Non- archimedean Quantum K-tkeorg, and.

Gromov-Witten Invariants

Tong Yue YU
Ca'.‘t:et.k

arXiv 2001, 05515 + work in progress with M. Porta

P((m; i Moﬁva{'ior\s ‘Fl’om mivror Symmeti’ét
2 Review of devived. non—an‘n(miean %eome’rrg,

5t Q?_{?FQSEntabil&t% theorem
4. Moduli stack of non-archimedean stuble maps and. Gromov Compactness

S Numerical enwmerative invanants

b. Geometric relations betwesn the derived moduli stacks

1. Motivations from mirvor s;rnmetrg



Def: A smooth projective  Variety X/c is called Colabi-Yau i€ its canonical
waui(e Kx 15 tviv(a[, e it Z’IM a Vlowkem UGV\'\Sll\ing hotomorP]nic volum

form.

EXM\P E“?’ﬂc u,urve, abelian Variety , K3 surfoce, haperswﬂ‘ace of
Aflal’eﬂ» 0[+1 in ([P

MH’ Yoy S\ammetr\a (,OY\JQCtWAL A‘M\(Afg be'tWCBVL bl Yau varieties:

\/

Anxa CY Variety X o a mirror \/ar(e,tét X

such thet @ list of Aee[) 8@0in£(, relm‘ons hold between X and )\é

involv(ng; Hodae struttures, én’omox/— Witkem invarignts , F(Akaza (;ad:egor(es,

derived Lq’ceaorg. of coherent sheaves, 5YZ torus fibrations, etc.

A more care\‘u[ stwfy -~ Mirror 52mm<etvy ic not reo«uy, a Juali’cg be‘tWeen
ino\(vidual & varieties, but rather a Aml{hdi between r(mmimally, alegenemﬁn%
families” of (Y varieties.

E)(amf)le-. Type I o{eaemu’ak(on of K3 swiaces




In %eneml, an alaebm'c Wcmiba, of varieties over a Functureri disle.

> VM(e’cnon, / Ct) field of formol Lamrent series,

- val
non—a»’chivnedeam fl'ela(: norm lxl -0 valy

pes ol < mac {15l [yl}

Non—archimedem ?eowira Ma[ﬂg 0‘( wmfleyx %e,omy.tv% over non—wrclm‘maiean 'G‘eu‘s.

2 More 3evwml, more symmetric formulation of mirror symmetry an a olual/l‘ty,

of non-archimedean  Calabi-Yau manifolds [ with maximal Je?em.mtfons)

AAVMfages:
1) Wovlcing forma“\a, without wovvying about comflm Malg,ﬁ(_ comergence..
2) Existence of SY2 torus fibrakion is rraveo( (NicwisQ—Xu—Yu 2019)

3) New Wazs far wlmt'(ng, awrves WiHr\ bovawrie.s e Wal(rc,rossing, ’Formmlas

Thew_ Conéidemﬁons motivate an amlog 01£ [Tromouv Wittan {—l«oory in norl—avcl\im(lem

ﬁeome’cry \

['ass(cal wppv’oach to lvomov- Witten '[’l’lwl’y: {Qer{;edc obstruction Jclf\e,ong,
\oj Belwvend - Fantechi , Li-Tian

Our 019Proac|a wn {‘l'w. non-archimedeam Se‘cbing,: We Ae\/ebor A f;‘\e,ory ot Aeriveci
Vlon—achimeolean 8aomeb’3 S now-avcb\ime&lcan 7umwm K- invarionts

= non—archimeiem Gromov- Witten invariants

Z,Revie,w of aleri\/eol non—archimeAeM 3eomd-mét



Q: What is a derived non- archimedean Ma[ﬂﬁc s[Jace,?
Recall the definition of a derived schung:
A derived schame {5 a padr G0 wmie‘.’cmgf of a ’rOFo(ngical Space X and
& sheat Ox of Sim/rliu'al Commutative rings on G satistying the fo(low\‘ng
conditions:
(N The rin%eo( space ( X, 7[0((9;0) is a scheme.
@) For each §20, the cheaf IJ(LD)() s & quasi- herent shegt of
7o Ux) - modules.

