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0.1 Classical Algebmic Geomely = Affine voriekes

R= k[?t., ey Xn ) Po\anowxiaﬂ €0y over o‘%do(‘wt(a."j closed Reldh k.

T € R idedl

X=V(I) = {aek": f@)=o VfeI) a%a‘ne, variedy,

The hpoloacul Spoce closed sefs: V(T)

A’{:’ﬁl\e Spq.(,o.: AV\ — ky\ w‘\'-\'{,\ '-'Z.zﬁ[\.fk\ —-}q‘ao'.nm< Ofev\ S@‘h . u;‘;: A“\\\/(I)

X< A .su\ospau. %fo‘om : XU, basts of optm Se{'S:: 4%1: .-b‘F

The fuackons on it De={ac k™ f@#0], fer
R = Hom (A", A, fr— (o Iﬂ)‘FCM) «— The fmckons on A™ are
L(x) = [feR: )=o) o the Edons on A%
Remark W (T (X)) = X _Hor affine variekes X Vanishing on X
Coordinate fing : |kEXT = R/T(X) g Fonchons o X oee

Key facts: |)H'\\\0U"'J basis Huorem : R Noetherian , 50 RLX) Noehasian
2) Hitbect’s weak nullskellensatz : maximal ideals o R (and of hEx]) are
m&=T_|'({aO,\: <Xy =Ry ,-0) Xn—An7 , S0 comespond to poiats: {a)y=Y(m,)

3) Hilberts Nuliggell 1 = o | of T | Hence:
) Hilberts Nuligtellensatz: T (W(T)) = /T ( {n:cadgﬁ) p,ﬂ_)) TVI-T
Lemma. Thee arc €V\OVLZ'(—\ vav\ol\‘ons Yo se‘oa\[ak points Codical

E 0.=f-'\o (= XQ/A"\é Some cordinale Ou;:f:L; = A, ek’_’x} Sefara-ks a,L.n
Morplisms bedieen affine Variehes

HOW\(A"‘) A‘”\) >~ R”“ &« ‘Oalvv\awﬂaj Ma.fJS a— (\C\coq,_../ -Fm(a.\)

Hom (X,Y) = [res-\n‘ckov\ af a eo\:jnovm\'al. map N>R s.t. X%Y}

Foucks : | %\ = Ho . A <«— “"values of fatkhons are enow
acy ) kC 3 Hom ( / A) fo defmine Yhe aboshkuct fvabﬁor:\

2) Hom (XY) = Homk_d%( RCY)  kEX])

\ "pu"l’aCk\\
(F:X—)Y)I—)(F*‘HOM(Y,A')—) HO\N\(X//A))C— x F.Y
E1uiwa|¢m of c-&-tgartes £ > F¥ = {foF Fx?“:.) )LA\«{-

{afGine varieties } > nikly geneuied reduced R—aldoras A, homs of k-algs.}

R ca”:
X —— %[X) nomilpotents | Ry e
(F:x=Y)— F* (5 mitpeleat it $oo somen) | 5T fodical

Note: TL(X) is codica)

Remark The "game_“ (U‘O-Fo ?SoMorp‘/\iSmB X con be ombedded in Various A"

E% C(A.Sio\'do& wbic V((QL_ 13) = | i QA');,'Q Is = \\/(‘gl—x—sj 2—'13 < A3z,‘3.%



0.2 Why schemes?
Some reasons :

) Why alvays have spaces embedded in A2 fextinsic)
Can yow vake semse of X withoutr refeence do /A“? ('\/\\YII\S\‘(_)
2) Nh\.g viot Lt R be any rir\'a".
3) Whea You defocm vaciehes, ni@pokn‘h anse najcuranta, and chovld not be ignore«{=

T ¥ f = (x-a): (x~b)
\LL, X=VE=M A et s
a b
RCX] = k kR Cx ~ % valbve ak
DC'&"‘M C b LELO?V\Q—O _.EXJ/(:L—-G.) @ /[DC—-\O) - k <_2Ld\ point
1 ULz (o) (x-0) = x> L(VEN= V6 by Hitbert Nullstel
\|J x=V@®=iyep R ST gyt .
) x kEX] ~ kEx-J/'\/C_;") = kC:Q/(x) o~ %)

We lost iaformakion ¢ classiaally yow cannot dell x=o apart from 3(%=0o
ln the Yoy of schemes, the Rey rde is not played by the +opologied space.
The Key nole is plaed by the ring of funckons , or cather, the sheat of fondions 6:
on €adn open sef S X az\—a ring of funchons O (U).
Exarple above = (F(X) =k [x)/[32) < We do nok redvce +he virg of. funckons
At N\I\QJC C—oS‘{T?. \/alues oF fomtkons need not Aekrmine “M. a\oshc}r fwwkon‘-

() » oLtfpx —— (oLtpx : X=o) — A') € Hom (X, A)
0 —— « do aot rewover B.
ldea: the gbstmach "(5“ remembers otk X arose fom He  wllision of

wo points, so [ recocds tangemhal informakon §x| (ot px) = [b-
X

=0

0.2 \What s & poink? —(and ieduce i€ no!:)/(X;:FX)
X '\Oea\oD?CAJ spal s \‘Qéud\o\e W X = X,uxz_ o proper closed XCEX.

Euclidean world (MOre, gm?m“g. P X Hausiorﬁ) : YeX irre,hoiue_@\/: point
or \/:

pPoint ae X € max ideal M, < R[X]

Classical A\ Geom.
9.5 <d.o$eoL g#Y < X irreduchle & T (V)< kDX] prime ideal

R Tir\fa. = "Poin+s\\ 01_ R are Spec(R)= {f‘rime ideals ‘1—R} nok just mox ideas
Co\JCe‘anricaW} & good choice sinw functorial : fails for mox .‘oleml_sl
: R—=S hom ef rings = CP_‘(B“""‘Q\:“— prime < €9 Z%{) B, ¢ (=0
¥ & tdeal ‘el We wWere just Lucky Yhak

=2 Spec S— Spec R [ homs kLY]—=kOX] send
"(’—' Max kel = max deal .



Motivabon: M nx»n malvrix over € it

l. LE‘P,'J‘ TNopN QF SCEE”E-S Then c[—x]—»CCM]/ X M has Ker:(mg
|.I Exawples of affine schemes 5o CLM] & €T)/cmyr = D €Ly
Spec M) = {(x,-};) s ac c:‘a,u\vq(u\cr 4 A}

Spec (R\ some f\“‘g R (alwavs: comm.ring w'dfniB :
« As a sek: Spec (R)= ier.‘me. \deals p< R} <—(Pf?mi\( Spectrum

.~ . 9. V(R)=
+ Zariski %—LQM ‘ /,eg \/(o)-gccﬁ.

closed seks: |y (T) = { prime ideals contuining T € Spec R

which we wnstruck later, <— spaces of fund=ons

« sheaf Gs?ecg

Rmk The ?&Lal fnekons are G-SPQCR (SpecR) = R . «—— 50 spaces o fns com /
Exercise \/ (1) = VN:—I:') — r€coves Hhae 4op.5pace. !
Key exerdse |\/ (1) vV (7) =V (T-7)=V(TaT)—|EIEITIIT
(% axoMs fr N V(I _ So V-7 =VIAT
o 4opology ) = V (_I I\,) but T-T amd TaT may be#
Key V(T)=8 & T =R © 1el, sine any properidal < some maxidead
Topological , fopen sets: U_= Spec R\V(T) = -er/I D [Rmk D=l
| for
(,anse‘j{u&nce.s basys of opom sets: D ={ peSpecR: .F¢I> ]I sm&"’zlx
loceh i3, i ) PP , frep © fep
’ =R|’/?-g|; - { P € gpec R: ‘F(P )# 0} l(}_call'.mh'or\ ' '
"Value o'F 'FGR 0\)\' P\\: o Kq‘t‘v M‘
@ R— R/P > K[FB:. Fro\c(R/F) g RF/PR p prime
Seec & 'F t > -F(P) \ P R/d: is
Remark [F(P)=0& fep R At
Exarples 1) R = k. [X] v —afbne variehy XS/A
Spec R “Tyeckon {info\vwcue, subvariehes Y X )
s Ul o I v/
pecm o WSKe oloares agre
={max idealsy — X <— omd riski Japologies agree
Value of feR akf m, ¢ WM, — R/ma. ~= R | inHnis case the
= - - A&n } 3 + %Cu does not
(mﬂ <X 1) Xn" A 7) -F ‘F(a) ma\ on He garnt

D) Spee 2= 10} 0 () : peNpame) L e
D . . %f—"mc'mb\.:_?

