

— H measurable implies |H| is measurable.

— |H]| is non-negative.

— So the iterated integrals are equal in the extended sense

— The calculation shows the iterated integral is finite, so [ |H| is finite and H is thus
integrable on R2.

Note: Fubini is not needed, since we’re not calcu-
lating the actual integral, just showing H is inte-
grable.

— 9.4 Spring 2019.4 ~

Let f be a non-negative function on R"” and A = {(z,f) e R" x R : 0 <t < f(x)}.

Prove the validity of the following two statements:

a. f is a Lebesgue measurable function on R” <= A is a Lebesgue measurable subset of R"!
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b. If f is a Lebesgue measurable function on R"”, then

m(A)=/nf(m)dx=/ooom({x€R”:f(x)Zt})dt

Concepts Used:

e See Stein and Shakarchi p.82 corollary 3.3.
o Tonelli
-« Important trick! {(z,1) [0 <t < f(2)} = {f(2) >t} N {t > 0}

Solution:
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Proof (a, = ).
-

e Suppose f: R” — R is a measurable function.
¢ Rewrite A:

A

xteRﬂxR’o<t<f(g

{(
{@HeRIxR|0<t<oo}n{(z,) eRI xR |t < ()}
(R?x [0, )m{(m,t)eRde]f(x)—tzo}

= (R x [0,00)) N B~ (0,00)),
where we define

H:R*xR >R
(w,t) = f(z) —t.

— Note: this is “clearly” measurable!

If we can show both sets are measurable, we’re done, since o-algebras are closed
under countable intersections.

o The first set is measurable since it is a Borel set in R4+,

o For the same reason, it suffices to show H is a measurable function.

Define cylinder functions

F:RxR =R
(z,t) = f(x)
and
G:R'xR =R
(z,t) —t

— Fis a cylinder of f, and since f is measurable by assumption, F' is measurable.
— (G is a cylinder on the identity for R, which is measurable, so G is measurable.

e Define

H:RY—>R
(x,t) = F(z,t) — G(z,t) = f(z) —

which are linear combinations of measurable functions and thus measurable.
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Proof (a, < ).
—:

e Suppose A is a measurable set.

e A corollary of Tonelli applied to x x: if E is measurable, then for a.e. t the following
slice is measurable:

A= {z R \ (z,t) € A} = {z ¢ RY \ fl@)>t>0}
=71 ([t, ).
— But maybe this isn’t enough, because we need f~! ([, 00)) for all a
o But the other slice is also measurable for a.e. z:
A, ={teR \ (w,1) € A}

:{tER‘Ogtgf(gc)}
={ter|tec0 f()}
= [0, f(z)].

o Moreover the function x — m(.A;) is a measurable function of x

o Now note m(A;) = f(z) — 0= f(x), so f must be measurable.
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Proof (of b).
o Writing down what the slices are
A={(@1)eR"xR ] 0<t< f@)}

A={zeR" 1< f@)}.

e Then

f(@)
/ f(a:)d:vz/ / 1 dt da
R” nJO
:/ / xA dt dz
nJO
F':T'/ / XA dz dt
0 n

= /000 m(A) dt,

where we just use that [ [ x4 = m(A)
e By Tonelli, all of these integrals are equal.

— This is justified because f was assumed measurable on R™, thus by (a) A is a
measurable set and thus y 4 is a measurable function on R" x R.

— 9.5 Fall 2018.5 ~

Let f > 0 be a measurable function on R. Show that

| 1= [ ma:s@) > thar

Concepts Used:

e Claim: If E C R* x R? is a measurable set, then for almost every y € R?, the slice EY
is measurable and

m(E) = /R m(EY) dy.

— Set g = xg, which is non-negative and measurable, so apply Tonelli.

— Conclude that g¥ = xgv is measurable, the function y — [ ¢¥(x) dx is measurable,
and [ [g¥(x)dxdy = [g.

— But [g=m(E) and [ [¢¥(x)dzdy = [ m(EY) dy.
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Solution:
Note: f is a function R — R in the original prob-
lem, but here I've assumed f: R"™ — R.

e Since f > 0, set

E:={(@t) eR" xR | f(z) >t} = {@ D e R" xR |0 <t < f(2)}.

o Claim: since f is measurable, E is measurable and thus m(FE) makes sense.

— Since f is measurable, F'(z,t) :=t — f(x) is measurable on R"™ x R.
— Then write E = {F < 0} N {t > 0} as an intersection of measurable sets.

o We have slices
E'={zeR"|(z,)c B} = {2 eR" | 0<t< f(a)}]
Er={teR|@nep}={teR|0<t<f(@)} =0, /().
— E, is precisely the set that appears in the original RHS integrand.
- m(E*) = f(z).

o Claim: yp satisfies the conditions of Tonelli, and thus m(F) = [ xg is equal to any
iterated integral.

— Non-negative: clear since 0 < yg <1
— Measurable: characteristic functions of measurable sets are measurable.

¢ Conclude:

1. For almost every z, E¥ is a measurable set, x — m(FE?) is a measurable function,
and m(E) = [gn m(E”) dz
2. For almost every ¢, E is a measurable set, ¢ — m(E!) is a measurable function,

and m(E) = [g m(E")dt

¢ On one hand,

e On the other hand,

m(E) = /R (1)

n+1

I
5

/ Xe(x,t)dxdt by Tonelli
R JR"

m(E") dt second conclusion.

I
T
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e Thus

Rnfdx:m(E):/Rm(Et)dt:/Rm<{x ‘ f(x)>t})

— 9.6 Fall 2015.5 ~

-

Problem 9.6.1 (?)
Let f,g € L*(R) be Borel measurable.

e Show that

— The function

F(z,y) = f(x —y)g(y)

is Borel measurable on R?, and
— For almost every = € R, the function f(x — y)g(y) is integrable with respect to y
on R.

« Show that f*g € L'(R) and

1F > glle < 111 llgllx

Solution:
o« I'c B(R2):

— Write a function f(z,y) = f(z)
1 0
0 -1
— Write f(z —vy) = (f o T)(z,), which is a composition of measurable functions and
thus measurable.
— A product of measurable functions is measurable.

— Write a linear transformation 7' = [ ] € GLg, so T'[z,y] = [z — y,0]

e fxg€ L' (R): estimate

/|f*9|dM:/R/R|f(x—y)g(y)|dmdy
= [ [ 156~ w)llgtw) dedy

= [ o) [ 1@yl dedy
= lglh /11

where we’ve used translation invariance of the L' norm and Fubini-Tonelli justified by
the finite result.
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o F.(y) = f(x —y)g(y) is integrable with respect to y for almost every x:

— This follows from Fubini-Tonelli, which says that if F'(z,y) is integrable, the slices

F*(y) are integrable for almost every x. Here take F'(z,y) == f(z — y)g(y).

o 9.7 Spring 2014.5

-

Problem 9.7.1 (?)
Let f,g € L([0,1]) and for all z € [0, 1] define

Fa) = [ “f@)dy and G(z) = / " o) dy.

Prove that

1 1
/ F(z)g(z) dz = F(1)G(1) - / ()G (x) da
0 0

10 ‘ L? and Fourier Analysis

. 10.1 Fall 2020.5

Problem 10.1.1 (?)

Suppose ¢ € L'(R) with

/gp(az) dx = a.
For each § > 0 and f € L'(R), define
Asf(@) = [ =)o~ (67y) dy.
a. Prove that for all § > 0,
[Asflly < llelly 1 £1];-

b. Prove that

Asf = af in LY(R) as &6 — 0T,

9.7 Spring 2014.5
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Hint: you may use without proof the fact that for
all f € LY(R),

lim /R & — 1) — f(z)|de =0

y—0

Remark 10.1.1: See Folland 8.14.

Solution (Part 1):
This is a direct application of Fubini-Tonelli:

145f1) = [ | [ #la = 0)57 67 0) dy do
< [ [lr@=uo e )| dyde

FZT//\f(x—y)l'\5_1<p(5‘1y)\dxdy
:/\5’190(5’111)\ (/\f(x—y)!dx> dy

= [ |57 1711 dy

=171+ [ |5~ (6~ )| dy
= 111 llel.

Here we’ve used translation and dilation invariance of the Lebesgue integral.

Solution (Part 2):
Write os(y) = 0" 1p(6~1y), then

14sf = aflly = [ 14sf(@) = af (@)|da
— [|[ @~ wyesto) v - as(a)
— [ wt@estwydy - [ s@estwdy
< [ [t @ = @) les(wl dyda
— [ [ins@ ~ @) lgsty)l dudy
= [ 1esl -t = £l dy,

dx

dx

where the interchange of integration order is justified by Tonelli since the integrands are
positive. The goal is to now make this small when ¢ is small.
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One way to do this immediately: make a change of variables y =tz to get

14sf = aflly < [ et = fl dz,

use that |7, f — fll; < 2||f|l; < oo by the triangle inequality and apply the DCT:

tim [ ()] - lreef = fl dz = [ @)t et = £, dz = 0.
More directly, use continuity in L' (as per the hint) to pick a A > 0 such that
Imf = fll<e forye A= {y]|lyl <h}.
Now choose §p > 1 large enough so that
/AC os(y)|dy < for all § > b.
Now
[ o5 -lrd = fldy = [ les@)l- Imof =l dy+ [ Les@l -l f = 11, dy

< [ leswl-edy+ [ les)l- 2011 dy

<elleslly +2ell flly
— 0.

— 10.2 Spring 2020.6 ~

Problem 10.2.1 (?)
a. Show that

L*([0,1]) € LY([0,1]) and (' (Z) C (*(Z).
b. For f € L'([0,1]) define
foy = [ pwye e da,
Prove that if f € L1([0,1]) and {f(n)} € ¢1(Z) then

Sxf@)= Y Fimern,
[n|<N

converges uniformly on [0, 1] to a continuous function g such that g = f almost every-
where.
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Hint: One approach is to argue that if f €
LY([0,1]) with {f(n)} € (\(Z) then f € L2([0,1]).

Concepts Used:
From Neil:

1. f in ¢! ensures that Sy converges uniformly to something, call it g.

