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I Wednesday, January 18

1 ‘ Wednesday, January 18

Remark 1.0.1: Some review:

e M e Alg <= M € ModNRing and 3m : M ®x M — M a multiplication map.

o M € lie-Alg <= 3I[—,—]: M ®; M — M satisfying the usual identities.
— E.g. Endi (V) € Lie-Alg when V' € ;Mod.

o Dery(M) is not closed under composition, but is a Lie algebra under [d1d2] := 1 0 d3 — d2 0 07.

— Counterexample: Dery(k[z]) = k:[:c]a% = k[D] but a% o 3% s not a derivation.

o HH(M) will make meaningful higher analogs of derivations, 6™ : A% — A.

— 1-cocycles are derivations
— 2-cocyles are § : M®k — M such that 0(ab,c) — 6(a,bec) = ad(b,c) — d(a,b)c.
— n-cocycles will be 6 : M® — M satisfying

n
> (=1)'6 (a1, az, -+, aiiy1, -+ s ang1) = —a16 (az, -+ ang1) + (1) (a1, , an) any1-.
=1

o Define Z™(M) to be n-cycles — this is not a Lie algebra for n > 2 unless the bracket is trivial.

o Gerstenhaber’s idea: define a new bracket [—, —] : Z™(M) ®; Z™"(M) — Z" ™~ 1(M) with
for m = n =1 is the commutator; this makes Z*(M) into a graded Lie algebra.

o Define boundaries B, (M) and HH"(M) = Z"(M)/B"(M).

— HHY(M) = Z(M) is the center.
— HH?(M) = Der(M) when M is commutative.

e Recall the definitions of chain complexes and their morphisms.

o Recall the different formulations of projectives P in pMod:

— 3F € gMod™®® with F = P @ T for some T' € pMod (not necessarily free).
— Every B - P and B’ — P lifts to B’ — B.
— Every SES A — B — P splits.

e Some useful resolutions:

— Z % 7Z 5+ Z/nZ for R = Z where ¢ is the quotient and kere = nZ.

Wednesday, January 18 3



I Wednesday, February 01

e(z)=0

— k[z] < k[z] 22+ k € gMod for R = k[z], where the kernels are all (z).
£(z)=0

— o K] B ka] S k[z] ZE 5k for R = k[z]/ (22) where the kernels are all (z).
Note that this is an infinite periodic resolution.

2 ‘ Monday, January 23

Remark 2.0.1: Recall

o (—) ®g B is right-exact for any B € gpMod and Hompg(—, B) is left-exact.
« For A € Modgp and B € gMod, define Torf*(A, B) as H,(P4 ®r B) where Py = A is a
projective resolution.

Torf{(A, B) = A@p B. Here Bln] := {b€ B | nb=0}.
Ext% (A, B) = H,(Homp(Pa, B)).

Example 2.0.2(%):
Tor®(C,, B) =2 B/nB -t° + B[n] - t*
for any B € zMod using Z X7 C, to get Pg = (0 - B — B — 0). Similarly,

Ext}(Cpn, B) = Blm] -t* + B/mB - t'.

3 ‘ Wednesday, February 01

Exercise 3.0.1 (?)
Show HH*k[z] = k[z]®* and find HH,k[z]. Use the complex

k[z]®” < k[z]®” — k[z].

Example 3.0.2(?): Let A = k[z]/ (™) and consider

u v u

LhA S AL A B A A0
whereu = (z®1—1®z) andv = (2" 1 ®@2%) + (" ? @zY) + (@" 3 @2?) + - + (2" @ 2"71)) ..

Compute wv(2! ® 27) = 0 and vu = 0,7u = 0 to verify that this is a complex. Show it is exact
using the contracting homotopy s_1(1) =1 ® 1 and

82m 1®J}j Zl’j £®$£ 1, ng_1(1®$j): j,n—1®1-
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I Wednesday, February 15

Apply Hom g4e(—, A) to get
0-AS A A,

using Hom e (A, A) =2 A via f — f(1® 1). Show that u*(a) = 0 for a € A corresponding to f,
where fo(1®1) = a:

u(a)=u (fo(1®1)=(u"fo))(1®1)=f,(u(1®1)=fa(z@1l-1Rz)=zf(1®1)— f1® 1)z =20 — ax
and similarly
v*(a) = v (fa1®1) = (0 f)1®1) = fo(1®1) = fo(a" ' @14+ 102" ) =2"  f(1 1) + -+ f

This yields

0 A% AT 40 4 4.

So the homology depends on if ch k | n:

o Ifso, HH*A= A+, 5o (x) "1 430, S5 A/ (z"1).
o If not, check!