©) @ @ () - So (os{"no infocmation .
V( (0332 fen‘me ideals @ntaining (o)}z Spec Z so the pant (0) is JQnSQ!
\V((?)\ = {(P)) are “closed poinks". Valve of £fe2: £((p) =(—Fe Z/P)—_—(-F mod ﬂ

In sgneml Prime idoals p with  WV(P)=SecR are called geneic points
Prime idals p Wit /( P) = {P} are called ‘closed poinks

Execise {doseA pointt } = Jmax ideals of R}




Exercises + @ prime idtal = o odicd

(a_-_-_—\ja_) e— [recall. rad: ca.ld:a.
o a,b i, 6. b V)2V <3, [B={feR e

Cor VIT)EV(T) S NT 2 VT RSN
V(D) =V(IT), so: © V(T) sVIT) D (1277 by exende.n  |[Va2 s Cradical (R)
Gor [Viy=V(b) & Va=1e {Eiﬁ‘::e*ii;"«; q

= ic(.oseok sek 4’ Spec K} JALING PP RN | Io\eaﬂso}R} ?ﬂg\o}gs‘;{\ (\P
correspondence. L P €SpecR
Progosibon e R vanishes ot ol peSpecR & £ nilpotent < immediak frons

Cchrtc\aT(:cK Spec R = UD& S Lelal &> & <al £i5=R
'P-F Specﬁ\ UD.F - ﬂ\/(H = (<o\a ‘f')) now use Frev\'ous@ O
Theorem Spec R is quasi - Compact <—(‘[Va3\-cowpacl' = conpact =ofen covers have

£nite subcovers
P Spec R = \)U\. As U; = U_D.F‘., wroa U =9, .
Trick V ! f
= 1= 2

" rf; <« so f:n'\\tLJ oy £ geate R, 5o Hhose :b'F: Gover, O

Y
nNe

Basic Execises
l) (p: RS ring bom = of : Spec S — SpecR, p +— @W7(p) is conbinvous

indeed [A~'(Dg) = Depp| «(Hint: f¢pcR=9 st ¢'9zf Ph«s \23)
2) Show that Spec (R/T) “is™ de subspace V(L) ESpec R amd Hee C[uo‘l\e/u\/r

Scegwl_\;g Mo T R- R/I induces Via (1) He inclusion map on SPQC.S &’je’;&
Norey | Exawple | Spo (ra/(m = Jprme 1dtls d R contuining £ means:
;e‘?‘l’?““ e points of SpecR where 4 vamishes | | Saooriealy
SR = V(§) Ao

3) Show ok Spec (S'R) "is* o subspace ol Spec R, uhere SR is localisabon

KI, 2 ok a m\l{‘}\F‘\CAA'\VQ set SC R) amd R — S"R/ r \——»? vadwiees via (1) He inclusion

means:
Les | Example S ={1££%.} so STR=R, then:
S-S€S
(we do SPQC R‘; = EPHMC |MS-)‘;_ R not con\'mmr\g, 'F}
Q‘;ﬁ\m = the points o Spec R where £ dots not vanish
OE£S) puy D‘F’
4) D

(\'Dg= D'F} , So

S(ec R-F N Spec_ Ré = Sfec R’F9'

¢ (144 €°<rg >3 = £v)

5) -D,(_Qb.a% NVH#)2V (@) <= ¢ cla & felg (=)-,C}Je (9) some N& g€ R-F invertible

G) p<R prime Wdead = RP==S"R for S= R\P} +hem 3! closed point my= p-Rp€ Spec R

so local cing:3 | max ideal m ((:) 2lts oudside v are iaverhble)
mpe USSpec Rp opon = UU=SpecR,,.

Also:



.2 Definikon o a scheme /QED: WoRDS TO BE DEFINED LATER

Def A vinpd space is IDEA
© @ -lopo&a&cqﬂ space. X &— He points
« Wi o sheaf of rings GX on X < He foactions
Loca”:a: rin%eo[ Space £ also : "
. : < the germs of
0\.\[. S-\-&QKS le.x Gre LC&Q rmas 'Fumc?w'ans nea
So 3 unique maximal ideal M, S Oy, Point
. . ! ’ ] \
(U i PRAE
My % lives here

M An oaffne scheme is a ﬂ:caﬂ»& r;r\a,ul spous
isamoq)kic to (Speo R, Gs‘pecR) or some ﬁN} R.

Def A scheme s a Locally r\‘/?zd space Which i
locally. isomorphic +o an affine scheme.

means:

Vxe X = Some open nen Woourhood xe NS XEst. (u) GX YE (Spec R 0_ \
3 some ring R DAQvaMIAa onX |u ) 7 Spec R
¥ use

|-3  Pre-sheaves catesory C
I . / ry:t'fg:tﬁhea_m
Ab = Ca-\eaor? of abelian AOUPS amd S ovp Aomns ::;.(_’v: R;s\é:-c

Top X= cakgory with objects: opem sets UeX Mor (U V)=36 it Uy
morfhs ©  inclusion mafs <_( ’ {{.‘nd} WUy

Det A frCS\\emc (o(' abeliam famutps) on X s o contavariomt Amdor
F : TOP X — 5 AL
Se: .Yy opem U E X have o abelian grovp FU) « elements called sechons (over W)

‘¥ induston Uo Vv have o “resicicHon” Youp o .F.(S'VS——) Fscll:>

« Flid:U-W) : Fu) Ay Flw) so sla =5 fr seF(U).
- Uevew = FIW) = F\V)32FM) So: (5|V)|\4 =s|y for seF(wW).

EXamele X -|-0Po|oa\‘c¢l spoe, F(U) = {c.ov\‘)"muous fonchons U R} with obvious resiichions
Morphism of pre-sheaves = natural hansformation of such fncdors: Y:F—a6

So: Wopen UEX have f,: F (W) — GLU) goup fom /i"qéecr:?:k,uz‘
V ir\c[us{ov\ U—DV have F(#) ‘ﬁ\, G{u\ " e stviciNons

)
~  &—restrichon homs i-g. Hhis :

e Y 6o *“;ﬂﬂf:sil
Su.‘o pre—s\r\emc FE€G&A means F(u) & G(W) Su\‘owl CO""PWRLLa with resiriciRons




|. ¢ Sheaves
b_emc Pe-sheaf Fis o sheaf on X if ¥ saksRes Yhe goml—'\'o—zfoLaQ wndilon:

£ W ogen ) s;e F(U) ageeeing on ovelays: Ua@
A — Si|u;nw e FlUiawy) 7 ",

J )
Thew 32 unique se F (UW) with S|u- . uou
Consequimces ' —idea: c:;\w.quclj
» two seckons s, t € F(W) equad & Hey equal Locally : 5| =%, U=LU:
30\4 Comn l:uuQJ SQCJ\OV\S lwg olmemJ roa,Q s'ed\ans/ Cona‘iﬁu-a on O\IU‘@o.fs
- e@x&uf@iﬁw 0— Flu) — T1F(k) — [1F U nY)
r =LV W . 0
S 6D (S'.') —_— S:l . S — S i _
F(¢):O (M onsides Qf"el-\a c_o\/u.‘(\ﬁ rr, ¢) ( \k\r\U\) dlu‘nub\
Exawyles

) Sheal of conBnuous real Fnkons = F (W) = { conkavous maps U— RY
2)  Skysaaper sheaf of peX for gooup A: F (U= {?\ ‘\fp \’i \(kk
3) ?(‘CSL\QO&'F OF COY\S{"Q\/\"‘ -R/n(,\\'av\s -R;r %.no.)f A: TP
. o FeF(U) s & conshant
F(M) = {A f M¢¢ ‘_(‘funckoﬂ £: M-—)P\ =a €A
(@) [ty \A'-: Q’ <—(on\3 want one {'vn(,«l\or\ on %)

Ll-) Sheat of |oCa||3 conskant fmckons for Gvovy A. So fe F(W) means
£: 0> A such Haat VxeW, 3 opom xeVEWU with £, v— A CO'\S\'W\’C

. consy dec

Wacaing : it implies £ constant on connecktd components but converse can £aidf @ with asuad

Euclidean topolo
l:_xeruse_ (3) s not & sheaf \f X = 2 points withh o‘.\SC«rek-i'ﬂFDLog\a_ “A :#o‘_m

Write Ab (X) = Cac|-€.9,or\g sheaves on X amd mor'p\n.r-fj- shaaves

\l

\
SB\(X\ W€ Work Wil cockb'of‘a d Sets mr-lQaJaf_A\, |('V'0ff""S of. presheaves)

.5 Stalks
Dip S"l:a.ek ak x U'J. flfs"\@’\{ F is Hhe abelcan Froup
: &— direct kmik
FV- = HAM F (U.) ovér feS'L':(‘.'KOV\ Moo
EXP||c\’c|~3 xeU induced by indusions.

An element of T, is determined b*a, Sel:((/\\ some U x open ,
olen-\\F\a S~t Jor teF(V) & s|lw=1tlw some unV 2W > x gpen
Rmk + natveak ap FIW—F, s+—o5 _.e7uivq|enc9. clar:aj 5. (for xeW)
or wrike: S|,

. mO(-Pk W F — G ‘H'\.QJV'\ %Q{- Le F — G ((ei (sx) = (-p (S)|

or wrike: le \€ s€F()



Exeuse @ ¢iF =G morphs of sheaves | < Hﬁ)| = 4,0
if Q @Y =y, :F, > G, thea @=+. . V‘n -
Luslw) Y (slw)

Facts For sheaves F, G /ff\ cm-l-(%or-a_ AbLO Thew use Lol -to ~afobol

. ol o pory Hh
F— G monomorphism © Fr o Co  imekve VY el m catpary Heery

(] s —D)
Foa epmorphism S B — Gy, surjechve W CHoMp—o:.'ES_;;ﬁl}%tl.ﬁf[

F 3 G isomocphism & Fx 2 Gx Vso W iﬁ%:&H%azﬂ

\l“a{'nina mono & F(U)—JG(U\) fﬂj-\f\i y but ‘f‘ui\; {for epi = Flu) 9G(W) need not be Sury.