2. fE ¢! Tmplies ]? € 2 which (by characterization of an o.n.b.) implies f is in L? (Parseval)
and (again by characterization of an o.n.b.) that Sy converges to f in L? (and hence a
subsequence converges to f a.e.)

3. By uniqueness of limits f = g.

Other stuff:

« For e,(z) = e2™* the set {e,} is an orthonormal basis for L2([0,1]).
o For any orthonormal sequence in a Hilbert space, we have Bessel’s inequality:

. 2
> Kz, en)® <l
k=1

o When {e,} is a basis, the above is an equality (Parseval)
e Arguing uniform convergence: since {f(n)} € (1(Z), we should be able to apply the M
test.

Solution (From Neil):
Claim: if f € L[0,1] and f € ¢}(Z), then Sy f — f uniformly.

e Since fe ¢Y(Z), we have Sy f — g uniformly for some continuous g by the M-test.

e Now consider g. We have
i) = [ 3 (Fomen(@)) e-ale) dz = ),

using that fol en(z) dr = Xn=o.

« We’'ll now show f — ¢ = 0 a.e. by mollifying against an approximate identity ¢ € L',
setting

we(x) = e tp(e tz) € L0, 1).

e A computation:
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SO

—

(f=9)xpe=0 Yn = (f—9)xp-=0,
using that (f — g) * ¢ € L? and {e,} for a complete orthonormal basis of L2,

o Now use that (f —g)* ¢ — (f —g) in L' and (f — g) * - = 0 to conclude f — g = 0 a.e.

Solution (Part 1):
Claim: (Y(Z) C (*(Z).

Proof (?).

Set ¢ = {ck ‘ ke Z} c (\(Z).
It suffices to show that if Y,z x| < 00 then Ypcz |ex]? < oo.

Let 5 = {e | ol < 1}, then o € 5 — Jauf? < e

Claim: S¢ can only contain finitely many elements, all of which are finite.
— If not, either S¢ := {c¢; };’il is infinite with every |c¢;| > 1, which forces
o0 o
> lerl =2 lesl >3 1 =o0.
cp€S°C 7j=1 7j=1
— If any ¢; = oo, then Y oz |ck| > ¢ = o0.

e So S¢is a finite set of finite integers, let N = max {|cj\2 ‘ ¢ € SC} < 00.
o Rewrite the sum

STl = > lel + > el

keZ cLES cp€S°C
<> erl+ >0 ekl
cLES cLESC
< Z lex| + Z x| since the |ci| are all positive
kEZ cpESC
2
=llella + > lexl
cp €SS
< lleflx +15- N
< 0.

Claim: L?([0,1]) C L*([0,1)).
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Proof (?).
o Tt suffices to show that [|f|* <co = [|f]| < oc.
- Define § = {w € [0,1] | |f(2)| <1}, then v € §¢ = |f(2)[* > | f(x)]

e Break up the integral:

L= L+ [
< [1r1+ [ 17

< /S £+ 11l

<sup {If(@)l} - #(S) + 1171,
=1-u(S)+|flly by definition of S
<1-p([0,1]) + | fll, since S C [0,1]

=1+ 111
< oo.

Note: this proof shows L*(X) C L*(X) whenever
w(X) < 0.

Solution (Part 2):

e First, Sy f converges in H to something, say g = lim, oo Sn f, since

lg = Snfll =1 3= F(n)ea(x)

In|>N

< Y |fm)] =0,

In|>N

~

where the last term is the tail of a convergent sum since { f (n)} €t
e This also shows that Sy — ¢ uniformly.
e ¢ is continuous, as the uniform limit of continuous functions.

e Showing that ¢ = f a.e.: it suffices to show that Sy converges to f in LP for some p,
since this will provide a subsequence that converges to f a.e..

e Claim: fe ¢1 C % implies that f € L?. This follows from Parseval:

o> |7 = S 7| = [ 15GIRaz = 113
nez

e Claim: Sy — f in L2
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— This follows from the fact that {e,},cz is a complete orthonormal basis, so f =

~

> (f, en)en uniquely, recognizing f(n) = (f, ey), and writing

f= Z (f, en)en = Z f(n)en = A}gnoo Snf.

+ So a subsequence {Sn, },-, converges to f a.e.. Since Sy — g a.e., f = g a.e. by
uniqueness of limits.

" 10.3 Fall 2017.5 ™~

Let ¢ be a compactly supported smooth function that vanishes outside of an interval [—N, N] such
that [g ¢(z)dz = 1.

For f € L'(R), define
K@) =dea). K@) = | fla =9k dy
and prove the following:

1. Each f x Kj is smooth and compactly supported.

2.

lim £ ¢ K — S, =0

Hint:

lim /R & —1)— F@)ldy =0

y—0

Solution:

Concepts Used:

o« 7

Part a
Lemma: If ¢ € C!, then (f * @)’ = f * ¢ almost everywhere.
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Silly Proof:

F((f x)') = 2mi& F(f * )
= 2mi& F(f) F(p)
= F(f) - 2mig F(p))
=F(f) - F(¥)
=F(f*¢).
Actual proof:

(f x @) (x) = (¢ f) ()
(o f) (x4 h) = (¢ f)(x)

To see that the DCT is justified, we can apply the MVT on the interval [0, k] to f to obtain

w(x+h—y})L—<P(fU—y) =¢'(c) ce0,h],

and since ¢ is continuous and compactly supported, ¢’ is bounded by some M < oo by the
extreme value theorem and thus

[ | PR =) )| - [0

< [ 1]

= M| [ 141 < oo,

since f € L' by assumption, so we can take g :== |M||f| as the dominating function.
Applying this theorem infinitely many times shows that f % ¢ is smooth.

To see that f*¢ is compactly supported, approximate f by a continuous compactly supported
function h, so ||h — f|; L .

Now let g,(y) = ¢(x — y), and note that supp(g) =  — supp(p) which is still compact.

But since supp(h) is bounded, there is some N such that

lz| > N = A, = supp(h) Nsupp(g,) =0
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and thus

o} {a: ‘ f*glx)= 0} is open, and its complement is closed and bounded and thus compact.
Part b

17455 = £l = [ || F@ = 9Ki) dy = (@) d

We now split the integral up into pieces.

1. Chose ¢ small enough such that |y| <d = |[|f — 7, f|; < e by continuity of translation
in L', and

2. Since ¢ is compactly supported, choose J large enough such that

i>J = [ _IKldy= [ ety =0
ly|>6 ly|>6

Then
15455 = £l < [ @)1 1F =71, dy

= [ K@ =l dy s [ VK] = 7l dy

—c [ 1K)+ 0
ly|>6

<g(1) — 0.

— 10.4 Spring 2017.5 ~
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Let f,g € L?(R). Prove that the formula

h(z) = /O:O Fbg(x —t)dt

defines a uniformly continuous function h on R.

o 10.5 Spring 2015.6 ~

Let f € L'(R) and g be a bounded measurable function on R.

1. Show that the convolution f * g is well-defined, bounded, and uniformly continuous on R.
2. Prove that one further assumes that g € C*(R) with bounded derivative, then f *x g € C*(R)
and

d d
g =1 (40)
— 10.6 Fall 2014.5 ~

1. Let f € CO(R™), and show
lim |f(x +t) — f(x)| dz = 0.

t—0 Jrn

2. Extend the above result to f € L'(R™) and show that

feL'(R"), geL®R") = fx*gisbounded and uniformly continuous.

]_ ]_ ‘ Functional Analysis: General

— 11.1 Fall 2019.4 ~
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Problem 11.1.1 (?)
Let {u,}52, be an orthonormal sequence in a Hilbert space H.

a. Prove that for every x € H one has
- 2
> ) <
n=1

b. Prove that for any sequence {a, }°; € ¢?(N) there exists an element 2 € H such that
an = (x, up) for alln € N

and

2 = 2
21 =" [(z, un)|
n=1

Concepts Used:

e Bessel’s Inequality

o Pythagoras

e Surjectivity of the Riesz map

o Parseval’s Identity

o Trick — remember to write out finite sum Sy, and consider ||z — Sy||.

Proof (of a).

e Equivalently, we can show
o0
2 2
lz[I* =~ [z, ua)|* > 0.
n=1

e Claim: the LHS is the norm of an element in H, and thus non-negative. More precisely,
set Sy =N (z, u,)uy, then the above is equal to

2

r— lim Sy
N—o0

Note that if this is true, we’re done.
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e To see this, expand the norm in terms of inner products:

lz — Sn|* = (@ — S, z — Sn)

= (x, ) — (x, Sn) — (SN, =)+ (SN, SN)
= |l=I* + I1Sv1” = ((@, Sw)+ (=, Sw)
= l2ll* + 1S 1I* — 2% ({=, Sw))

R
= [|z|* + [[Sn|* — 2%

(- £
<

N
= [lz)® + ISnl* — 2R | Y- (2, (2, un Un>>
N

~ el + S| — 2R (z @ un>>
n=1

—_

= ||z + 1Sw1I* ~ 29‘32 (@, wn)|?

n=1
2 2 a 2
= lll® + ISnII* =2 ) Kz, un)
n=1
N Z N
2 2
= [lz|* + ||Y_ (@, unun| —2D_ [z, un)]
n=1 n=1
N N N
= H$||2 + <Z <I‘, un>una Z <l’, Um>um> =2 Z |<$a Un>|2
n=1 m=1 n=1
N
= HxH2 + (T, up)(@; um)(Un, Um) — 2 Z |{z, Un>|2
n,m<N n=1
N
= H$||2+ Z (@, un)(@, Um)Omm 22 |(z, un>’2
n,m<N n=1
=llz* + > Kz, un)l? —QZ!JI Un)|
n<N
2 2
= ]| - Z (@, un)l
n=1
o Now take limy_,o, and use that ||—|| is continuous.

Proof (of b).
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Functional Analysis: General

e Set

T = E AUy,

neN

e Checking the first desired property:

<Hf, Um) = <Zanum um>

n>1

e That x € H: this would follow from
22 =" @, un)> =" |an|* < cc.