In order o aAaPJc the o\boue, definition to (non-archimzalem) au/\a(gh’c g.eomatry,
we ned to find « vuwé to im'?ou, ao\)(’h’ona( w’lalbd:fc structures on the sheaf
Ox | eg. ¢ a notion of nomms on the Sections of Oy

2 Corwfom the Sections of Ok with anerawf power Series

Ow first attempt Enhance sinvPlA'u'a[ commutative vings with non-archimedean
Wl:\(}ﬁ(_ structures, simPlA'c(al commutative affinoid / Banach a(geL)rM 5
Diffieult: Banach structure and 5imflm'al structwe do not mix well.

( works bg Ben- Bassat , Kremnizer, Bambozzi, --- )

Owr S’cra’(e%: Use H\z H’\wry of Preﬁeome’m} alwl s’cructweul ’coFos of Lupie,
Ia{ea: u% d’\ﬂ. LW/\%IA&%C o": (v e category /00—‘(’0’)&5 to 8enem‘te. AQY('VQJ sheaues

5tartin? from simP[e C(Msiml oBJects ; b’aFMSingx a‘n? model—de{)walent constructions

(e simfliu'a[ mlgelwa/;, i%—algel)rws)



Def: A Pr’e%eomat'Yg 5 a ca’tegorzt S ealu,iPPeA with a c(Ms of aolmissibln moyrhisms
wd o Grothandieck ‘ITOPoLOg% (ae,mmted laa admissible movPL\iSms, such that
0 T odnits finite products

(@) The cass of admissible morI:L\isms (5 closed under Composition, ]DM#UMCL and

retract . alor)g any. morphism alwﬂys exast

(3) f/"Y\‘a" g,k admissible =>f admissible
X —Z

Emmr(ms: k. non-archimedean field
* Ter (k) = Category of smooth k- varieties, tale maps , étala topology.
S — (ateqory of smooth k- analy‘h'c spaces, stale maps , btale ‘tOPol.(Jay,

Def: T pregeometry , X 09~ topos (6.3- the (_oL‘te.ﬁor\J of sheowes of spaces on a
gi\Ien 'tbf)olng.ica( sPace)

A T-structwre on X is a functor 0: T— X st.

@ it preserues finite proaluds.

(2 it sends Pu”baclns of admissible morrluisms in T to Fullbaclcs in X.

® it Sem\s ooVeyinas in J to effective e/pimorphism.s in X .

The iie.a behiml fhis abstract de{'im(tion-.

We can think of a T (k) - structwe (O a a sheaf of dervived rings eqwippei
with an Malat’l'(, structwe



M let F:=0(A) €X

: Y | pm:lu;.t— prese,ruina,

B ke AR R e e R e S e

i i 0 pm:lu;,t— p‘rese.rvina,
mulHFlA'wtiovt J e e e e s S St e
Theretore, we can intu,i-h've[\él, ’rkink of 'F o QA shealc of simF(/(a'aL Commutative

rfnas-

@) The sheaf F is also ealm'PPea{ with norms :
Let ID’ c A c.[osgA wait AESL

Recall: 0 5eno\s Pml“mclcs of om\missilola morF;\isms n 7 to FuonacLs in X

ws (DY) — F is a monomorphism

Thaefore, we can think of O(D) w» the subshaot of F Consistt'ng, of functions
of norm < 1.

‘ﬁmd:orialitg»

@3 ¥ Convergent power series )L on 1D’ Morrhism o(p) — F

We t’b\AnL o it w C,omfosiﬁon with j’
T\}ow we ore reaij, to ai\Ie_ the o\eﬁnitﬁon af oleriud non-arclﬂimiem anal,atic space .