Exercise 3.0.3 (7)
How can you interpret HH(A; M) in low degrees?

4 ‘ Wednesday, February 15

Definition 4.0.1 (Gerstenhaber bracket)
For f € Homy(A® , A) and g € Homy (A%, A), set

[f.g]=Ffog—(-1)"'gof

where
(fog)a1® - ®amin-1) =
Z(—l)(nfl)(mfl)f(al R ®a-1099(aiQ  ®Anti—1) QOnti @ ® Amyn—1)-
i=1

Lemma 4.0.2(?).
Let f,g as above and h € Homy,(A%%, A). Then

1. Graded anticommutativity: [f,g] = (—1)(’”_1)(”_1)[9, f]
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I Wednesday, February 15

2. Graded Jacobi identity:

(=)= DE=V[1, [g, B + (1) DD, [, £] + (1) DD R, [f, g]].

3. Graded derivation: d*([f,g]) = (—=1)""[d*(f), g] + [f,d*(9)].

Proof (?).
Define |fl|=m —1,|g|=n—1,|h|=p—1and fg:= fog.
Part 1:
(1,91 = fg = (1) Wlgf = —(=1)/ (g — (-1) ¥ 7g)
= — (=)l [g7].
Part 2:

(=DFIRIE gh — (—1)l9l1PlRg]
+ (=D [g, nf — (=1)P £
+ (_1)\h|\g|[h7 fg— (_1)|f||9|gf]

=(=1)MII [ fgh — (=1)lolPl g — (—1)M/I-(al+IRD) (ghf _ (_1)\gllh|hgf>
(=)ol [ghf — (=1)PIflg gh — (—1)lol-(FI+IRD (hfg _ (_1)|h||f|fhg)
(=1)Pllalfppg — (—1)llelpg f — (—1)lAl(71+aD (fgh _ (—1)|ng|gfh)

=(=1)m Ve fgh — (~1) VD) fhg — (1) DR g o (—qymtermm P £
(_1)(n71)(m71)ghf ( 1) m—1)(n+p—2) gfh ( 1) n—1)(p+2m—3) hfg+( 1)mp+np7mfnhfg
(_1)(p71)(n71)hfg _ (_1)(n 1)(m~+p— Q)hfg _ (_1)(1) 1)(m+2n—3) fgh + (_1)mp+mnfpfnfgh7

and everything cancels.
|

Exercise 4.0.3 (?)
Check part 3, this shows why the bracket is generally difficult to compute.

Remark 4.0.4: Properties 1 and 2 make @, Homy,(A®k, A) into a graded Lie algebra, and
property 3 makes it into a DGLA with graded derivation §: for f as above,

o(f) = (=0l (f), (1, g)) = [5(), 9] + (~DVI[F,6(9)]:
Thus HH*(A) is a graded Lie algebra.

Lemma 4.0.5(?).
Let f,g as above, then
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I Wednesday, February 15

1.
(~)WEDIDf — g —gu f = d*(g) o f + ()" (g o f) + (-D)Vg o d*().
2. [f,n] = —d*(f) where 7 is multiplication.
Proof (?).

Follows from a direct calculation.

Theorem 4.0.6(?7).
Let A € AssocAlg for k € CRing. Then the cup product on HH*(A) is graded commutative,
so a — b= (=1)4lblpUa for a € HH™(A),b € HH"(A) and |a| :== m, |b| := n.

Proof (?).
Let a,b be images of cocycles f, g in Homy(A®x | A) and Homy (A%, A) respectively. By part
1 of the lemma,

(-)lMfog—gof=d(g)of—(-1)d*(go f) + (=D god*(f).
Since f, g are cocycles, d*(f) = d*(g) =0, so
(~DllPlf — g =g — f+(-D)d*(go ).
The error term vanishes in homology yielding

(=Dlelblg — p=b—a e HH*(A).

|
Lemma 4.0.7(?).
Let a € HH™(A) and b € HH"(A) and g € HHP(A). Then
9,0 — B = [g,a] — b+ (-1l 9 "Va — [g,0].
Proof (?).
See The Cohomology Structure of an Associative Algebra, Gerstenhaber 1963.
|

Definition 4.0.8 (Gerstenhaber algebras)

A Gerstenhaber algebra or G-algebra (H,—,][]) is a free Z-graded k-module H where
(H,—) is a commutative associative algebra and (H, []) is a graded Lie algebra, where the two
operations are compatible as in the lemma above.

Wednesday, February 15 7



Theorem 4.0.9(?).
HH*(A) is a Gerstenhaber algebra.
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