The inequality holds by assumption since {a,} € ¢2, so it suffices to show the first
equality:

o 11.2 Spring 2019.5 ~
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Functional Analysis: General

a. Show that L2([0,1]) € L'([0,1]) and argue that L?([0,1]) in fact forms a dense subset of
L([0,1]).

b. Let A be a continuous linear functional on L!([0, 1]).
Prove the Riesz Representation Theorem for L([0, 1]) by following the steps below:
i. Establish the existence of a function g € L?([0, 1]) which represents A in the sense that

A(f) = f(z)g(z)dx for all f € L([0,1]).

Hint: You may use, without proof, the Riesz Repre-
sentation Theorem for L*([0,1]).

ii. Argue that the g obtained above must in fact belong to L*°(]0,1]) and represent A in the
sense that

1
A(f) = [ f@)g@@de for all £ & L}([0,1)
with

19l Lo 10,17y = 1Al L1 (jo,17)v

Concepts Used:

« Holders’ inequality: [|fglly < IIf1,/f1,

« Riesz Representation for L?: If A € (L?)V then there exists a unique g € L? such that
A(f) = [ Fg.

o [|fllpeex) = inf {t >0 ‘ |f(z)| <t almost everywhere}.

o Lemma: m(X) < 0o = LP(X) C L*(X).
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Proof .

— Write Holder’s inequality as || fgll; < |/fl,llgl, where 2 + 3 =1, then

I = HLAPHL < WPl L.

— Now take a = 12) and this reduces to

IFIE < 1£15 m(X)#
= £l < lIfll, - O(m(X)) < co.

[ |
Proof (of a).
e Note X =[0,1] = m(X) =1.
o By Holder’s inequality with p = ¢ = 2,
1
Il = 1172y < [1F Dl - 1l = 1 £l - m(X)2 = (112
e Thus L?(X) C LY(X)
o Since they share a common dense subset (simple functions), L? is dense in L!
[

Proof (of b, Existence of g representing A).
For all of part b, let A € L*(X)Y be arbitrary. Let f € L? C L' be arbitrary.
Claim: A € LY(X)Y = A € L?(X)V.

Suffices to show that ||I'|| 2 x)v = supyz,=1 [I'(f)| < oo, since bounded implies continu-
ous.

By the lemma, || f||; < C||f|l, for some constant C' ~ m(X).

Note

1ALy = sup |A(F)]
Il =1

Define f = pfi-so |[7]) =1

Since [|All;v is a supremum over all f € L'(X) with || f|, = 1,

)A(J?)‘ < Al xyyvs
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Functional Analysis: General

e Then
AL _ 147

= AN < Ay - (11l
< ||Allyv - C||flls < o0 by assumption,

e So A € (L?)V.

Now apply Riesz Representation for L?: there is a g € L? such that

fel? — A(f) /f

Proof (of b, g is in L>).

« It suffices to show |[|g|| oo (x) < 0.

« Since we're assuming [|T'[| 1 xyv < 00, it suffices to show the stated equality.

e Claim: ”AHLl(X)V = HgHLOO(X)

— The result will follow since A was assumed to be in L'(X)V, so Al 2y < oo

- <
Al ey = S‘l‘lpllA(f)l
e
= sup fﬁ‘ by (i)
I £1l,=1
» [ Ifd
||fH1—1
= sup ||fgl
£l =1
< sup [Iflllgllc by Holder with p=1,¢ = oo
\1:
= 19/l oo
— >

¢ Suppose toward a contradiction that ||g||., > [|All;v-
¢ Then there exists some F C X with m(E) > 0 such that

zeE = |g(=)| > [|Allpxyv-
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I Functional Analysis: General

{ Define

— 1 XE
m(E) |g|
¢ Note [|B][ 1 x) = 1.

{> Then

hg
X

b=
/Xm Igl

mgt/m

1
> gy lolleom(2)

= llgllso
> [ Al g xyvs

a contradiction since || Al 11 x)v is the supremum over all hq with [|hal|f1x) = 1.

|
o 11.3 Spring 2016.6 ~
Without using the Riesz Representation Theorem, compute
s {| [ s@eras] | £ € 220, 0m), 151 <1
— 11.4 Spring 2015.5 ~

Let H be a Hilbert space.

1. Let x € H and {un}fj:l be an orthonormal set. Prove that the best approximation to x in H
by an element in spanc {u,} is given by

N
=3 (o o

2. Conclude that finite dimensional subspaces of H are always closed.
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I Banach and Hilbert Spaces

" 11.5 Fall 2015.6 ™

Let f:[0,1] = R be continuous. Show that

sup { I fglly | 9 € L1011, flghh <1} = |l

— 11.6 Fall 2014.6 _

Let 1 < p,q < 0o be conjugate exponents, and show that

fel’R") = |fll, = Sup
9lla=

[ f@g@)ds

12 ‘ Banach and Hilbert Spaces
— 12.1 Fall 2021.5 ~

Consider the Hilbert space H = L%([0, 1]).

a. Prove that of E C H is closed and convex then F contains an element of smallest norm.

Hint: Show that if || full, » min{f € E: [|f|2} then
{fn} is a Cauchy sequence.

b. Construct a non-empty closed subset £ C H which does not contain an element of smallest
norm.

— 12.2 Spring 2019.1 ~

Let C([0,1]) denote the space of all continuous real-valued functions on [0, 1].

a. Prove that C([0,1]) is complete under the uniform norm || f||, := sup |f(z)|.

z€[0,1

1
b. Prove that C([0,1]) is not complete under the L'-norm | f||, = / |f(x)| dx.
0
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Banach and Hilbert Spaces

Solution:
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Banach and Hilbert Spaces

Proof (of a).

Let {fn} be a Cauchy sequence in C(I,|—||,), so limy, limy, || fm — full,, = 0, we
will show it converges to some f in this space.

For each fixed zy € [0, 1], the sequence of real numbers { f,(z¢)} is Cauchy in R
since

20 € 1 = |fn(z0) = fu(zo)| < SUp|fin(x) = fol@)] = N = fullos ™50,

Since R is complete, this sequence converges and we can define f(z) =
limg_00 fr (x)

Thus f, — f pointwise by construction

Claim: ||f — ful "=°0, so f, converges to f in C([0,1], [|—|l..)-
— Proof:
¢ Fix € > 0; we will show there exists an N such that n > N —
[ fn— fll <€

¢ Fix an zg € I. Since f,, — f pointwise, choose N; large enough so that
nz= N1 = [fa(wo) — fzo)| <e/2.

¢ Since || fn — fmllo — 0, choose and N large enough so that
n,m > No = ||fo — fillo <€/2.

& Then for n,m > max(Ny, N3), we have

8
(=)
|
=2
8
N
_l_
~
3
N
8
N
|
~

= |fn(20) — fim(20) + fin(0) — f(20)]
< |falwo) = fim(20)| + [fm(®0) — f(0)|
(z0)

< |fn To) — fm(x0)| + %
< sup |fu(@) = fn(@)| + 5
zel

< ||fn - meoo +

N
-2 2

o ™

= |fu(z0) — f(®0)| < €

= sup |fn(zo) — f(x0)| < supe by order limit laws
zel zel

= |fn—fl<e

f is the uniform limit of continuous functions and thus continuous, so f € C([0, 1]).
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Proof (of b).

o It suffices to produce a Cauchy sequence that does not converge to a continuous
function.

o Take the following sequence of functions:

— f1 increases linearly from 0 to 1 on [0,1/2] and is 1 on [1/2,1]

— fa2is 0 on [0, 1/4] increases linearly from 0 to 1 on [1/4,1/2] and is 1 on [1/2, 1]

— f3is 0 on [0,3/8] increases linearly from 0 to 1 on [3/8,1/2] and is 1 on [1/2,1]

— fzis0on [0, (1/2—3/8)/2] increases linearly from 0 to 1 on [(1/2—3/8)/2,1/2]
and is 1 on [1/2,1]

Idea: take sequence starting points for the tri-
mm%:Q0+i0+%+§yuwMMmemw
to 1/2 since Y ooy o5 = —3 + Dopeo 3% -

e Then each f, is clearly integrable, since its graph is contained in the unit square.

o {fn} is Cauchy: geometrically subtracting areas yields a single triangle whose area
tends to 0.

e But f,, converges to X[L,1] which is discontinuous.
27

— 12.3 Spring 2017.6 ~

Show that the space C'([a,b]) is a Banach space when equipped with the norm

I£1l:=sup [f(x)|+ sup |f'(x)].

z€la,b z€[a,b]

Concepts Used:

e See https://math.stackexchange.com/questions/507263/
prove-that-cla-b-with-the-cl-norm-is-a-banach-space/
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I Banach and Hilbert Spaces

Solution:

 Denote this norm ||—||,
. . i,k
 Let f,, be a Cauchy sequence in this space, so || ||, < oo for every n and || f; — fil,, Iroe
0.
and define a candidate limit: for each x € I, set

f(@) = lim f, (o).

n—oo
o Note that
[ falloe < Nl full, < o0
1 £nllo < Mlfnll, < o0
— Thus both f,, f/ are Cauchy sequences in C°([a, b], |—=lo), which is a Banach space,

so they converge.

e So

— fn — f uniformly (by uniqueness of limits),
— f/'— g uniformly for some ¢, and

- fag € CO([aab])
e Claim: g = f’

— For any fixed a € I, we have

fn(x) _fn(a) gf(x) _f(a)
X x
/ fn = / 9-
a a
— By the FTC, the left-hand sides are equal.
— By uniqueness of limits so are the right-hand sides, so f’ = g.

e Claim: the limit f is an element in this space.
— Since f, f’ € C%([a,b]), they are bounded, and so ||f||,, < oco.
o Claim: || f, — fIl, =70

o Thus the Cauchy sequence {f,,} converges to a function f in the u-norm where f is an
element of this space, making it complete.
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Extras

)

12.4 Fall 2017.6

Let X be a complete metric space and define a norm

[f1] = max{|f(z)| : 2 € X}.

Show that (C°(R), ||—||) (the space of continuous functions f : X — R) is complete.

Solution:

Let {fx} be a Cauchy sequence, so || fx|| < oo for all k. Then for a fixed x, the sequence fi(z)
is Cauchy in R and thus converges to some f(x), so define f by f(x) = limy_,c0 fr().