Def: A derived k- analytic space. X is & pair (X, Ox) consisting. of o (hypercamplete)

bo—topos X and & Tanll)-sowtwre Oy on X st

0 (X, (oY) i ellumlmc to the ringei bo-topas associated o the étale
site of @ k—anabaﬁc space..

ey Foreuexg =0, Tté(@;l?’) is o Coherent sheaf of no(LO;l(l?’)—moJuEs.



I Representabi u’cg theorem

Q: How Ao Aerivec{ a,nalyti( S{mces appeow in natwe 7
A. Via {—l/\a. Vel?resentabilu-% theorem

Representabi U’rg theorem ( Porta-Y):

let F be mn anal}h'c moduli functor (ie. o sheat over the swle site of
derived analvtic sFace.s). The ’fo[lowma,s e eé(uiva[wt:

) F has the structwe of a derived Ma[?ﬁc, space

AiE Ak bomfat'ib[y_ with  Postnikov towers, has an amlztic Cotnngent Comf[ﬂ%,

ani its truncation is an malgﬁc sFace.

Rem: The representability theorem has two important  implications -

1) Phibosophical; Ow notion of Jerival am(ah‘c s}mm is natuml and Sm‘giaenfl?,
geneml. Le any reasonable Malgh’c moduli functor har the structwe of o
derived analytic space,

2) Practical: The conditions awe easy to verify in practice. So the theorem gives

{Jten‘c\& of ADwn—t‘o—eartl« P/Ko\mrles of Jeri\)ei Malyﬁc s]Da(.es.

Rem: We say that a moduli functor F s comFNfila(l with Postnikov towers if
s in'ﬁ'n'\'tesima“tg cohwsive  and nilwmf)(o,te.

'inﬁ'ni-l:esimallg ohesive« F sends Squase2er extensions  to Fm“backs

: hi[wwnf(o,te,; F(X) = F( tanX)



Rem: We a[so Prow.ol & %e,nem(/izm'on of the VefreSentalaiUt} theorem. tor non-archimealean

w/laﬂyh' C s’caclas.

Here is an afrbcaﬁon of t‘h& re)?reSentabilitg ‘H\wmm:
Theorem ( Existene of derived mapping stacks, Porta-YY):
X ¥
pro \ /$epamteol
+at lei
S
Then the 0~ mapping functor

MOPS(X’Y) : AAV\/S — 5
T Ty MaPT(XT,YT)

Riaii k—ana(?ﬁc SPaces

v 5Pace§

is ref)reswtab(a b} a ierivei k——w/\a[y’ci(. s[)ace Sepam’red and Lo(al{; of {inite

PmSQn‘cuﬂon over S.

o) Modu(& stack of non-archimudean stable maps ani (rromov comfactncss
FI'JC )( o Smaot‘k riaii k—Malytic sPaca.

Def: let T be a derived kf-amalyﬁc space . An /L—Fointed genws g stable map
into X over T consists of an n- pointed genus g Prestab(a Curve

[BE =21 ) over I ond-u map e G e very geomatric fiber
[Ce, (sitw), fe: Ce—XT is o stable map, in the Sense that its m‘tomorf,/\'\sm
group is a finite Malaﬁc group.



RQPI’QSen’ca]ai(i’ca H’lwvem S o a{eriua{ enhamzmmt of the moduli stack of
non-archimedean amlyt—ic stable mags

Theorem (Porta-Y): The derived moduli stack lR—I\@,n(X) of n~f>ointeol genus g

S'(Talalﬂ- mafs into X s refresentab(a loy a derived k-analgtic stack [oca“y, of
finite presentation M\Aerivei lee
Coi'a/lgent com?tvx 15 Perfe(_t and in i‘or’—amp(/?‘hde S=tcy)

Theorem ( Non-awchimedean Gromou Compactness, Y): Assume further more that
X 15 proper and eqwirre«l with a Kahlr structwre, Given any curve class £
Hu substack Mg,n(x,(;) < m,n(X) is & proper k—amlatic stack , hwnce
lﬂmg,n(X,(S) is & proper derived lc—analaﬁc stack .