Exerase F;_‘ﬁ,‘ Gy sur,‘@ V{ZGG(M) Jse F{V) : L(v{s)= 'Hv GG(V) (bwh vV n O\Q’Mol on ‘U) A.ree

‘tw / ervSu— H\.JKL{

RW\'\'( F—G isoc & FlL) GLw) iso VM_<—(T(‘3 proving surjechvity by wmbining Hhe Exeroise

For o : AHM\AAM\'MGN\:ps’ FraFW) is a With injed\'v(b and a local-4o-global argument,
Pador, omd Rnclors semd isos 4o iSos. For'e™: limy funddor gives iso on stalKs B, G - O

1.6 Sheafification so YU, AxeVe U, teFIV)
F Pre-'sheo.‘F = F* <sheaf (i-(-'w'cartion) ! \/ s()=ty€eFy, VyeV
FHu) = {i\‘ U— LR : Lowally s is a seckon of F}

in fact by definshon S(X)EF,, Sso Ss: | U— l;.élu-F,_ < l_e_lel
x
omes with natveal mocph F — Ft «(se F(u) — (xr>sx)e F*(u\)
Exerwse : F+ IS a skem'F/ F; =F and it s‘a'\iS‘ff\‘CS= F+.._=':LI._-) G

x

Universal property \f shead n X, ¥ presh.morph F—s6, R an
(} } & Vs G on X, V presh.morp _’/;) ,L/ Sheaf

. ;a.' Sheot morph F+ 5 G s}. J.{aaram commuit
(dekrmines F* uniquely ve to unique isomorph)

Hisk. In our comshuhon: Fi =F —> G, so we kmou Lo¢ how sechons
map but we need {o 32=Lq,&.‘.fo_
Trick - F— f* +
| L firlly G s sheat so G =G
E— G+ (mﬂva e, wsing Gy = G: omd Facts )

E xawyle (pre-sheaf of Conshamt fw\u\a‘ov\s)'*' = (sheaf o £ocalllly Constamt fw\ukav\s)

Exercise ) Fc G sub pre-sheal ;| G sheaf =) J smallest subsheat HCG st .FeH

Moreover H, =F B \Hick wic
y x x- (“sheak ot discontinuous seltsons ") %{M*‘L’W‘

2 (DR (W) = QAF‘* with obyious reskdchon maps is & sheaf of F+
3) {* F—DF obvious moreh, Bk Fb= preshea) image so FL(U)=CF(V\)=JI:]F=:
ten F2 < DF is a sub fr(’.—.s\r\eq,{_ omd  nsiuchon (4) 9:Nes H=F* -
1.3 Kernels, Cokamels, lmoges For @: F— G wmorph of sheaves:
. (Ke.r' L(\ (W) = Ker @ is  sheal 4—-(%; FlM\—vC\lM))
o Gkarg = (Pre~Coker @) where (pre-Goker)(U) = Goker
J m Y = (Fr(’_-lm kev' where (pre =1 (W) = Im ¢,




Rmk In additive cat; o codegorical Ker
mono & H—’F:’G Hen HSF ZCoKU‘,see I»¢|ow
epi & F‘.—'G—o; H thew G2H

Def abehan wkgor\g_: addikve Cod'eaafg swch H«o)r] maorohisms have Ker Goker
amd "') Y: F —oa6 vnov\avvwrp\m is e Ker of s Coker

W) % epimorph “ Coker 7+ Kes
Def  oddibwe odygory  means  Mor (A, B) abeliom g (so often weile Hom (A B)) st.

Pr";‘di"{:‘;: ;’;:ﬁ’:f’ - Cowposikon of morPhisms Aistibules over addibion

sﬁx&i\%p’iﬁﬁﬁ nl 3 prodwcts AxD (v obj. X, (a'. morph 0- X) (32 morgh X— O)

V)
ogcee with finite ®. . 3 zevo o\ojedt o) (a,r\ object fhat is Im-H\\’inikoj- & 'kfm?f\mQ)

See ol\so Sec.5

Fundor F o} aldibive/abelian cafe s addib@ if Hom (A48) Pom(PA,FB) is gp. from.

Fact A'o(x) IS o abelionm Cotggory
idea it "behaves Lke" (_a,kaor? ,3_ abelian as

For ¢:A—B: goeds | RY s BOGKTL o | Imip= ker (Goker )
Kecy is a morplr\ Ke(‘“(’ — A st. Y? N which is & Mor‘o\f\
vC 0 2 \ @ Jmy B

& 7 M Facts Blﬁc%r(%“\-(ondj(.(
K-U'(( _’A—)B ﬁicﬂqua’“e\"‘m°‘?h~ A—Imy—5B
s |€ ¢ mono, dekne Abtlion cat = A 5 imy epi
Fact Kecy is & monomorph. He ﬂvoﬁewt B/p:= Cﬂﬂ( W\d:Co_lw'(K_ercé

,,A %:—5 B T 5B/A as exypecled l

Ker . ™= T c;'Kertp
' ker T, Freyd-MikchellTh
T wil now stop undeslining ker, Gker, Im. is Cokercp Lol "

. ! J
RmK  These qu—QanifCA,Q dedinhons can be cumbesome o Work With . 1€ Yuras out:
V_small abelian ca: gy A,a o poSS;U') Nnow~ommutaive \r'iha. R with 1
Kﬂzo\ N Faidhhd exadt fundor ﬂ—)zhﬂ: R-modvles} (in parhesles presecves )
(4

0k)(A) and u 0 : Ker coker and i s additv
AL o N = can pretend s work Wit mader, | K&, CoK, ok

Exounple you just apply Hra Husorem ot small abelion w\cw“‘fora inwvolved in Your diag o /sequtrcs.

of movps —donlt need Jo use e whole . Explanafon of vh) Yhe abelian sub caf. genenitd
by & Small diageans is o Small cat: note HaaF Mor(A,B) art ab. groups hemee ses. Lot Co be
Hre (small) full subeat A witl objeuts Hhose javolved in the small Aiagram 'I‘a&&lr wik Hhe objed O.
Let C, = (5mall) fl\ subcak of o widk objeks Hose in Co,amd finv producks of o¥5¢.<.\:r inCo, 05 well as
K?-f, CoKU‘, Inm foe 2very Morp‘l\ i Co (nohw ob.‘,ﬂ.(;h e lalptllul bj seh So Obj(Co) S 5@,-\') .

Contiwe induchvely : C; = VIl subcak of A gt fom C, by takirg Reiwe prodws,
ke, Gk, Im. Fiaally €= U Cn is Hhe smoll abelioan subced we wanid.

. § Exactness npo B
A (cochain) complex £° = (... F*"‘E,‘FCLF“'_,.,.) in an abelian caf

Exarple 5 abelian gps () says:

means wwosik 01_ twWo (onsecukve mor,ohs is 2€0: olmoalc =0 Vi
o . . . on md k“f‘l.‘ﬂ
(CO) c\OMo\om H (F‘ ) = Ker d('-H/ ) d aa’\va Hc2 i‘s ;h‘:omr )

F* exack wmeans |m &= Ker 4" (& omplex With 20 homelogy H'=0)

?"OPOS“\\'OV\ (oMP\QX F°in ALCX\ exact & F; is exact se7MQ4aLelfnn?fs
K(""\"'\t’-dt'o-"ﬁ by FackS on previows pagr ) YreX




RmK For SES (shork exack sequences) ©O— F S edhHoo o] sheaves
You usw»"\k UhicK exactness ok (el o stoliks, bur con equivalimily check:
i\.) O—-FMW—oG(UW) — H(w) exact YV open U
() H is smallest subsheaf contwining pre-Imfp, meaning ever
seckon o H can be obtmned by 3&"“9 Locoll sechons o;ﬁfe_ {3(%2(_4\.0,\)
Def A Nacdor of abelian cats is Lot oxact if. O—A—-B —c—o0 exack OFG<

Fexa.()"
= 0 FA-FB-oFC exoct S F Lol
t

rat exact iF= FA-FB—FC — O exact left & righ
eLXact

EXavwg'& HO\MK(M/-) is lebt exact, - ® M is r.‘gM— exolt | o %MCION on R-mods

1.9 Push—forward (dicett imane) amd inverse image (any R-mod 1)
£: X>Y conhnunows = Addihve fmdor £, ALX— AbY | Pienee 18 miNd
Dek FeAb(X) gives §,Fe Ab(Y): f; ‘Cr‘:
EFY(V) = F(£7(v) XY
Exerctse (Jok),F =9, (£ F) Hor XEY 22, |5V v

= additive fmdor  £7 AbY - Ab X PICVRE IN MIND
De€ FeAbly) gives $7'F ¢ Ab(X) is (pre-f7'F)F where | cop

. \ |
Gt = Ly F) SXEm | X%
V24w Vv V] DAL
Brvase (F1F) = By and GeR Lz T

also follows by —
by vaiqeness vp

M ') L: S5 X indusion 01_ o opery sUbset rd::/a-&f‘\::d:ﬁs
FeAb(S) L F: Ve— F(VnS) See next poge.

F e Ab (X) 'Fe lkg—) F(W <« denoled F|s
"Pe:S\QX called cestrichon of F

2) AL poit — X , C(point) = X more precisel 5
e [ P (ny= e ¥ Usfpad]
Fe Ao(X) J'F = K * {0 i€ =g :
) T+ X poink Wil ek make sudh enaks i
FenL(x) T.F = T(X,F) = F(X) < glbbal sechons fondor
7

Progosion 1) fu is Left exack e in parkwlar T(X,.) is [eft exact
2) §7' is exact
tor fu : exercse
trool for §71 . 00 E'RL—EB),— 60,0
!