Then || fx — f|| = maxzex |fr(z) — f(z)] "2£° 0, and thus f; — f uniformly and thus f is
continuous. It just remains to show that f has bounded norm.

Choose N large enough so that || f — fn| < ¢, and write || fx] =M < oo

A< WS = Inll+ vl < e+ M < oo

13‘ Extras

Exercise 13.0.1 (?)
Compute the following limits:

o ].imn_)oo Zkzl E]-Q' Sinn(k)
. hmn_,oo ZkZI %e_k/”

Solution:
For the first, use that

1
k2

<2

k>1

>

k>1

1
ye) sin" (k) < 00,

Z % sin" (k)

k>1

since [sin(z)| < 1 and 2™ < z for |z| < 1. By the dominated convergence theorem, we can pass
the limit inside. Using the same fact as above, lim,,_, . sin"(z) = 0,
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I Extra Problems: Measure Theory

For the second, the claim is that it diverges (very slowly). Note that lim, e k/m =1 for
any k. By Fatou, we have

—k/n e—k/n

e L. 1
Z];l%nilogf 2 :Z%:oo.

lim inf
iminf >
k>1

Exercise 13.0.2 (?)
Let (2, B) be a measurable space with a Borel o-algebra and p, : B — [0, oc] be a o-additive
measure for each n. Show that the following map is again a o-additive measure on B:

u(B) =Y un(B).

n>1

Solution:
Apply Fubini-Tonelli to commute two sums:

M( U Ekz) :ZZMn( U Ek;)
1<k<M n>1 1<k<M
= Z Z Hn (Ek)

n>11<k<M

= Z ZNH(Ek)FT

1<k<M n>1

= > u(By).

1<k<M

14 ‘ Extra Problems: Measure Theory

e 14.1 Greatest Hits ~

e x: Show that for £ C R", TFAE:

1. FE is measurable
2. FE=HUUZ here H is F, and Z is null
3. E=V\ Z where V € Gs and Z' is null.

o x: Show that if £ C R™ is measurable then m(F) = sup {m(K) ‘ KCE Compact} iff for all
e > 0 there exists a compact K C E such that m(K) > m(E) — e.
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Extra Problems: Measure Theory

*: Show that cylinder functions are measurable, i.e. if f is measurable on R*, then F(x,y) =
f(x) is measurable on R® x R! for any ¢.

*: Prove that the Lebesgue integral is translation invariant, i.e. if 7;(z) = = + h then

fmf=[Ff

*: Prove that the Lebesgue integral is dilation invariant, i.e. if f5(z) = f((sn) then [ fs=[f.

]

*: Prove continuity in L', i.e.

fert = lim [1f@+h) - f@)] =0,

*: Show that

frgeL' = fxge L' and |fxgly <|flilgl;-

*: Show that if X C R with u(X) < oo then

pP—0o0
11, ™= 11 o

14.2 Topology ~

Show that every compact set is closed and bounded.
Show that if a subset of a metric space is complete and totally bounded, then it is compact.
Show that if K is compact and F is closed with K, F' disjoint then dist(K, F) > 0.

14.3 Continuity ~

Show that a continuous function on a compact set is uniformly continuous.

14.4 Differentiation ~

Show that if f € C*(R) and both lim, o f(x) and lim, .« f'(7) exist, then lim, .o f'(z)
must be zero.
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Extra Problems: Measure Theory

— 14.5 Advanced Limitology ~

o If f is continuous, is it necessarily the case that f’ is continuous?

o If f, = f, is it necessarily the case that f], converges to f’ (or at all)?
e Is it true that the sum of differentiable functions is differentiable?

e Is it true that the limit of integrals equals the integral of the limit?

e Is it true that a limit of continuous functions is continuous?

e Show that a subset of a metric space is closed iff it is complete.

o Show that if m(E) < oo and f,, — f uniformly, then lim [, f, = [z [.

— 14.6 Uniform Convergence ~

e Show that a uniform limit of bounded functions is bounded.
e Show that a uniform limit of continuous function is continuous.

— Le. if f, = f uniformly with each f, continuous then f is continuous.
e Show that

— fn i [a,b] = R are continuously differentiable with derivatives f],

— The sequence of derivatives f;, converges uniformly to some function g
— There exists at least one point g such that lim,, f,,(z¢) exists,

— Then f,, — f uniformly to some differentiable f, and f' = g.

e Prove that uniform convergence implies pointwise convergence implies a.e. convergence, but
none of the implications may be reversed.
e Show that > %T,L converges uniformly on any compact subset of R.

o 14.7 Measure Theory ~

o Show that continuity of measure from above/below holds for outer measures.

e Show that a countable union of null sets is null.
Measurability

o Show that f =0 a.e. iff [, f = 0 for every measurable set E.
Integrability

o Show that if f is a measurable function, then f =0 a.e. iff [ f = 0.
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Show that a bounded function is Lebesgue integrable iff it is measurable.
Show that simple functions are dense in L.

Show that step functions are dense in L.

Show that smooth compactly supported functions are dense in L!.

14.8 Convergence ~

Prove Fatou’s lemma using the Monotone Convergence Theorem.
Show that if {f,} isin L' and 3" [|f.| < oo then " f,, converges to an L' function and

14.9 Convolution ~

Show that if f, g are continuous and compactly supported, then so is f * g.

Show that if f € L' and ¢ is bounded, then f g is bounded and uniformly continuous.

If f, g are compactly supported, is it necessarily the case that f x g is compactly supported?
Show that under any of the following assumptions, f * g vanishes at infinity:

— f,g € L' are both bounded.

— f,g € L' with just g bounded.

— f,g smooth and compactly supported (and in fact f * g is smooth)

— f € L' and g smooth and compactly supported (and in fact f * g is smooth)

Show that if f € L' and ¢’ exists with aaTi all bounded, then

0 oty 0g
14.10 Fourier Analysis ~

Show that if f € L' then f is bounded and uniformly continuous.
Is it the case that f € L' implies f € L!?
Show that if f, f € L' then f is bounded, uniformly continuous, and vanishes at infinity.

— Show that this is not true for arbitrary L' functions.
Show that if f € L' and f: 0 almost everywhere then f = 0 almost everywhere.

— Prove that ]?: g implies that f = g a.e.
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I Extra Problems: Measure Theory

e Show that if f,g € L' then

[fa=[ 13

— Give an example showing that this fails if g is not bounded.

« Show that if f € C! then f is equal to its Fourier series.

— 14.11 Approximate ldentities ~

Show that if ¢ is an approximate identity, then

t—0
I1f*o: — fIl, = 0.

— Show that if additionally |¢(z)| < ¢(1 + |z])~" "¢ for some ¢,e > 0, then this converges
is almost everywhere.

Show that is f is bounded and uniformly continuous and ¢, is an approximation to the identity,
then f x @ uniformly converges to f.

LP Spaces

Show that if £ C R"™ is measurable with u(E) < co and f € LP(X) then

1 oy "= 1o

Is it true that the converse to the DCT holds? Le. if [ f, — [ f, is there a g € LP such that
fn < g a.e. for every n?
Prove continuity in LP: If f is uniformly continuous then for all p,

h—0
I f = fll, "= 0.

Prove the following inclusions of LP spaces for m(X) < oo:
L®(X) c L*(X) c LY(X)
(*(Z) Cc 1M(Z) C (™(Z).

" 14.12 Unsorted ~

Proposition 14.12.1(Volumes of Rectangles).
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Extra Problems from Problem Sets

If {R;} = R is a covering of R by rectangles,

R=T[R; = |R|=)_IRl,
J

RC|JR; = |RI <) IR,
J

e Show that any disjoint intervals is countable.

e Show that every open U C R is a countable union of disjoint open intervals.

e Show that every open U C R" is a countable union of almost disjoint closed cubes.

e Show that that Cantor middle-thirds set is compact, totally disconnected, and perfect, with
outer measure zero.

e Prove the Borel-Cantelli lemma.

15 ‘ Extra Problems from Problem Sets

15.1 Continuous on compact implies
uniformly continuous

Problem 15.1.1 (?)
Show that a continuous function on a compact set is uniformly continuous.

Solution:

Use a stronger result: a continuous function on a compact metric is uniformly continuous. Fix
e. Suppose f is continuous, then for each z € X choose 0, = d(¢, z) to ensure Bs(z) — B:(f(2))
and form the cover {Bs,(2)},cx = X. By compactness, choose a finite subcover corresponding
to {z1, -+, 2zm} and choose § = min {41, - ,d,,}. The claim is that this 6 works for uniform
continuity: if |z — y| < é then |z — y| < ¢; for all 7. Note that x € Bs_(z) for one of the finitely
many z above, and if we adjust § to 0/2, we can arrange so that both x,y € Bs,(z) for some
z, since

5 5
[w—yl=le—z+z—yl<|e—zl+]z -yl <5 +5=0<0,

and similarly

[f (@) = fF < [f(2) = FR+1f(2) = fy)l <e+e,

so just adjust the original & chosen by the continuity of f to ¢/2.
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Extra Problems from Problem Sets

el 15.2 2010 6.1 ~
r Problem 15.2.1 (7)
Show that
1
—dr< oo <= p<n
/B" ki
/ 1
—dr < o0 <= p>n.
r\g |2[”
Solution:
Todo
" 15.3 2010 6.2 ~
Show that
/Rn]f|:/ooom(At)dt A= {e e R | 7)) > 1}
Solution:
Todo
— 15.4 2010 6.5 ~

Suppose F' C R with m(F¢) < oo and let é(x) := d(z, F) and

Ir) = [ rxéfyiﬂ w

a. Show that ¢ is continuous.
b. Show that if x € F¢ then Ip(x) = oo.

c. Show that Irp(x) < oo for almost every z
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Solution:
Todo

— 15.5 2010 7.1 ~

Let (X, M, u) be a measure space and prove the following properties of L>(X, M, p):

e If f, g are measurable on X then

1fglly < [ fl1 M9l

|—|lo is a norm on L* making it a Banach space.

n—oo

| fn— fllo — 0 <= there exists an £ € M such that (X \ F) =0 and f, — f uniformly
on E.

Simple functions are dense in L°°.

7 15.6 2010 7.2 ~
Show that for 0 < p < ¢ < o0, [|ally < [lall,» over C, where ||a|, = sup; |a;].