4 Numuica[ enwmerative invariants

Q-. Given H\L (,ornfactness, how Jo we obtam numuficaL enumerat(ve nvanants

from the derived structure. 7

Two waas c[mssica\[a { K-t’l'\eory, —~ alman’fum K- invariants Céiven'tal,—l-ee)
(ntersection ’rke,ova_ = érromov— Witten invariants

( Belrend - Fan-l'ecl'\i)



K~ Hflex)ry, Worlks Simi(wl& in non—arclllimea(m 3eometva.-.
De{'; Tlu non—mb\imdean quantum K- invariants are {’lruz Vnaul)s

X —
Shne GO9S —— Gl
0,0 8, — sty (eva, ® - ®ev)an)
EAIaluo.tl'on at §;

RWyn(X,8) —— X
stabilization tl

where

of domain 3

W,

However, intersection ’rhwrc(f [ in the sense of Fulton's boolc) does not work in
non- archimedean aeometvg, (nor oomf(w( amlytic g,cometvgy).
Reason: there are not emugL cgdes to have Moving lemma, or to hawe Chern

cloE et oM tetoy Nl

Solwtion'. work with whomolﬂgiml theories.
Choiees : 1 Etale wlflovnolp% > [nvwriants in @, , ina\eFennleme ot
2. de Rham whomolnw ~— invaviants in k, still net ideal
3. Berkovich inteaml etale colnomologg —~ (nvawriants in
functorial properties not Su{'ﬁ'u'cn‘l'la_ ievelppeo(
only works over C(%).
@ Ri&id analfcic motivic cohomologg, bg Aglovtlo ~—— (nvariants in @
works over general non-archimedean felds

six functor formalism recent—b& Ae\/e(o[)eol by A.&oub-émllauer— Vezzani



Romghlg, w/\H k—malvﬁc space P

s RigSHét(Ss Q) 00~ Category of &tale k-w/\alatic motives over X with
rational coef€isients.

Six functors ®, Hwm , T, %, fi. f"

for wma, =" k—mal&’dc space /51'ack, we L\cwe,

MO‘HV((, oohomolo%-. Ht( X/ 5, Q(f)) ] HamRig.SHét-(‘SS@\)( 15 , Ax o Q(r) Eﬂ)
Motivic Borel- Moore hOMOlﬂgv:

HgM( Xiis 00— l‘lcwmkigsH&(Si a)( g4, ax 2l @), ez

N?/xf we a’PF[‘d a Aeriw_o[ Mabog of deformation to the morma[ cone "Fo“owing, Khan :

Theorem (Khan-Rgdh): For auny derived (ci mor?lnism X =Y of derived k—analx&h‘c
stacks, there exists a derived [ci deyived k—malfaﬁc stack. Dyjy over YXA',
and o derived o mor]ahism X*xA — Dyre over YxA, whow fiber over
Gn=A'\0 is X% — Y% &G, and the fiber oer 0 € A" js the O—section
X = Ty [ to the shifted tangent hundle .

d:= virtwal dim of X—Y
s Hsz( Y/S, Q(r) s HgM(TrX/Ym, Q) = ot";wf Hf%ﬂs, R(r+d))

=

Det (Khan): The virtual fundamental class of s the class
[x/Y)=f'(1) € HR(X/Y, Q) whee 1€ H*(Y/Y, @).



De‘f: Tl/m non-mkimn{e_an romov- Witten invarignts ore {'Luz meS

Igne © HY(X, @0))"— H' (W, &C)
6,® -®& —> PD st,(_((eV.*(q - ® eV ) N [IR/W,,,.(X,(?)])
evaluatl'on at §;

Rl (X,6) —— X

stabilization tl

of domain

ka

W,

b. Geometric relations betwesn the derived moduli stacks

Next we need to establich all the &(Ped‘ei Pro[)erﬁ% of owr non-archimedean
(VAT onts, Tha& will follow Veo\dilza from o list of r\atuml §e,om1btn“c relations

between the a{en'vw\ Vnodu(,{ stacks.