I [
O A = B, — G — O Whith by assumphion is exact B

R 'p,‘_ BN
LK F—l 2#-‘;;‘—2':;;& } WmAH '{°)|Olr’ \O‘a. Ca."'eéor‘a 'n\l.or-a. ‘&wov\-\_ “.exb PNfDS\)\o"\




Pooposihon £7' s U Left adjoint fmdor of £, mearing I natval i
Mo¢ (-F"'FJ G) = Mor (F £,G)  Whith is natvial in Foand G

Fe v en RmK
Sketeh e el Lm Fow) 25 6wy ot
In — dicedon > W2tu |« pick U=£*V | di"f“m.{”/
you just nee
Fw G e |E
o o : 9;‘,2“ _ ent in o0
In < dicedt F(V) — G G l\/\ . BssUme vafi o eos
l L bke Lw oues suhV R"}‘rk :" 9:;3_“{
) . -1 Ur oT A )
M F (V) l’ﬂ) 6@: v) \r‘e;fﬁc{-iof\ <_-F'\l°\+/\(.0- A ?‘:\-}-‘:‘Fniiz W\Gis
> - 2 u mpak
Vafu va{u G (W R AT

Now theck thase two are natiral 'lfawﬁa/mu‘\*onsj nverse to gadh oM\—V, avd natvral wFa. 0

Rml Another example of adjoint fmctors, for R-modules, ove Hom(M,) and -@M:
Hom (F@M, G) = Hom (F, Hom (M,G)) 4 R-mods F,4.

.10 Mocphisms of Cinged spaces

Def (F, @):(X,0x)—> (V,0y) mocph o} cinyd spaces waans
‘F
oﬂev\{;tc X ﬁ\/ onhnvous Mmay o’J_ -|~a‘oa(a3\u1 spaes ""°$Lr“_‘;: ‘:\: (%)
Q= £ + 9x <—G morph o:} sheaves dJ_ Fings Se Cingn & m\a
( ‘c ) (Pv 6 (V) on Y) g " instead "o ab-ges. gaf&om
S, - '\ ,—\/c\/ cowpahbly) Wit resieicins. —local
© rl\akom fﬁ VVY)Q J ) ?: RS 7ings

Pr a W‘Of‘\o"\-lSM 01, C‘q” r.‘na-eA spacls wont in addilon: |is Local riny bom

: | wmpe g
aXx % O)’ £x () zoa& rirxg. B\om E1uqu|eﬂ+l,a_:
\N (-("(ms\z mg

(Exﬂar\a{\on (-? ( ) € 0y (.Pw V) it & '{Y"{se"‘)’akve' er Yx (Sex SIn® Hus ) is prime
amd\ Contoans ™Mo

y X
Rmk  Can Cowyoo.se_: (X QX) £ (y,@y)ﬁ(z,%) : ';V?f:,\rff,ﬁ\‘;ﬁl ,J,fo
£ H#+ Moy TO JUrms Vanishing o X
(g' {_) X= 9 f, G 9"(; / %*e\/ <i (9% : Fa is a fmddor 52 9 ()
Rmk  Nokica in e defnikon we cannot just +alk about '“CM"'O'WB? %,"b
o wocphism O, < By becawse He sheaves are ce (-F_#GY

not defined over Ko some dopologial spaca

ﬁ -&H\U' v\e-eo\ a mor{;L ’ﬂ-\’-OX <— @ O-‘- s\nem/e: on Y
or o worph O, «— ;"(9 o-i- sheaves on X

By M proposikon, this is Hha same m(ormox\xov\ SinCe Mor(—F Gy, Ox )= Mor'(ey )

(No’m.t alsa (N8 wmap on s—\—nﬂ(s 8 (Gx) <_(‘F'—l(9)'\ = oy\c i ““Q' L?'x “‘L°V¢'>

Rk @ locall = also get hom on res\clwe_ Relds: @, : K(fFx)= eYFz/m,; —? XJ‘/W\ = k(x)

\
= field exlensio K K.C in classical algebraic glomedn : ke loted and X ¢‘°$¢J poin
nSon Py : K(fx) e K(x) g d:R—ak, ?((—'a.)»—»(#iﬂ?)(a\ wLe,e{PekCY]



-1l A she«{E delined on a tepslopicad basis
X op- space with a basis B o open subsels «/means: basic sebs wvem X, amd -
¥ basic B, ,8, xe8,nB, )
Def B-sheat F means 3 base B witn x €B<B,NB,
- F(w) €A’0/V bassc K wiH. bows F(w) — FIV)JSF—ailV Vbasic V€U
owd a5 usval : F(U) s Fly) amd  FU)—FNM)—FW) Jo-  WEVEU
NSNS
. _!A)CQ:Q—-‘}’O_ %ﬂlﬂ'\l CDV\J.Cf)\'on'. L .
& bane
Vlmn‘c U wihhk, U=V U,
\d sté'F(b{c) ”aa.reetmg loca“‘a, on oveer{s‘\:
Yaxe Wil 3J basic xelUp, cUcald; wit

_SJ|Mk e F(u,)

Wy,
= 3 uniue  se F (W) with 5| =s.
Bk skalk F, = Lm. E(v) | Honce. also M)

Y

-
v

X&(basic V) Stalk isajf‘ v to
canony 5o .

Theocem I) B-sheat F exbomds uniguely (upto Unigve iso) j

fo atheaf F oon XN So Flbasic U) amd reskickons for basic seds
One SAme uvp canoniCak iSoOmorenisms.

2) B-sheaves F,G Hhen morph FG on Hu extemded sheaves
ts uniqely defined by daton:

‘ \I\OMS F“A,)—) GLW) for Las: (A, MMU'HI\ wirh cesdeickons
Proof (1) © T O Y Cer o opens)

unigv(’.nc)'s Sudn om  extmsion ,\FJ 'S unique (£ H'e,xis{'s} becavse We com
omonically idumkfy F(W) for any opem W in Yerms o} o B-sheaf data :
= ‘dju.ko“ . . S - . c y
Fln) ) 1 5y e FIV) For basic VYU S|, = s,|, F(W) for basic WE VAV
S —— (Sy:= sly e F(V)=FIv)
Explanakion Yiven s, noHae that His “Tholds : SVlw: cl)lw= s|w=(s|v,)|w=Sv, W
Converse,ln , givem Sudh sy ¢ F(V) = ’IE:(V) I-H\em S"l\rnv' € E(VaV') amd SV"V:\vel F{VAV')

must equal becavse Heir reshickons o a covering o Vav! by basic W agee (=) .
R &'(M Hen wse sheat property of F)

Exislemce

A F { M) = /&M F‘ [ \/) e——ravecse Limit over resicichons for basics

(basie V) U /’com,mln‘ue Famlies 4 local

sechons on basic optn wb“‘(b&;;,

_ { (e 1 Fv) @ 5], =5, YWcveu

(La.s\'c V) < H

Witk obviows reshichon maps  (for WCU a svbset d P (basic V)EU are € Ul")




No¥Nca : F(bm\‘c W) has not cknhgu‘ vp o canoncal idenkfcakon -

F(U) = L~ F(v)
(Lm{cV)EV\.
S pb— (S|V3 whith jncludes s| =5

and for stalKs:
. g . easy check:
’&) FIV) — &‘4 F(u) /i sZc:‘:uew
. e on X
DCé(bQS\C V) xe U < ;'ndw\tf Lo;SfC u:V ﬁ;&f\eﬂ.\f/rie&'\
Proof (Z) g lo'g. {Jv\ cln/\‘ql“-a. oj_ fﬁé\/\ : Some. basic V.
Lion Flv) — Lim G(V) - a
«— <
(basie V)en (basic NEW

Reake  Cquivalently , it s enoudh o remembe gums wound eadh point
(a\l-lerm\wle con view Sef | (:;,_3

Xew L/-d(SJoin‘\' Union of sets R
Flu) = /f_“" FIV)| =, )s: U= xlleEc t Sx)€ R which
(basic V)€ U f u "
take are Qccnll\a. compahble :
- i y, Vxel, 3 xe (basicV) € U
Wil obvious resieichon maps for Vhese 3 teF(V) with
(jost resicidt e wop U— DoFx )- A open xeWEV t,= s(y) YyeWw
gw\_‘i Can Simfli'F‘j « WLOG W also basic (jus¥- Pk x€& bostc € W)\ S0 Yxeld 3‘16@:0«5&\/)4%
- WLOG (tplace V by W, s0 V=W basic. JLEF(v) with
Invecse : have cover U= U (Las.'c erx) . @ h \A:_: =5(9) V?)el/
and te FIV¥) st ¢* ageee loally (since germs &a:ee))] ? 0 Unia ﬁcav‘:“‘eil&?‘m

.12 Conshruchon oF  Ospecr MohVakon: I should be

on acceﬂ-al,a funchon

XZS‘oe(_R, we o\e&ne (9’x Rrsi— on basic opem cets - / on Dg provided we don't
divide b? aem,l
O (v,)
X

R |oca|l'SQo\ ok mhl'hp\\'CA*\\IQ set z% : 9 Aoes not” vanish on D_f_}

=R Reall @
R Qxﬁﬁm Vi V()& DD,
Rmk  Ox(XY =04 (DHY=R . S F“’e(g)@geRF inverhble

For D—(‘- G.'b? define natval eshichon foms: (Whids ace COW\MH\:U. VAl Composihion)