" 15.7 2010 7.3 —

Let f, g be non-negative measurable functions on [0, c0) with

A= /Ooo F@)y 2 dy < oo
B ([Tlot)) ay <o

Show that

15.5 2010 7.1 143



I Extra Problems from Problem Sets

— 15.8 2010 7.4 ~

Let (X, M, 1) be a measure space and 0 < p < ¢ < co. Prove that if LY(X) C LP(X), then X does
not contain sets of arbitrarily large finite measure.

. 15.9 2010 7.5 ™~

Suppose 0 < a < b < 00, and find examples of functions f € LP((0,00)) if and only if:

Hint: consider functions of the following form.:

f(z) =2~ |log(x)|".

" 15.10 2010 7.6 ™~

Define

a. Show that @(f) =F(§)
b. Compute F.

c. Give an example of a function g ¢ L!'(R) which is the Fourier transform of an L' function.

Hint: write G(€) = H(E) + H(—¢) where

. 1 .
H(¢) = 627”5/0 ye?™YE dy.

15.8 2010 7.4 144



I Extra Problems from Problem Sets

— 15.11 2010 7.7 ™

Show that for each € > 0 the following function is the Fourier transform of an L!(R") function:

he= (1 +1|£|2> |

Hint: show that

Ks(a) = 07255

fla) = / Ks(2)e ™61 db
0

I(s) = /OO e ‘5 tat
0

— o) = /0 eIl gl (o) F(E).

15.12 2010 7 Challenge 1: Generalized
Holder

Suppose that

"
1< p; < oo, Y —=
=1Pi

‘SM—t
\/\

Show that if f; € LP/ for each 1 < j < n, then

[Irer, \T15|, =TT,

15.13 2010 7 Challenge 2: Young's
Inequality

Suppose 1 < p,q,r < oo with

Prove that

felf,gel! — frgelL and ||f g, <Ifll,lgll,
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" 15.14 2010 9.1 ~

Show that the set {uy(j) == 6;;} C ¢*(Z) and forms an orthonormal system.

— 15.15 2010 9.2 ~

Consider L?([0,1]) and define

1
V3(2x — 1).

eo(z)

e1(x)

a. Show that {eg,e;} is an orthonormal system.

b. Show that the polynomial p(z) where deg(p) = 1 which is closest to f(z) = z? in L?([0,1]) is

given by
1
h =r——.
(0) =2~
Compute || - gll.
— 15.16 2010 9.3 ™~
Let £ C H a Hilbert space.
a. Show that £ 1. C H is a closed subspace.
b. Show that (E+)t = cly(E).
" 15.17 2010 9.5b ~

Let f € L'((0,2m)).

i. Show that for an € > 0 one can write f = g + h where g € L?((0,27)) and || H||; < e.
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" 15.18 2010 9.6 ™~

Prove that every closed convex K C H a Hilbert space has a unique element of minimal norm.

— 15.19 2010 9 Challenge ~

Let U be a unitary operator on H a Hilbert space, let M = {x eH ’ Uz = J:}, let P be the
orthogonal projection onto M, and define

1 N-1

n=0
Show that for all x € H,

|Syz — Px||,; Y3 0.

= 15.20 2010 10.1 ~

Let v, i be signed measures, and show that

vilipandv < |u| = v=0.
— 15.21 2010 10.2 ~

Let f € LY(R™) with f # 0.
a. Prove that there exists a ¢ > 0 such that

C

" 15.22 2010 10.3 ~

Consider the function
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a. Show that f € L'(R).

b. Show that there exists a ¢ > 0 such that for all |z| < 1/2,
c

Hi(x _—
o= 2] log (137)

Conclude that H f is not locally integrable.

— 15.23 2010 10.4 ~

Let f € L'(R) and let U = {(m,y) € R? ‘ y > 0} denote the upper half plane. For (z,y) € U
define

1
u(z,y) = f* Py(x) where P (z) := - (t2+yy2> )

a. Prove that there exists a constant C' independent of f such that for all x € R,
sup [u(z,y)| < C- Hf(z).
y>0

Hint: write the following and try to estimate each term:

wzy = J @08 dt+2 S 0RBde Avi= {2y <t <2y}
t|<y

b. Following the proof of the Lebesgue differentiation theorem, show that for f € L*(R) and for
almost every = € R,

u(z,y) =3 f(a).

16 ‘ Midterm Exam 2 (December 2014)
== 16.1 Fall 2014 Midterm 1.1 =~

Note: (a) is a repeat.

o Let A € L2(X)V.

— Show that M = {f € L*(X) ‘ A(f) = O} C L%*(X) is a closed subspace, and L*(X) =
Mae M.
— Prove that there exists a unique g € L*(X) such that A(f) = [y gf.
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— 16.2 Fall 2014 Midterm 1.2 ~

a. In parts:

o Given a definition of L*(R").
o Verify that ||—||,, defines a norm on L*(R").
o Carefully proved that (L*°(R"),||—||,,) is a Banach space.

b. Prove that for any measurable f : R" — C,

LYR™ NI®®R™) € L2AR™) and ||fll, < |17 - 1711
— 16.3 Fall 2014 Midterm 1.3 ~

a. Prove that if f, g : R® — C is both measurable then F'(x,y) := f(x) and h(z,y) = f(x—y)g(y)
is measurable on R x R"™.

b. Show that if f € L}(R™) N L>®(R") and g € L*(R"), then f x g € L}(R™) N L>®°(R") is well
defined, and carefully show that it satisfies the following properties:

I1F* glloo < gl A llco 1+ gy < gl 111+ glly < Nlglly A1

Hint: first show |f +gI” < llgll, (1£1” * gl

" 16.4 Fall 2014 Midterm 1.4 ~

Note: (a) is a repeat.

Let f:]0,1] — R be continuous, and prove the Weierstrass approximation theorem: for any € > 0
there exists a polynomial P such that ||f — P| <e.

17 ‘ Midterm Exam 1 (October 2018)

" 17.1 Fall 2018 Midterm 1.1 ~
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Let E C R” be bounded. Prove the following are equivalent:
1. For any € > 0 there exists and open set G and a closed set F' such that

FCECG m(G\ F) < e.

2. There exists a G§ set V and an F, set H such that

m(V\ H) = 0.

" 17.2 Fall 2018 Midterm 1.2 ~

Let {fr}r—; be a sequence of extended real-valued Lebesgue measurable functions.

a. Prove that sup;, fi is a Lebesgue measurable function.

b. Prove that if limy_, fx(x) exists for every € R"™ then limg_,o, fr is also a measurable
function.

" 17.3 Fall 2018 Midterm 1.3 ~

a. Prove that if E C R" is a Lebesgue measurable set, then for any h € R the set
E+h:= {x—l—h ‘ wEE}
is also Lebesgue measurable and satisfies m(E + h) = m(E).

b. Prove that if f is a non-negative measurable function on R™ and h € R™ then the function
mhd(z) = f(x — h)

is a non-negative measurable function and
/f(ac) dr = /f(a: — h)dz.

" 17.4 Fall 2018 Midterm 1.4 ~

Let f: R™ — R be a Lebesgue measurable function.
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a. Prove that for all a > 0 ,

o= {r e R | () > o} = m(4a) < i/\f(x)\da:.

b. Prove that

/ |f(x)|de =0 <= f =0 almost everywhere.

" 17.5 Fall 2018 Midterm 1.5 ~

Let {fx}req € L?([0,1]) be a sequence which converges in L' to a function f.

a. Prove that f € L([0,1]).
b. Give an example illustrating that f; may not converge to f almost everywhere.

c. Prove that {fi} must contain a subsequence that converges to f almost everywhere.

18 ‘ Midterm Exam 2 (November 2018)
" 18.1 Fall 2018 Midterm 2.1 ~

Let f,g € L'([0,1]), define F(z) = [y f(y) dy and G(z) = [y g(y) dy, and show

1 1
/ F(a)g(z) de = F()G(1) — / F(2)C(x) da.
0 0
" 18.2 Fall 2018 Midterm 2.2 ~

Let ¢ € L*(R") such that [¢ = 1 and define ¢;(x) = t (¢t 'z). Show that if f is bounded and
. . t—0 .
uniformly continuous then f * ¢, — f uniformly.

" 18.3 Fall 2018 Midterm 2.3 ~

Let g € L*([0,1]).
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a. Prove

p—00
—

HgHLP([O,l]) ”9||Loo([o,1])-

b. Prove that the map

Ay : L*([0,1]) —» C

fH/Olfg

defines an element of L'([0,1])" with ”AQHLl([O,l])V = 19/l o< ([0,1])-

" 18.4 Fall 2018 Midterm 2.4 ~

See section 20.3

19 ‘ Practice Exam (November 2014)

" 19.1 Fall 2018 Practice Midterm 1.1 ~

Let my(E) denote the Lebesgue outer measure of a set £ C R"™.

a. Prove using the definition of Lebesgue outer measure that

b. Prove that for any £ C R™ and any € > 0 there exists an open set G with £ C G and

my(E) < my(G) < my(F) + e

" 19.2 Fall 2018 Practice Midterm 1.2 ~

a. See section 17.1

b. Let f; be a sequence of extended real-valued Lebesgue measurable function.
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i. Prove that infj fi,sup, fi are both Lebesgue measurable function.

Hint: argue that

{a: ‘ 1rklffk(x) < a} = U {x ‘ fr(z) < a}.
k
ii. Carefully state Fatou’s Lemma and deduce the Monotone Converge Theorem from it.

" 19.3 Fall 2018 Practice Midterm 1.3 ~

a. Prove that if f,g € LT(R) then

/(f+g)=/f+/g-

Extend this to establish that if {fi} € L*T(R") then

/Zk:szzk:/fk-

b. Let {Ej}, .y € M(R") with E; 7 E. Use the countable additivity of 1y on M(R") estab-
lished above to show that

py(E) = lim pg(Ej).