In order to state the geomutric relations, instead of Worlcing, with n—pointeo(
gonw ¢ stable maps, We use o s(,{?h’c combinatorial refinement called (T, p)-
marked stoble mops for any A- graph (z.p) introduced by Behrend- Manin.
(1t {mposes Jegenmﬁon types on the domains of stable maps as well a» more
refingd curve clasion, )
> associated moduli stacks M(X.<.@) of (t, B) - marked stably maps,

ond their derived enhancemmnts R M (X, T, p)
Furthumore, it will be weful to wonsider the velatie situation RM (X/s, T, p)



Theorem (Relations of derived moduli stacks, Porta-):

let S be a rigid k-analytic space and X a r.‘gid k-amlytic space smooth over
S. The decived moduli stack RM(X/s, T, B) of (<,B)—marked stable maps
into X/5 saticfies the 'Fu“owin?r geometric relations with respect 1o elEMevrtan&

Opemtions on A-%mphs:

0 Products : (T, el aile it A 9”‘{7"‘5
RM(X/5, tut, fioB.) == RM(X/s, t, ) X RM(X/S, @, 8.)

2) (u&(ng 611965: (v, (3) e (0"» 6)

We hawe, a Aer(\/epl Pu“baak A(mgram
RM (X/s, T, ) —— RM(X/S, r, B)
Jo oot
A
X 2

3) Universal curve : (1_, Q) Sz e ol g)
fovget the tail t

l/\le |r\a.ue o oleri\/eal Pmluoadc o\mgmm
RM(X/s, T, §) —— RM(X/S, «, B)

'\wi\/evz;al awve mWesFondin3 to w




4—) Foraeﬂ(nﬁ, ‘L'a,ll.S: Context S Aloow,, we hwe v o\eri\/eo( Pmanack Am%mm
RM(X/S, <, B) —— M¢ x_RM(X/S, ¢, p)

| s

s —_— TaPve
o - T X, W
T

5') (,ontrac’cing, edges: ('C, B) ———————— (0‘, 8)

_<>?< contract 2 S

iadd k tails

(rf, 8:3) cnrnn— (T, 8)

_,<>_’____K e»q)wni ebya __Qﬁ

chain of leng’cln {

We hae a natwral e_7u,{wlence

colin LL RM (X/5, . B —— x RM(X/s, 7 6)
L) T

Rem: The um\;emal ANV, felat(on n the Pwrh'wtlar are wlnem CEaisa ?Oin‘t:

The ‘forgetful ma.17 YRM},n-H (X/S) A IRI\—/Tg,n(X/S) (S e?u,iw.leﬁ‘b o the
universal curve lRfa,n (X/s) — lng,,.(X/S)-

Such an intuitive statemunt in fact [nwrForate,s a([ the information about virtua[

ownts with fesPect to ﬁ)rgett'\ng o ’cau'.l, w%ic]a is (\ass[ca“y exFresseol and Pmuei
in terms of {)u“batk Pmperﬁes of Perfed’ obstruction thaories am{ intrinsic. normal

cones.



Rem: We take further owl\/antage of th Hm‘bi{.{t\(} of owr derived aﬂ)roacl'\ to
intodue & (I}enmxl/i&al type of Gromov-Witten invariants that allow not oaly
simF\L inddenc.a (,onolih‘on) for mu\t@\ poin’cs, but aLSO (ndalen& a)r\ali{-ions
with mmlﬁ{zl&a‘cies. The»d Sam'sﬁ& a list of Pmi)erﬁa Pwm“e( o Behrend - Manin
Mcioms. To the best of owr knowtelge, Sv\cL\ (nvowrionts are not m&et oonsio{eveﬂ(

in the literatwre, even in alaebmzc geomatry.