Oy (Dg) — Gy (Dg) < localise Huckhec"
']\31 'T'g- -— exel.‘ai-\r\\az P":r% So
3 > *f x 5 oxe™ _ oxe"

3™ (r)" £



L.QYV\Mi This is & B-sheaf on X Lo~ B ={ bosic open sets D_FJ'FGR}
i Un: ness : o(,(!: & R‘erx(D_F_\ omd 'D‘F= UD;‘C

in e o&| _ | Ve thew o=
T b, =y, ¥ ¢
M B'& Nﬂle‘g‘/\i/\? X, R L'a— D‘p, R; we can assume f= 'L/ R{_:R) D=X.
L—( =0 € R'F_ = -F;N'(rx—(%\ro €R some NEN < N moy depend on ¢, but
N _AWLOG finite subcover D;_
= < all ‘F;N V- (o(- (1;) =0 (7045.'—@m,achlm) S0 Py maximal N N
g el S - I D= D)
Co\[q_("ﬂa-\—n’ck —— R SinCL X =D_F|U-.- J D‘F'\ = D‘F:‘j V..V ‘F:‘ <_(‘~Q(q £ {"'
= | g-p)=0 so «=p QO
Existemce ia @ : as before WLOG WU =D;' R; become X,R )

Uniqueness =D in () can assume seckons s.e0 y (D{-\ agree on overlaps D (D, =D

| ;= e
apply U"iquv\efs) S = 5, e R .
( ‘D'F;'GJ' D'F“ﬁ J Df\r) ﬁ%

WLoe X =D_Flu-~- Vv ‘D'F,\ pm\-k_ v, ;= % Sk D{‘::Df?:,WLOG ng=l, so §;= %

SC = SJ. on -D_Fb{, = (_;;‘FJ)N(‘C') %;—-F'c é.h -0 éR «
rewce s (£5) (69 - 6)- (£79) = 0
~ T v e

u u
by ac b:

N depamds on () bud o pick
\rgest N oves -Finﬂela many o,
so N works V.5

I nohce S; =% ’ b_;; =Dy, se WLOG N=O!
aj t so ‘FJgC:'FE%J

”CO\IU[M& Teick" : X= DF\V"' v D—F,, Se { = Z re 16.: 9(” Parl\'konciuni“la“-)(;cy
K
i ?J- =(LZ r: Fc) %= aZ"c(‘cc 3.,): ;f; @:J %) = ‘Fj (IrC%C)

. — g.i — v 9 . .
= 5= r _Zr_ﬂ.% € Rfj Vi 5o we z&Lafasei Hee s:)'éOX(D'FJ-Ho Zr;%LGGX(X):%

Coro”&:b: (9X exlends un.?wé? Jo a skee/ on X=Spec R called Struchre sheal

(Or S hea# of ngd\N' funchons \

shalic O, = Lm O (D) <« Messp unpacking of definifions -
XIF D_a; Xt YE w&idenkf"a- ;—-MGR&EOX(D:F) ok L“GRBEOX(DQ)
f iee -;—'M=S_, e RB\ som@ heR wila peED, D t\“a
Lemma2 Oy, = R g "
rest. T ']‘fpc,L‘se

$
O, (x) = R

| (iFG aN (Y‘g"‘— sf™)=0 €R some N) Dy

‘ ‘ own inw
pe Lm 040) = Bq R = R .

o\ elements
R f¢p

[s{'ra:gkﬂomord o\lgehm exXevse é_(ﬁeto.u n Rf
fée



= 0y (W) = 165) € D‘;L Re = Sely, =53 ¥Dys Dy
= {s: U LIR, = S(M€R, whidh e Locally compodble :
PEX T Wpell, T opem nih PeD.Cu with se= t, |

Tte Ox(dy) ¢ Vxel, -"—//eO
with Yhe obviows restvickon maps, \\%m '\\\24: Some £ R {'T" X
Rri ol ssome = £ sina can gz Dy Witk D (SD)- [
© R just ask s =ty on a smallr open peEVEDe . O, (N6,

L ecall XS k" so |ooK at scheme :

Comparison With classical GQ,M&: omebes| & = aly. clsed field X=Spec kK]
. ‘ . kOX)= RO, Xn) [ St on 2 0
X a#me vaﬂek}, PGMEX open nbhd I/(X) EZp:cmAlz[;]g\\e:
£ W —l is gl akp 2 open dnd peWs U w0 TS
F= % on W, g9 he RCX) , AW #o Yuew
Rmk o fact can assume \N=bf}\ basic open (EF £= % , place Dg\ by D&”zb&\
GX(U\) = h-od*z\om DJ, fndRons U= e regular ok all peh
Gx”, = h-—oJ#,z\om oj,albrmfcj. fmdRons near p,rgulas ak
So  pairs (\A,'F) with peUl € X opem, f:U-k re;fvbra)"f
amd io\-u/\'\\'@a- (UJ'F)’V(VI%\ <=9-F|w=9,|w on Some open peWE nV

Theorem GX(X) = k[)(} RmK  Tlvs theotm 1S nob obvious in CU course.
X=5Spec R[X] 50 by Lemma 1 g0b ex(x)_—_k[x]

| —_ Al ~ — G
e X - An ﬂ.thne wf.'d-xg_ /M D= A }to(:\/((f::?—yg/A
feR=%Dx, ;xn]  polynomial RLY) = k€], = leCa, 2]

V(E) = JF =0} € X hypersarface ‘& ek,
D, = 1f40} €X open, bud idenkfoable L # A
it affine vovieky Y= \[ (£ 1) € A (DoY) a— (&, X))
amd RLCY) = REX]/(25-0) = kEX]Jc via Z € f

fack 0, (D) & RIXI,

Oxp = kX1, < whe wy = T(p)={feklX]: £()=0]}
|aca\/w Ull P i max Mlo& CDMSPOMC/\g to f
r:na. _ \ L.
™m = wm, - k[CX] = ms o] fomeRons near p vanishing ot
X,f P p gu o} __[or peX clpsgd Po;:\'\', oH\ear'lew_P

residve Aeld K (p) :GX’P/MX,f = k/ g — & .0€ Al is closed poink (o € R 0, k()= k.

Morghs : 2 b.(P) |(0)c krx) ot closed point, K((a)= k ()

- - -
A: X—=Y = £ :0y(UW)— 0 (= 'U\)I oF#(F:uk) = (F(6)= fook: ' U— R)
(worph of aff.vars.) (wsual pullback on funchons ia classical alg-geom)

Mocl Cwa\\'ck‘d e.9. Ak=5(ec RI[x]:




.13 Morphisms belween Specs Y X

@: RS hom of cings = Spec(4) : Spec S — Spec R
P 7P

Exaw'(. (.e'- R — R{_ , T — 15 |oca[\‘Sq‘l\‘or\
Spec R «— Spec Rg iv an 0!"\C|V.Siov;\ with image = b{_ .
X = Spec(¥) : Y — X prH ¢ \(p)
LQ"\_M A~ (D{_) = bge(‘c) Auhmakcq“:) ‘}’Ne,!.
/\A-
PE A faeX : £49Y = [peY: o'(p)=q some 9eX, £¢ @ '(p))
= {eeY: 9 é¢p). o

Claim 3| ¢™: Oy — A0y sudifak @36 (X1=R L5 3=u,6 (X)

P£ Ehou&alr\-lw Luu“ (e on basic opens :,om(a&x\oln wWith resiichons

3t -
¥ : )_’de (-F)-— 0 (°"1r_) =0 (Dcpm\
By 'ﬂneorew\) I[laz Torel |I?-
on B-sheaves I AL don ? 5 Q@)
L > _‘”” = ¢
£" W) e
E_as-g theck @ cowpakdble Wi reshrichon VoS for bg__ . n

Cloim @xP is local and Le is local
bE Lemma 2 Gx,p‘ R, 5o local with wax ideal ™y = p- R

* Ai l—,&mr" o maps 7 hence :
For peY, @ . O — 0O I res a
s X, 4p Y, P Nl map: © (<)
TN A et £
Hink: @) ¢ p=rdyp Rte“'r 2 S o FELTP 5o atige

%’n\eof?-"'\ (r;r\g R) —_— Qom“g (iuguk Sp (Sf-ccp ) espe,gfﬂ
(f{f\‘a hom R %5 ) — ((Spec‘{’) L?t)‘(srec S, &Sf!c_s) — (Sf“R GS(ecR\)

Contavagiant functor— | Spec ¢ Ri\nas — LoCo.“la_ Riv\aeo\SFo«ces (eﬁa:ﬁ)

Cloﬁf’\ The fonctar s fFul\'a -Fm'-H\f\;I <—ie. 3V 2 \n) (50 .-so) on mor‘ok.‘sm spaces
PE Given a hom 4 foc r.,\yui spaces (£, £%) - ()’,9 )= (X,0y)  X=SpecR

Y= Spec S
let  y:= ¥ . RS oxcxs—mce (=0, (V=S cing hom .
X £+ JI \I,eP &— |ocalisathon S
R PN _P (Llemma) for GX OY
GX'FP P ) Byp S 'D YY\P —F S

= {76 = <{’" ( L (my \\ = L (57 (m 3\ = +p
P Amaroum m’FP sine 'F Lca& rw\a hom



= ‘F(‘O): k(_\lf) So 1°=Seec(‘€3 is He mAp on Specs indvad by @:R-S.
Upshot: have 4o morphs o cheaves 'f:#) C{# : O — Sfec(cq),,_ey L,‘F_P, @tr)
{ \

QY\d ‘F-.#-z ({#sin&-&qu on Sh&ks(bg H M&am'v\ e\A,v{ -F-‘: = (,p‘bn —
s (and morphs of Locally, riaged spaces) Eec:{?: (g;c_‘:)

Sone n'a9 R) ‘e#)qc?(r‘_):;‘,(g_%)
=6 (5) ()= 5o (5) €0

Def AlS =Category of athine scheme
(ﬂomﬂ'a{f':‘«?u( spaces = erc R, e

= |[Spec : Rin}soe—> MNE is an equivalen o] catgories.