Jj—00
e 19.4 Fall 2018 Practice Midterm 1.4 ~

a. Show that f € LY(R") = |f(x)| < oo almost everywhere.

b. Show that if {fx} € L'(R™) with 3" || f|l; < oo then Y f; converges almost everywhere and
in L.

c. Use the Dominated Convergence Theorem to evaluate

2
let:c -1

lim dx.
t—0 Jo
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20 ‘ Practice Exam (November 2014)

" 20.1 Fall 2018 Practice Midterm 2.1 ~

a. Carefully state Tonelli’s theorem for a nonnegative function F'(x,t) on R"™ x R.
b. Let f: R"™ — [0,00] and define

A={(zt) eR"xR|0<t < f(@)},

Prove the validity of the following two statements:

1. f is Lebesgue measurable on R” <= A is a Lebesgue measurable subset of R"*!.
2. If f is Lebesgue measurable on R" then

m(A) = [ f@)de = /Ooom({:zj eR" | f(x) > t}) dt.

" 20.2 Fall 2018 Practice Midterm 2.2 ~

. Let f,g € L'(R™) and give a definition of f * g.

o

b. Prove that if f, g are integrable and bounded, then

(f +g)@) "0,
c. In parts:
1. Define the Fourier transform of an integrable function f on R™.
2. Give an outline of the proof of the Fourier inversion formula.
3. Give an example of a function f € L*(R™) such that f is not in L'(R™).
— 20.3 Fall 2018 Practice Midterm 2.3 ~

Let {up},-, be an orthonormal sequence in a Hilbert space H.
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a. Let x € H and verify that

N
qun

for any N € N and deduce that

N

2

= llzlH = > [z, un)|
n=1

H

o
(@, un)* < ||z

n:l

b. Let {an},cn € 3(N) and prove that there exists an z € H such that a, = (z, u,) for all
n € N, and moreover & may be chosen such that

%
2
2l = | D laal®]
neN

c. Prove that if {u,} is complete, Bessel’s inequality becomes an equality.

Solution (part b):

o Take {a,} € 2, then note that " |a,|> < co = the tails vanish.

e Define £ := lim Sy where Sy = 2;9\721 apUg
N—o0

o {Sn} is Cauchy and H is complete, so x € H.

e By construction,

-T un = <Zakzuk> un> = Zak<uka un> = Gp
k

since the wuy are all orthogonal.

o By Pythagoras since the u; are normal,

lz]* =

Z arpug

= aguwel* = Jar|*.
k

k

Solution (part c):
Let x and u,, be arbitrary.
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—
8
|
(e
w
I
z
<
F
<
3
\/
\
fa\
/\

o0
zxwwa
k=1

[o.¢]
=(z, u Z T, Uk)U, Up)

= x— i (x, ug)ur =0 by completeness.
k=1
So
=Y (o, wue = |2l =D [z, w)*
k=1 k=1
" 20.4 Fall 2018 Practice Midterm 2.4 ~

a. Prove Holder’s inequality: let f € LP, g € LY with p, ¢ conjugate, and show that

1fgll, < 1f1l, - llglly-

b. Prove Minkowski’s Inequality:
1<p<oo = |f+gll, <IfIl,+ llgll,

Conclude that if f,g € LP(R") then so is f + g.
c. Let X =1[0,1] C R.
1. Give a definition of the Banach space L>(X) of essentially bounded functions of X.

2. Let f be non-negative and measurable on X, prove that

L =)

and characterize the functions of each type

Solution:
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Jor=farel e ),
LAY Y

= [ pemis=m+ [ p

- 0Fmf =1+ {oo m({z>1}) > 0.

" 20.5 Fall 2018 Practice Midterm 2.5 ~

Let X be a normed vector space.

a. Give the definition of what it means for a map L : X — C to be a linear functional.
b. Define what it means for L to be bounded and show L is bounded <= L is continuous.

c. Prove that (XV,|—|lr) is a Banach space.

DZG@: this comes from some tex file that I found when
studying for quals, so is definitely not my own content!
I've just copied it here for extra practice.

21 ‘ May 2016 Qual

s 21.1 May 2016, 1 ~

Consider the function f(z) = —%5, z € (0,1).

1-z2>

1. By using the € — § definition of the limit only, prove that f is continuous on (0,1). (Note:
You are not allowed to trivialize the problem by using properties of limits).

2. Is f uniformly continuous on (0,1)? Justify your answer.

Proof .
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Fix x € (0,1) and let € > 0. Then we have

7@~ fW) = 720 ~ 7o

z(1 - y?) —y(1 —a?)
(1—-2?)(1-y%)

_ Ty ‘
(I-z)1+2)1-y)1+y)|

Now, choose § > 0 such that

5 < min{%(l _ o), %(1 _ -

When z —d <y <ax+94,

_ =Y
|f($)_f(y)|_(1_m)(1+x)(1—y)(1+y)‘
_r-y
S(1—:):)(1—21)‘
R
Sl —2)(1— (z+ 31 —2))
N
(1-2)1-(z+3(1—-2))

2
< €.

As our choice of z € (0,1) was arbitrary, we conclude that f is continuous on all of (0,1).
[ |

Proof .
Proof. We will show that the function f is not uniformly continuous. Consider the sequence
()52 in (0,1) defined by x,, = —=. Observe that

n+1-°
flzn) = niﬂz

1~ ()

_ n(n+1)

~ (n+1)2 —n2

B n(n+1)
[(m+1)—n][(n+1)+n]

_n(n+1)
2n+1 °

Written as z,, =1 — n%rl, one can more easily see that (z,)52; converges to 1 in R, hence is
Cauchy in (0,1). Now, let § > 0 and choose N € N such that |z, — ;| < é when n,m > N.
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For € < é we have

n(n+1 n+1)(n+2
o) = )] = [ Lt D £2)
B n(n+1)(2n+3)—(n+1)(n+2)(2n+1)’
(2n+1)(2n +3)
(2n3 4+ 5n2 4+ 3n) — (2n3 + Tn? + Tn + 2)
(2n+1)(2n + 3)
2n? 4+ 4n + 2
4n? +8n +3

2n?
16n2

1
=3
So for any ¢ > 0, we see that there exists two points z,, ,+1 € (0,1) such that |z, —x,41| <
when n is sufficiently large but f(x,) — f(znt+1)| € € Therefore f(x) is not uniformly
continuous.

s 21.2 (May 2016, 2) ~

Let {ar}72; be a bounded sequence of real numbers and E given by:

E = {S € R: theset {k € N: a; > s} has at most finitely many elements}.

Prove that lim supy_,., a; = inf E.

Proof .
Proof. Let e € E. As there are only finitely many ag > s, there exists some N € N such that

ap < e for all k > N. Define T}, := {ay : K > n}. It is clear that e is thus an upper bound for
TN. SO,

e > sup Iy > limsup ag.

Thus, lim sup a; is a lower bound for F, meaning inf £ > lim sup a,.
Conversely, suppose k € N.

Ty = {an : n > k}.

So, supTy > a, for all a, € Ty. Then, {a : ax > supT}} must be finite, so {k € N :
ar, > supT}} is finite. So, supTy € E for all k£ € N. Since inf F is a lower bound for E,
inf £ < sup T}, for all £ € N. Thus,

inf F < lim(sup 7}) = lim sup ag.
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We have both inequalities, therefore lim sup a;, = inf E.

— 21.3 (May 2016, 3) ~

Assume (X, d) is a compact metric space.

1. Prove that X is both complete and separable.

2. Suppose {z1}32; € X is a sequence such that the series > 72 d(xy, zr41) converges. Prove
that the sequence {x}}72, converges in X.

— 21.4 (May 2016, 4) ~

Suppose that f: [0,2] — R is continuous on [0, 2] , differentiable on (0,2), and such that f(0) =
f(2) =0, f(c) =1 for some ¢ € (0,2). Prove that there exists z € (0,2) such that |f'(z)| > 1.

Proof .

Proof. We will consider three cases. First, suppose ¢ < 1. Then, by the mean value theorem,
there exists z € (0,c¢) such that f/(x)(c —0) = f(c) — f(0) so f'(z) = @ =1 >1since c < 1.
Similarly, if ¢ > 1 then by the mean value theorem there exits y € (¢,2) such that

‘f £(©) _‘—f(C)
2—c

> 1
2—c

’—1
C12—c¢

since 1 < ¢ < 2.

Now, suppose ¢ = 1. If there exists = € (0,1) such that x < f(z) then by the mean value
theorem on the interval (0, z) there exists s € (0, ) such that f/(s) = @ > 1 since f(z) > x.
Likewise, if there exists z € (0,1) such that x > f(z) then the mean value theorem on (z, 1)
gives a point ¢t € (z,1) such that |f/(¢ ‘fl) f(x)‘ = ’ (= )’ > 1 since > f(x). So, on
(0,1), if the proposition does not hold then flx) == Simﬂarly, if there exists x € (1,2) such
that f(x) > 2 — z then the mean value theorem yields a point u € (z,2) such that

_ ‘;f_(f“)

> 1.

since f(z) > 2 — x. If there exists y € (1,2) such that f(y) < 2 —y then again by the mean
value theorem there exists v € (1,y) such that

)|:’f(y):f(1)’:‘f(y)—

1
-1
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since f(y) < 2—y so |f(y) — 1] > |y — 1]. So, on (1,2) if the proposition does not hold
then f(x) =2 — z. However, notice that since f(x) is differentiable at = 1 we cannot have
f(x) =z on (0,1) and f(z) =2 —x on (1,2).

|

— 21.5 (May 2016, 5) ~

Let fu(w) = n%a(1 - 22", 2 € [0,1], n € N,
1. Prove that {f,}52, converges pointwise on [0, 1] for every g € R.

2. Show that the convergence in part (a) is uniform for all § < %, but not uniform for any g > %

[

o 21.6 (May 2016, 6)

1. Suppose f: [—1,1] — R is a bounded function that is continuous at 0. Let a(z) = —1 for
€ [-1,0] and a(z) = 1 for z € (0,1]. Prove that f € R(a)[—1,1], i.e., f is Riemann
integrable with respect to o on [—1, 1], and fil fda = 2f£(0).

2. Let g: [0,1] — R be a continuous function such that fol g(x)x®**2dx = 0 for all k = 0,1,2, .. ..
Prove that g(z) =0 for all z € [0, 1].