NPT AP v Mg

0p = oppossie cat fy = reverse asrows . s

(—E so Pa.rKF\'c\‘al\-:?:\&?ce, Seec covariank ‘\'{‘)”) ’FW\“‘J"(/ e“z"%“"? S‘"Jed"\'t fuactor
—

cack object in trget cakegory

I' Iq' CIOSQd a-FFine S'ALSJ\QMS AmK same as Spea‘l\;:n; o Sv\fj.) ) X o

X=Seec R, TCR sl (ringhom ¢:R>5 then FoIT) 05 is0 b am ahjec in imags

Y= V(I) = Spec (R/T) ore o closed (affine) sw\,:c,l\emeroj ¥

N~ (as top-space, \Y (T)= V(1) butsheat
remembers T : Oy (Y)=R/I)

(]’SR prime .2]:) — F'R'C- R/I

Examele T=m maxdtal = 9¢t o closed poiat {'m) = Spec Rin = X. Warsing

RV“_K Spec (R/T) is closed subschemen:[ Spec (R/IX means J 2T P{%V(T)%\/{I)
ST EE

Def Spec Ry N Spec Ry = Spec (R/ ) , Seec R v Spec By :=Spec R/In
Dekne sheat of Meals J=T7 sy on X Classical A.Geom
‘—‘ (W) are the regulac

A

also : - — .

fdeaj s\\eo&) j (.D‘F) - I R-F < R‘F _ GX(D‘F) ‘AC“Q' f£ackons \/Am‘shinaonY(\(A
Nole

Nokee O (Dp)=(R,.\ = Rg¢ = 0, (D) -
Y (f)é Y/, = Ox */'J(Df\ ]fRfker(R{_—\R%Rb

J = Ker (0x—j,0y) [« uhee y Yo X !
taclvsion. 3 (d) = Kar (9(54,_\_,6 (v¢)
Gy Ox/ B & more precisely Hats i 30y ( ’ 3(/134\)
ater in wourse: sheaves of R-modules and quasi-coherence)

1S Closed subschemes ¢ ink of th
' = o Think o€ these as oo ceguber,

(X,@x) sdr\eme) sheaf o tdtads T means J(U) € GX (W) ideal CoMpo.-\\‘U‘a_ with u?s::lid'ions_
¢ See .

Def A shea® of ideals on X= Sfec.R § quasi -cohecent it arises as ] as above, some (Aol TR

on X=Scheme # u & \f affine operm WU 7] |UL is quasi~Gheent
RmK 3 =

r(lw\'er revisit these in Sec.3.6)
Closeok SU\.\oScl\eM-e_ "‘U"‘S'YEX d_oseo( *\DPe‘eD&Cca.Q Sul:spau’_ (/?;i;\j)’fg::m
. 8y = Oy /7 some quasi- ohecent sheaf of ideals J on X,

st yn(Q‘F‘RAC open M) C WU s dosed a#.',\e_ sabscheme {or Ha ideal Jn)< Ox ).
Rmk 3 11l contspondemca [{closed subschemes o Xy €] quasi—col.. sheaves of ideals onX] °
if TepER then F'u

Can rewoves YEX 'From'j ‘p"M e Suceor’c of GX/J : [|I-RP¢RP sine TRpSMp

>/= S"Pf’ GX/:] = {xéx . (GX/D)X#-—O} = fxéx : jx=/= Gx,x}
mm‘)s&

Example closed pornt PEX (50 {_P}:fp}) = pick affine pe Spec RL‘—»X Hen P%(ideo&
= sheat J on SpecR = exlemd J 4o X by JVI=04(V) if pé¢ Vv (5o OylV)=0)

=

P




2 . GLoBAL SECTIONS AND THE TuNCTOR OF POINTS

2.0 Points of SpecR (not necessacily closed)

wokent
R % R ki kf(’)_Re/mr, = Spe.c. K(p) s Spec Rp &— SpecR

LoC"'(Mp\=P < FRP _YYIP « (0) {(0\11 () — YV\P —F
So foilﬁ? ff, Spe_cR Gon'ﬁSpoV\J Yo ¥ max daals in Hhe Lol \"\"\20.
2.| Global seckons and basic open sets for loonlly ringed spacas

(X ex) f_a(_AMa r( Gx) TOf (X) ré R\{\YJ \A l—-L’) Gx(_lA)

rhl\gl S'oad- SZC'I\OV\S 'ﬁlnu’or‘ indude ’\[‘/U\ - Gi’('\e}s)*""&

2?0\-:01 sethons f\lv\(}oﬁ Lomﬂg QmJ,m( S}ma:orﬁ 2‘1”95, (X,Sx) — r(X/Gx)z OX (X)
3 canonicall map X — Spec G(X), x — res; (M Ywhere res: G )2 G restich,
Trick £e8y(X) Hhen ££0x,x iveckble & fo)#0 € Kt) = 8x x /My

image of £ vaG (X) = 6, . — X
PE £, Ox N\ 1y = finekblesd 8 ) s fudmy g | <02 Qa2 ¥

. &P'Fémx@f‘ 6(9
Lemma £ §,(X) = |Dp={xeX: fx1zo Z,ch))- is opem in X. Eocs
P Teick = 3960xx:f9=1 o 3 opom xcUSX st. £9e0,(U) £.9=1€0,(L)
= X € US Desina Vyeld, -F” 9y™ (-F g) I€(9 So +\9e{:nv<rk\ules of & tg} so .Fna):lzo,.so YyeDd, D
LQW\MIL ‘F| 6(9 (D'F\ is m\&l‘-‘\uc
Pf Lemm% £ is locally invekble. If ‘C.& Lon W thow h=g onUnV. So wn febalie.o

7\
2.2 What iF means 4o be affne uniaweness of inveses (=4 1=Afg=1-9=9)

o locally ringed space Iacd on stalks
(XG,() affre & Srma, R .3 X Hy Spec R laomeomor,ol\ omd- 3 @7—3 oL, &
But 6,(¥)=R s0 R £ O(X) So  SpecB,(0) =Y. .
0 X) R Qo) = _) ru-\{m‘)¢8()() S~ _vie %'

‘ J
L So X canonical Spec &(X) y

ey *(x) Ro(“)_’ ex % d(") Ro((’.ﬁ m X — res’ (W\,) — o((?()

So a Locally rinyed space (X8) is affine P,eo:wﬂ.«a .
- He canonicl mae X — Spec r()(,@x) 's homeomorph

- 0X(D_[.) ’E(r(x,ex))f Ve I‘(X,Ox) and esdichons ax LOCAfEmﬁor\SG(L\a Sec.l|. l')_)

2.3 Fundler 4 foints Ay

MOTIVATION \/ set, You rewver set Y fom  Mor (point, )
W‘OJ‘”/ / P sek /s Y Mo ( Z_ Y)

(?,_loCa.l 5 _)




op= oppos:)-c.

F\AY\C‘\“OrO(‘ po‘wﬁ's &Y . S'cLo(H fe-l: ) &Y(X) = Mo(' (X,‘/) 7 g
! =nr Ve(:fﬂ-
X(—2> on morphs : ay (X<_'Z) =(HOF(X,Y) Lf; Mar‘('Z/Y);l ae(‘mws

NY | MotivaTioy oo
Y= Spec Z[x)/(x*+1). C-valved points of Y7 points of y"
0] /(24— T, x> D morph X= Spec T— Y so € fhy (X) Hofhen weite. Y(C))
HWK L nabveal kavr:}"@rrv\nh‘ons _ Vca"/(i;)'nf:;:\rri:nf take image GI.Adye Mor (YY) K (\/) gven £0y)
Yonedo. emma Nat (e\y,F)z F(Y) Conversely given ote F(Y), e hy(X) gft' Flp) () € F(X)
Yoneda ewbtdding | £, . Sch —Sek SR Yo B‘y is fully mkkfuee’('é‘;;’(a,};gl";i;‘m w)
= P Ob; are fomclors Sch™P—, Set
UFSHOT O Ay X by & V=W \(S'e-l-ss = tategory { MO,F{‘“M orn) odraions

@ Can now ask which fnmglors Schob— Sebs are = =y, i-e. epeesented by a sc}\emeY
EXam‘ le Will show thak A'= Spec Z[~, -, An) rt‘artsen"ts ((”J'e” me who your frieads are )

and T will +ell you who you are —;Y
SU,'S XH MOy, ks G —)G which are G - linear }
{ f @ /'SC‘\QYV\C or loc- einged space ffpecﬁ,?()

Mor (X, Spec K)= Mor; . jop

E){o.m le 4

;\ P \Z_ abhine =) Mor(X,SpecR — H:FM (R} F(XJGX)) Bu‘)ed-\ve. ‘)
k S”ECR/"'? - SPeC R 3’ —_ 9Y %S‘pec K geobaﬂ s€e. Are A.J.J‘Oil\{"{lnd‘lx

KEY EXAMPLE
Jop Oy 20 Q) 0u paimogeqf e gives pe R =Y
B B M defnes g1 XY gai=p

nJ - — ee r basic
MOF(XA‘) . 9. \S ‘OV\‘,\ ous (OL\LCK 8’ (-D'F> Dq{_) Opens \é@omllj ‘\WS‘PQQS
n . G\/(D‘F\ = Rg @ (X) — O (Dys) = 9, (97D, Y =9, 0O (D{_)

6 x()() 1\ | \ ha,‘\\)rd mope mJ/uu.J b rts"(\d'wv\ Qx(X\ﬁax (D({P)
(since T localise Y snuz @ inverkble EN 8x (Dy) see 2.|
dzg;:fﬁ) These &re compakible {‘ Universal property of localisakon: R,—€5 Ry and

el (S)< inveckblesof Ry =931 R\—5™'R,— R, .

y itode of X with reshichons O 2
VioWs :
Cor I (X Ox) schemt. = Canonical hf\orp\'\ X— S‘nec r X GX\ —'—’q(ﬁ-l

7 c
Exarple Explictly « on seks x+—> res ‘('W\x Ye 8,(X) 0, (X) piilla ) (D)
for R T(X 9)() h reSL’ r\ow localise a,{-.(.' )
ank id:RSR On sheaves over Dec X : ex(X); Ox (De)| Wtag ook £ javerple

RmK often wot usef| if X has few global seckons (e5. TP only has corgtanty)
RmK Canonical w worph s m‘gedwe if global sechons separnle pointt meaning :

xi‘;éX=> 3 f¢ F{X Ox), £(x)+ fy) (e,qUu/alav\Hrg B'F -F('.t) =0, 4[913#:0)
fem” £¢ My
C\qsstca.Q Agpnie grom. X €A™ abhine vorieky  (X=V(I), T <klx,.., %))
o [l 60=kIX] Oy(Dg) = kDX, | By (wi- rege & M.ons} X,a_k[x]ma
S‘z,pa.rod:es poinks, and W Gl {dose_ok fom‘\'s} C Spec k(X)

a > mox idead Ma ck[X] (¢ max ideal 4 BX ‘k)
in €ad g&l— em\,e_obho\a { Category of Affine Vomdses} < Sch




Evorgle2  x-5..p {FéMor(S‘oecR,\/w & Hom, (S, ,R)

f\y(sfe},&) meR=local ring.

P_'P @ Seec_ R i) Y
N \/
(rsenst) mie——y

@ Affine crse Y = Spec §

¢ sy k=
@ m=4-S4 M
Géeneal case

with f(w)=y

rl't\z S

_ £5
R ~ Tpeck,m < Oy Lol bome] g

SEE) S.’_—)R = S(ecg—ﬂyﬂc5=\/
0" Ygiven M (et )=y
OZ'Q Vio. S Sy \\3 .
%

‘gé Mg\/ open %n& ; Hhen 8“:}‘;‘:6‘4‘9&"{ ?,C\ICS g{@.(_ﬂ—!ﬂé‘/,
Uniqueness : suppose £+ Speck =Y gaves same o

Mr— y

V5o

Ny

(\‘.F me W € Spec R open thew U=5pec R sinee
Spec RA\W closed so ¢ =/.-¢ Hhem Wold Fnd ancther wax ideal

pide yeVEY dfine oppn =) £7(V) opem am=(Un\‘q\'€ dosev\) = £7(V) = Speck

fo?l\\- 51, Sfecﬁ

so F:5pec RoNVCY 5o redut to affine case. D

Cor2 x¢ X/‘=).3 Ca,non{cal morp\'\ S'pe.c GX,X — X,

g'g Gxawy|e2 for

(exescise 6 in 1.1, s0 Jeick)

Cidex,,L—)Gx,,L) .Ah»a S‘OCC R—)X 'Fﬁd‘off QS S()Q( K—’) SPQC QX,X —‘,X Some x€ X.

Nehca in Uocal cing indodd by o locak cing hom
poof alose * Any £: XY of schemes SpecOxy —I X My
(m;ih?sfa s * %i/ﬁL GO i 1f
9);.: 8 if\J\JQ(“Oj ‘f')c S.Pec QY’? —_— Y Wh’/‘é — Y
=S ”( - & u K. KV"K
o G e e b Rld K

R Local = residue field

vk
A Lo cal hom R* \K={<elol fadhors RL» K —IK
(S;'\U- Kef“(.e = L(’_|(°§=Yn) S-‘r\uhio(al)

K=R/m

spec K ={ (9}

™

Thus: {wce Mor (Spec K, Y) } Ly Hom (Key), k)

A wirlh £((o))= 4%

(0)—'\3

ﬁy (Spec K) cfalse writkn Y(IK))
UPSHOT : MQfP"\-S feom ko

~ Non-tlamincble :

and any SPCC IK— Y faclors :

02;/%19_ Spec IK Spec kba)—’ Y

cad r?/\aa oc felds don’t Zive more. 1afermaton

BmR yeY called K-valved point Kp=IK, Yhow 14
@t{ IK-point, o K- rakona) eo‘\n’c)

€ Y tomes with a ™orph Y5 Spec K (hence 6, (U} are \K-A.lad,r-u) amd. abovt Hquire Morphs do

commale. wids Tr, them gtk Hom o (K(9),K) omd if K9 EXK them Hom, (kK =Tid,}. E.9. Spec (€)

L has many C-points :one for eadh aulomorphism ok € (9'3- €€ 2% ) but ¥ work over € g2t onl

&

-HAOLY\ a.Qrw\«a kenow fom S}oec_ (9X,>( — )( oww\ Spec Kexx) — X

K J&fq‘c\u a worph SpecK— Y
sarn Y is & Scheme over K"

Yy one _G-"fuint

¥ work over IR 9% two C-porats .



3 ’ l &2!6“1‘\?5 oF SCHEME.S | Mod = module
3.0 Usehl facks from Commotative algtbra : localisation  1¢s s.scs
R Cing M R-mod, SCR molkplicabve set L/wr:k—c"%“ 5o nes
=) lealimbon SN = MxS /rlakon (m,5)~ (n11© - (Lm-sn)=0
whidh i an STR-mod omd have R-mod bomn MN— %;‘M Qocalisalion Mo,
A ) ‘ m—
Bk NS MR ammtaby (5 e ] i Zame g
EXewse AK:-M—N hom (o{— R-mods) = 3 nalml S« : SSTM— SIN
Fact Localisahon R-mods—>S™'R-mods is an exact Nactor. K("s—"'—> °%"“)
Coc STMMWN) = STM/5'N
Pt apely. S Jo eadk seqimee O = N —m M — M/N —0. 0 Jindeed hake
Foct Submods ofF ST'M have form S°'N for submods NCM /(”=‘m"

viee M— s\

Fact M = fﬂ;\ M wa fowkisakon mops Mg—WNg  whenever §=ff €S

» fes LI MR e findvad Lj R{'—)Rg
(9. proof : fg M@Rs = M® liny Ry = M@S™'R) f % via QR -M@Ry
Lo cal L 0 v |Kplicahve sek S= R\ p TR
n.Qg,t co. theo same res °
cem l/ e v or\lg1 use
D xeM: x=0 & x,=0eM, V pe Spec R moax deals p.
® . p M=o e M=o IﬂVpéS‘pecK
@ r\ - M —‘)MI xact S MPﬁP M P —P7MP” -QKQ(A’ V ‘Pe S‘Pecﬂ
® f: M= N n& fo: Mp—Np in3. V pe SpecR
Vs SMY‘J. / Suu'j 4
% iso, Y iso, ,, I€Annx if 20

.P_'F @@ Ann (x) = {re R: r‘x=o} ideal £ moax deal M (ulc\esr x:O)
X,=0 €My D 3 re R\W sk, rx=0€M F (neréhAme)
®@ by @ ( / (exa\d;r’\;g M;,(i)MP")
® H:=Kecl/Ilm«t = H = qu(a) (I o() =ker (3 =0 now use @
P P
holds sinca ind. \ﬁ /k{%f

.
(lo ltsad 'SQXGC(T) Sn o0 \40‘[5 — \"l, L Jmp—O exad
lisaton i =) o (Al — Mr/ -ﬂ_".()m{&)P—»o szJ-J So Ke,-(p,f,)_—_(mmf

@ \)\a @ e(ea il\j means 00— MiDN QXad') 0 ™ (Per= nhﬁ)l’
L/7(4. € <Lal\ f;))
RmK Spec R = UDs.” them above results hold & hold whem localise at each f;
Pii; =0 el"l,cc = M®R'Fc=) Localise focther ak fefpeck,[:‘_- : M{:..=M®§R;_‘.—> M%RP= Me
(Noke: everny P€ Spec R is in some Dp=Spec Re}7" 0="x¢ | > %p,50 0. 0
RQG“-”: N‘Q(R) = r\‘\Q(‘omUc_a.Q (R\= in\'efo-k/w{' e|emn+$} = \/?O_ = [\ {PGSNC R} G’\ (u'v\%)
Exarple Nl (Rp) = (NiQ(R))}, 50 by @ : R, ceducwd Wfp & R reduu_dl"t(=) no nileotents o)

. — & Nik(R)={o
PE£. N2 (Rp) 2 £ (%)“= 0€cRp somen =5 t.r" =0 some *¢P = M=o = treN;g(}R)

= S£= t_: e NiQ (g)l, . The nverse is easy. 0O




3.1 Noeterian | £-9.= Finitely generaled
Reanl : ring R is o ideals o R oy svbmods 4 = asending fumily

) ore £.q9, £.9. R—mods ideals in R stabilise
Noethecian ? are £.9. ( “ascending chain condition
Rmk |ocalisakion amd 1\:0‘]\'3‘4“3 preserve NoeH\en‘qn froeﬂﬂ'-a. ACC'Y

Del An affine open (for the cing R) means o opem subset UeX [SILS..