Proof .
Proof. Let € > 0. Choose § > 0 so that if |x| < d, then |f(z) — f(0)| < e. Let P be a partition
of [-1,1] with 0 € P and mesh(P) < §. Then

|U(f, P,a) — L(f, P, )| i M; —m;)Aa;| = (| sup f(z) — inf f(z)])2 < 4e.

z€[0,zk] z€[0,z]

Thus f is integrable with respect to a. Additionally, we have L(f, P,a) < 2f(0) < U(f, P, @)
for all partitions P of the form described above, and so f}l fda = 2f£(0).
|

Proof .

Proof. Since g(z) is continuous, so is g(x'/3). Thus by the Weierstrauss Approximation
Theorem, we can find a sequence of polynomials (p,(z)) — g(z'/3) uniformly. Since this holds
for all values z € [0, 1], we have that (p,(23)) converges to g(z) unlformly Then we have
(22pn(23)) converges to z2g(x) uniformly. Note that by assumption, fo )22py, (2%)dx = 0,
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and so

1 1 1
0= lim g(x)2*p, (23)dx :/ lim g(x)xzpn(:v?))d:v:/ z2g?(x)dz.
0 0

n—oo 0 n—oo
Since 22¢?(x) is non-negative, and its integral is zero, we conclude that x2¢?(x) = 0 for all z.

Therefore, we have g(x) = 0.
|

22 ‘ Metric Spaces and Topology

— 22.1 (May 2019, 1) ~

Let (M,dyr), (N,dy) be metric spaces. Define
dysxn: (M X N)x (M xN)—R
by

duxn((@1,91), (@2, y2)) = dar (21, 22) + dn (Y1, y2).-

1. Prove that (M x N,djr«n) is a metric space.

2. Let S € M and T C N be compact sets in (M,dys) and (N, dy), respectively. Prove that
S x T is a compact set in (M x N,dyxn).

Proof .
Proof. To prove that (M x N,dpr«n) is a metric space we must prove that dysxn is a metric

on M x N.
e Positive Definite-

Let (x1,y1), (z2,y2) € M x N. Then since djs is a metric on M, then dys(z1,22) > 0 for all
xi,xj € M and dy is a metric on N and likewise dy(y1,y2) > 0 for any v;,y; € N.
Then by definition

dyxn((x1,91), (2, y2)) = dyv (21, 22) + dy(y1,y2) > 0+0=0..

Hence since (z1,41), (2, y2) are arbitrary, dy« v (1, 1), (z2,y2)) > 0 for all (z;,y;), (z5,y;) €
M x N.
Suppose that dyr«n((21,91), (z2,y2)) = 0. By definition

dyuxn((z1, 1), (x2,92)) = dp (21, x2) + dn (Y1, y2)-
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Therefore dps(z1,22) + dn(y1,y2) = 0, since dp,dy are metrics, then dps(z1,22) >
0,dn(y1,y2) > 0, which implies that dys(z1,z2) = dn(y1,y2) = 0 and also since they are
metrics we have that x1 = xa,y1 = yo. Hence, (z1,y1) = (z2,y2).

Now suppose that (z1,y1) = (22,y2). Then z; = x9,y1 = y2 and for the metrics dys, dy we
would have dys(x1,x2) = 0,dn(y1,y2) = 0. Thus

dyxn((z1,91), (22, 92)) = dar(z1, 22) + dn(y1,92) =04+ 0=0.
Therefore darxn((71,1), (¥2,2)) = 0 if and only if (21,y1) = (2, 92)-
e Symmetric

Let (z1,y1), (z2,y2) € M x N. Then since dy; is a metric on M, then dys(x1,x2) = dyr(x2, 1)
for all z;,z; € M and dy is a metric on N and likewise dn(y1,y2) = dn(y2,y1) for any
Yi,yj € N. Therefore,

duxn((@1, 1), (22,y2)) = dyv(z1, 22) + dnv (Y1, y2)
= dy(x2,21) + dn(y2,y1)
= dyxn((z2,92), (T1,91))-

e Triangle Inequality
Since dys, dy are metrics then for all z1,x9,x3 € M, y1,y2,y3 € N we have that
dy (21, 22) < dpr(21,23) + dyr (3, 72)
and that

dn(y1,y2) < dn(y1,y3) + dn(ys3, y2)..

Therefore,

darx N (21, 91), (22, 92)) = dar (21, 22) + dn(y1,Y2)

dn (w1, 2) +dn(y1,y2) < du (1, 23) + da (23, 72) + dn (Y1, y3) + dn (Y3, y2)
duyr(z1,23) + dar (23, 22) + dn (Y1, y3) + dn (Y3, y2) = da (w1, 23) + dn(y1,y3) + dar (23, 22) + dn(y3, y2)
dy(z1,23) + dn (Y1, y3) + du (23, 22) + dn(ys, y2) = du (@1, 91), (23, ¥3)) + dm (23, y3), (22, Y2))-

Hence

darx N (1, 1), (22, 92)) < dapr((21,91), (23, 43)) + dar((23,93), (22, 42)).-

Therefore dyrxn is a metric on M x N and (M x N,dpr«n) is a metric space.

Proof .
Proof. By part a we showed that (M x N,dy«n) is a metric space. Let {s,,t,} be a sequence

22.1 (May 2019, 1) 163



Metric Spaces and Topology

in S x T. Since {s,} is a sequence on a compact set S in a metric space (M, dys) then it has a
convergent subsequence sy, . Let limy_, oo S, = S0.

Since {ty, } is a sequence on a compact set 7" in a metric space. Thus {¢,, } has a convergent
subsequence {tnkj }. Let limj_,oo tnkj = to. Thus {Snkj} is a subsequence of {sy, }. And since
{sn, } converges to sp, then any subsequence also converges to s.

Let € > 0 be given. Then for ¢/2 there exists Ni, Ny € N such that for all ng;, =
Nl,dM(snkj,so) < €/2, and for all ny; > NQ,dN(tnkj,tO) < €/2. Choose N = Max({Ny, Na2}).
Then

dMXN((Snkj7tnkj)7 (507t0)) = dM(Snkj780) + dN(t”kj’tO) < 6/2 + 6/2 = €.
Therefore
dMXN((Snkjvtnkj)) (507t0)) < €..

Hence {(Snkj , tnkj) converges to (sg, tg). Therefore S x T is sequentially compact and S x T is

therefore compact.
|

o 22.2 (June 2003, 1b,c) ~

(b) Show by example that the union of infinitely many compact subsets of a metric space need
not be compact. (c) If (X,d) is a metric space and K C X is compact, define d(zo, K) =

inf,c i d(zo,y). Prove that there exists a point yo € K such that d(zo, K) = d(z0, yo)-

o 22.3 (January 2009, 4a) ~

Consider the metric space (Q,d) where Q denotes the rational numbers and d(z,y) = |z — y|. Let

E={xecQ:2>0,2<2?<3}. Is E closed and bounded in Q? Is E compact in Q?

s 22.4 (January 2011 3a) ~

Let (X,d) be a metric space, K C X be compact, and F' C X be closed. If K N F = (), prove that

there exists an € > 0 so that d(k, f) > eforall k € K and f € F.

Proof .
Proof. We prove this by contrapositive. Suppose for all € > 0, there exists k € K, f € F such
that d(k, f) < e. Then for all n € N, we can choose k,, € K, f, € F such that d(ky, f,) < %
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Since k, is a sequence in K, which is compact (and therefore sequentially compact), there
exists a subsequence k,, 5 & k, with the property that knj converges to some kg € K. Find
N € N such that for n > N, d(ky;, ko) < § and % < 5. Then

€ €
d(fnjak()) < d(fnjaknj) +d(k’n],k0) < 5 + 5 = €

Thus, f,,; also converges to ko, and since F is closed, ko € F'. So K N F # {.

— 22.5 57 ~

Let (X,d) be an unbounded and connected metric space. Prove that for each xzp € X, the set
{x € X : d(z,z9) = r} is nonempty.

23 ‘ Sequences and Series

— 23.1 (June 2013 1a) ~

Let a, = v/n (vVn+1 — y/n). Prove that lim,_,o a, = 1/2.

— 23.2 (January 2014 2) ~

1. Produce sequences {a,}, {b,} of positive real numbers such that

lim inf(a,b,) > (liminf a, ) (liminfb, ) .

n— n—o0

2. If {an}, {bn} are sequences of positive real numbers and {a,} converges, prove that

lim inf(a,b,) = (nh_{go an) (lim inf bn) .

o 23.3 (May 2011 4a) ~

n

[e.e]
x
Determine the values of € R for which Z Tr o converges, justifying your answer carefully.
n=1

nla|?
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— 23.4 (June 2005 3b) ~

If the series > o2 a, converges conditionally, show that the radius of convergence of the power
series Y o2y apx™ is 1.

— 23.5 (January 2011 5) ~

Suppose {a,} is a sequence of positive real numbers such that lim,, . a, = 0 and " a,, diverges.
Prove that for all z > 0 there exist integers n(1) < n(2) < ... such that }32%, a,) = 2.

(Note: Many variations on this problem are possible
including more general rearrangements. You may also
wish to show that if Y, a,, converges conditionally then
given any x € R there is a rearrangement of {b,} of
{an} such that > b, =r. See Rudin Thm. 3.54 for
a further generalization.)

— 23.6 (June 2008 # 4b) ~
Assume 8 >0, a, > 0,n=1,2,..., and the series >_ a,, is divergent. Show that Z 3 j—nan is also
divergent.

2 4 Continuity of Functions

25 Differential Calculus

— 25.1 (June 2005 1a) ~

Use the definition of the derivative to prove that if f and g are differentiable at z, then fg is
differentiable at x.
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— 25.2 (January 2006 2b) ~

Assume that f is differentiable at a. Evaluate

lim @) =@ f(a), neN.
r—a Tr—a

o 25.3 (June 2007 3a) ~

Suppose that f,g: R — R are differentiable, that f(z) < g(x) for all z € R, and that f(xo) = g(xo)
for some xg. Prove that f'(zg) = ¢'(z0)-

— 25.4 (June 2008 3a) ~

Prove that if f” exists and is bounded on (a, b], then lim,_,,+ f(z) exists.

— 25.5 (January 2012 4b, extended) ~

Let f : R — R be a differentiable function with f* € C(R). Assume that there are a,b € R with
lim, o f(2) = a and lim,_,~ f'(z) = b. Prove that b = 0. Then, find a counterexample to show
that the assumption lim,_,, f’'(z) exists is necessary.

s 25.6 (June 2012 1a) ~

Suppose that f : R — R satisfies f(0) = 0. Prove that f is differentiable at z = 0 if and only if there
is a function g : R — R which is continuous at x = 0 and satisfies f(z) = xg(x) for all z € R.
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26 ‘ Integral Calculus

— 26.1 (January 2006 4b) ~

Suppose that f is continuous and f(z) > 0 on [0,1]. If £(0) > 0, prove that [ f(z)dz > 0.

o 26.2 (June 2005 1b) ~

Use the definition of the Riemann integral to prove that if f is bounded on [a,b] and is continuous
everywhere except for finitely many points in (a,b), then f € Z on [a,b].

o 26.3 (January 2010 5) ~

Suppose that f : [a,b] — R is continuous, f > 0 on [a, b], and put M = sup{f(x) : = € [a,b]}. Prove

that
1/p
pli_>nolo </abf(x)pd:c> =M.
— 26.4 (January 2009 4b) ~

Let f be a continuous real-valued function on [0,1]. Prove that there exists at least one point
¢ €[0,1] such that [ z*f(z)dzx = Lf(€).

Proof .
Proof. Assume that f is a continuous real-valued function on [0, 1]. Then, by the Intermediate

Value Theorem we have that f attains its maximum and minimum on [0, 1]. That is, for some
a,b € 10,1],

) Smiajie)  end ) Sk
We now have f(a) < f(z) < f(b) for all € [0,1]. This gives

1

f(a) /01 zidr < /01 2 f(z)dx < f(b)/ zidz..

0
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By the Fundamental Theorem of Calculus we know that

1 1
4
dr = —..
/Ox T =

Thus, it follows that

giving

fla) < 5/01 25 (@)dx < £(B).-

By the Intermediate Value Theorem, there exists £ € [0, 1] such that

5O =5 [ ).

Therefore, we have that there exists £ € [0, 1] such that

— 26.5 (June 2009 5b) ~

Let ¢ be a real-valued function defined on [0, 1] such that ¢, ¢’, and ¢” are continuous on [0, 1].
Prove that

[ o2 =) 0
0

3 "
) d$<§Hg0 HOO7

where |[¢"||oc = supyg 1] [¢”(z)|. Note that 3/2 may not be the smallest possible constant.
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27 ‘ Sequences and Series of Functions

— 27.1 (June 2010 6a) ~

Let f :[0,1] — R be continuous with f(0) # f(1) and define f,(x) = f(z™). Prove that f,, does
not converge uniformly on [0, 1].

s 27.2 (January 2008 5a) ~

Let fn(x) = =%5 forn € N. Let F :={f,: n=1,2,3,...} and [a,b] be any compact subset of R.

1+nx?
Is F equicontinuous? Justify your answer.

— 27.3 (January 2005 4, June 2010 6b) ~

If f:[0,1] — R is continuous, prove that

1
lim /0 f(@™)dz = f(0)..

n—o0

— 27.4 (January 2020 4a) ~

Let M < oo and F C Cla,b]. Assume that each f € F is differentiable on (a,b) and satisfies
|f(a)] < M and |f'(x)| < M for all € (a,b). Prove that F is equicontinuous on |[a, b].

= 27.5 (June 2005 5) ~

1
Suppose that f € C([0,1]) and that / f(z)x" dx = 0 for all n = 99,100, 101, . ... Show that f = 0.
0

Note: Many variations on this problem exist. See
June 2012 6b and others.
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— 27.6 (January 2005 3b) ~

Suppose f, : [0,1] — R are continuous functions converging uniformly to f : [0,1] — R. Either
prove that

lim 1 fn(x)dx = /1 f(x) dx.
0

n—oo l/n

or give a counterexample.

28 ‘ Miscellaneous Topics

" Bounded Variation ~

o 28.1 (January 2018) ~

Let f: [a,b] — R. Suppose f € BV]a,b]. Prove f is the difference of two increasing functions.

— 28.2 (January 2007, 6a) ~

Let f be a function of bounded variation on [a,b]. Furthermore, assume that for some ¢ > 0,
|f(z)| > ¢ on [a,b]. Show that g(z) = 1/f(x) is of bounded variation on [a, b].

e 28.3 (January 2017, 2a) ~

Define f: [0,1] — [—1,1] by

Determine, with justification, whether f is if bounded variation on the interval [0, 1].
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o 28.4 (January 2020, 6a) ~

Let {an};2; € R and a strictly increasing sequence {z,}52; C (0,1) be given. Assume that
Yoo ay is absolutely convergent, and define «: [0,1] — R by

a(z) = {an T

0  otherwise

Prove or disprove: « has bounded variation on [0, 1].

— Metric Spaces and Topology ~

1. Find an example of a metric space X and a subset £ C X such that E is closed and bounded
but not compact.

- 28.5 (May 2017 6) ~

Let (X,d) be a metric space. A function f: X — R is said to be lower semi-continuous (l.s.c)
if f~1(a,00) = {x € X : f(x) > a} is open in X for every a € R. Analogously, f is upper
semi-continuous (u.s.c) if f~1(—o00,b) = {x € X : f(x) < b} is open in X for every b € R.

1. Prove that a function f: X — R is continuous if and only if f is both l.s.c. and u.s.c.

2. Prove that f is lower semi-continuous if and only if liminf,, o f(z,) > f(x) whenever
{z,}22, C X such that z,, — z in X.

o 28.6 (January 2017 3) ~

Let (X,d) be a compact metric space. Suppose that f,: X — [0,00) is a sequence of continuous
functions with f,,(z) > fhy1(z) for all n € N and x € X, and such that f, — 0 pointwise on X.
Prove that {f,}22, converges uniformly on X.
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29 ‘ Integral Calculus

— 29.1 1. ~

(June 2014 1)Define a: [—1,1] — R by

=1 ze[-1,0]
alz) = {1 z e (0,1].

Let f: [-1,1] — R be a function that is uniformly bounded on [—1, 1] and continuous at x = 0, but

not necessarily continuous for z # 0. Prove that f is Riemann-Stieltjes integrable with respect to
a over [—1,1] and that

[ 11 Flz)da(z) = 2/(0)..
— 29.2 (June 2017 2) ~

Prove : f € R(a) on [a,b] if and only if for any a < ¢ < b, f € R(a) on [a,c] and on [¢,b]. In
addition, if either condition holds, then we have that

/:fdoz+/cbfda—/abfda.

o 29.3 (Spring 2017 7) ~

Prove that if f € R on [a,b] and o € C'[a,b], then the Riemann integral f;)f(x)a’(az)dx exists
and
b

/ab f@yda() = [ f(@)a ()da.
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30 ‘ Sequences and Series (and of Functions)
— 30.1 (January 2006 1) ~

Let the power series series Y oo anz™ and Y o> by,z™ have radii of convergence R and Ra, respec-
tively.

_ 30.2 7 ~

If Ry # Ra, prove that the radius of convergence, R, of the power series Y o2 (an + by)z™ is
min{ Ry, Ro}. What can be said about R when Ry = Ry?

" 30.3 ? ~

Prove that the radius of convergence, R, of > 77, anb,x™ satisfies R > Ry Ry. Show by means of
example that this inequality can be strict.

— 30.4 ? ~

Show that the infinite series Y oo 227" converges uniformly on [0, B] for any B > 0. Does this
series converge uniformly on [0, c0)?

— 30.5 (January 2006 4a) ~

Let

_[w 7 e (o]
f'rL(x)—{O .

otherwise.

Show that > 72, f, does not satisfy the Weierstrass M-test but that it nevertheless converges
uniformly on R.
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tl 30.6 ? ~o

Let f,:[0,1) — R be the function defined by

1. Prove that f, converges to a function f: [0,1) — R.
2. Prove that for every 0 < a < 1 the convergence is uniform on [0, a].

3. Prove that f is differentiable on (0, 1).

— January 2019 Qualifying Exam ~

1. Suppose that f:[0,1] — R is differentiable and f(0) = 0. Assume that there is a & > 0 such
that

|f'(z)] < kI f(2)]

for all z € [0,1]. Prove that f(z) =0 for all z € [0, 1].

Proof .

Proof. Let 0 < 6; < 1, and fix z1 € (0,01]. Since f(x) is differentiable on all of [0,1], f(z) is
differentiable on all of (0,d1). So by the Mean Value Theorem, there exists x2 € (0,21) such
that

f@) = £0) _ f@1)

/ pu— p—
Solving for f(z1), we get f(z1) = f'(x2)x1. So by hypothesis, f(z1) = f/(x2)z1 < k|f(x2)|z1.
Assume for 1, x9,...,2,—1 € (0,1) the following conditions are satisfied for j € {1,2,...,n —

1.

IS (O,Z'j_l)
fzj—1) = f'(z;)mj-1
Flar) <K 7YF()|(@jm1 - z221)
I now claim that this inductive process is true for j = n, given that it holds for all j < n. We

apply the Mean Value Theorem to find some z;, € (0, 2,_1) such that f'(x,) = %, then
write f(zp—1) = f'(zn)Tn—1. By our inductive hypothesis, we have
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|f(@1)] < K" 2| f(@n—1)|(Tn—z - - - T221)
= kn_2|f/(-rn)l‘n—1|(mn—2 s l'Qxl)
< kn72(k|f(xn)|)(mn—lxn—2 ce xQxl)
= kn_l‘f(xn)’(ﬂcn—lan e '372361)-
Thus our claim holds by induction. Now, since f is a continuous function on the closed interval,

we can apply the Extreme Value Theorem to find some M > 0 for which f(z) < M for all
x € [0,1]. Thus we get

|[f (@) < KM (g, - - 21) = (kap) (kn-1) - - (kz1) M

for alln € N. If k < xi then for any € > 0 we can find N € N sufficiently large so that

1 )
| f(z1)| < e. Otherwise, we set &1 < 4 so that kxy < 1.
|
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