- #I =I =
aolmi’d:\‘f\g o 1SomorpPhism SoMQNN it

(U“/ &xlu) ~ (Spec R, 85',“&\ for some ring R 1—|_—Note.: 6, (W=R
Dek scheme (X,0) is NoeHerian if quas: covpact amd Locally Nostherian .
Claim e -[ollow{na ave equivalent definiRons for (X,8y) 4o be focally NoeH.erion
1) every point  das am a//;ne_ open h-eT?L\Louf'aooo( U with 6, (W) Noetherian

2) X=UMC ,fLoF OPGV\%ACI WU, with 9)((\}-\) Noethwian (

3) gq'ven any open %ne for a r\'r\g, R, R wust be pNoeherian Secp SacS
PL (1) G (D) amd (3) 2 (1) sinee schemes ae Locally alfine . WSEFUL TRICK R Srinas

OLES0) - consh SecR = U< X Dt reoey
Vpe U, afbue opon peV=Spec SCX witk S Notthwian (by (0)| which i basic for bothR,S

. P 3 basic ped.cY for R3r
= 3 basic open PEDg S X for Spec S some 3€3 — ‘e PEUrS
= Spec (Sa) avv«k’ Sa NoeH,- (e S NoeH\-) = basic peDgED bor S35
By He WEFULTRICK, WLOG Dy is basic also for Spec R, say SpecRy. = 1‘*5 =T (Seec S, Ox)

J,res\-(ich
Since Spec Sg = Spec Ry get So = Re so Nottherlan. Get wves for W, Slb,?%e (>, 0x)= R,
Sh=2 5 (R\ =R
d: bea L et Vo rn rlp~ Rar
So nee A-\%{ fo. LEMMO, R'F: NO v — R NOZH« = D; ={xéDr.=$(;\4:O}

<all £:> >4
proof T & R 1deal (L\m T is £.5.)
=7I_‘;; = I'R—F‘; QE‘C\. \‘M /‘P? Sine ?‘FC Ng.e-H\_j _gma_ aenerador:s 8 E.'J_

Yy =

<« 7, : : W ={Xer= &(‘x)*o)
by " Govering Trick SpecSy  _ Seec Rar=Dar

. . < (some a‘r G:I)-j {-.N
é -F‘l_u © 9 = &l a.lso QCY\UK‘{'Q (S\nQ_ '_F\'_‘,J eg,ﬁ) localisaton _ J v
9) 1 //gwerod»or‘ of CJ copy 4 R. ot \L\(: l)/(‘?ﬁ(e‘.i)‘ e%) genQITy"Q:» 5@03,0

= 6? R 2 L , gy saksRes  ( Supedie V£ so @ svrj.0

Exm,cm‘) %ive an alternative proof ol kg,don\ Lymena by proving the ACC f-r R
Ke? eicK - T = (\‘Pj‘(I;) where ;1 R— RF- is lecalisalnon . )
You may need He famous Trick * SpcR = DgM y... 0 Dg¥ so Yo fl=\
M(Hu\d& ex'Hv),(W)) X Noelh. scheme = every subsed of X is 7\,“;,'_(0,.,.‘,“{_._

3.2 Properkes Hat are afhne —bocal .
Above we had « f(oplﬂ"a. & of qm\e opens (”r\‘f\a 1S Moeu.ufam) Sm')\'S#au'na_
AfGne —local condihons So property s presened
{ SPQC Re—os X # @ s‘ou Rf- c s X * V'FGR (—I by (ec-\h‘s.od\‘on
2) SpecR= UDg, SpecRpesX & =5 Spec R e X # {27, lobariefom

bas ic afines do rffne




”l.c L\o\h -far'
a cover, ct

Claim X = () Spec R each fas * = evuy open "#"“e ""X has % « holds Yaffine open
P_‘F' SPQC R—X= Spec R = UD,.. Df;J = Srec? D_j; * @S‘oec_ﬁftﬂ

Hfinite ‘FuJ )
use USEFUL

Exaumples of #e : ”ﬁ‘l\a is rzdwao\“, ”fl"\-9 is Noeth ., n’\a i 4:'3 B-algtbea™ \TRICKin 3.\
/
“locally of £ttt +ype over B™ QSO"‘Q 'FXeA cing B (“base’)

"
so 3 Suf')-hom“ﬂs “ﬁ_B[‘x:n )('\']q fll\}

Af-Fme. Vars XS/A
Zoc.fynitetype /.

33 Redved schemes
(X Ox) redwad i ol G (W) redwaol rings (=no vitpolmtr=£)
Hvk 1 redvad & stalks (9x7¢ are rewad <(so “stolk—Locak propecky®)

S VPGX has am open affine n&?l\baurﬁopol for o redued, ring
(P£ S R=6y(X) ,"E" R tduced 5 Rp=0x,p reduced)

RmK spec R reduced & R reduced
Lemma X reduuu&/'ﬁa €8, (W) +ake same values -Frx):g(z) eX(X)= Ogx/Mm=>f =g
P Take £-9,WLo6 9=0. On QFG‘AQ/ K(p) = Frac (R/P\ so fe P= N.‘lmd-‘caﬂ(k):(ni(paknh} ={o}.0
(Don't confuse fuis vith gmead fack Vscheme : £,=9, ¢ Oxx VxeU=f=ge 0 m)

Claim (not Hnat shony aondehon e.9. £,9:€—¢, £(2)=2, §(2)=F diffesent, but £ (0)=§ o), Spec=lo)

N
X r(’.du&d 'F?X —Y -@:3 a;-lopolpM maps, £=9 on opem demse set = f:a.

PE en0u7(\ show §= 9 @om"? b; sheaf peoparty.. WLOG Y=SpecR, X="spec S (pick Spech'_-'(s',,cl)

Lek s := £%(r)- g#(r)es need show s=o for each reR. e(‘:‘gei“‘\,,\g ;;?“) a (SPCCR)

1p€ Spec S: slpy =o€ KP)} = VY(s) closed & contains an opem demse set hence s=o by Lemma g
'\S nee YIP SP =0 € Oy f’l contvins opem demse sc.)- L7 as.w»yhar\

3.k |reducille schemes Ameans £X)
'bef- 'h)po\.oa-\cd spact X s ireducible i X is nok a vaion of 2 propardosed sets
X=CuvC, = X=C or X=C (whee C: closed)

/-\na non-empty. open US X s dense amd ireducible
A"a two 4 a U, Uy have UnU, =/‘¢(0\02n dense ,irred)

Hwle 2 (X Ox) irtdmable & aﬂ affine opens art iredinckle [Example \V(T)=Spec(R/7) < Spec R
irceducible & {T prime ideadl.

Easyexercise & X icredmeible -

(Not enough 4o Know i+ &;r an affine cover, Can Jou see wh-:,") R/T) T
( ' = I
H\,J\Q 1_ Sre(_ R i'rr(duuue & Nl (R) prime lo(eauQ JS:MR \V(I) =WV (J-*l.) as sel—;
< R/Nnie (R) lﬂ'kz-l‘«l domain irred. closed swbsehs oj, SPec R are:
\\/('P) Sor yefpeck So:

e I ?Cner.c ‘om"t na\wﬁﬂfa N'Q(R) itred. componenmts : if P minimaol
Recall PEX denerc poiat if closure P =X (pis dense) R (itred & Mox Wt C) "(W_é-*-)

Claim (>(9x) icreducble= 3! generic point Y . amd Y € every afhne opem #g

PE alfine open g $USX ES" Winred. "5 3] gongre pt 26U T2 W=X_ (510 X cosed and 2 )
Suppose YeX gneric = if 4eX\U thewn 7 € XNU=X\U not dense , so yeU, so y=x.0




L/(X#: Uivla for disjeint open Wit d)
Hwk 2 irredusible :Z Connecltd . Fock SpecR connecitd & no idempotents # O, |
'tC\oussifF.'es connected components of Spec R in Yerms o} idenpoktnts Kre R with ri=r
N p, = NL(R)

M‘ R Noetherian = 3! sequin a’_fl‘{me_ vAeal s Py, e, P (UP‘)O (eoro(er;'/\a): P i n?'
v Jodd
JE

(SQI“Q. PL. as in C3J+) &(;n foct +Lb‘7 ore Hhe M:I\iml prime \\&eds d’ R)
= 3l sequenc2 oj_ icced. closed subsets C;=W(p.) (up lomorrleril\a): Spec R?UC\- ) Cc$%co-
Re(which as +op. subspaces are the it€ducible corponemds) as topological spaces ’
arring: 9= (1S RCx}= R = P=Ni(5) =(3), C= Spe (Rp)={eh Sec (Rin) 8 e S,
nov chém
Non-examinable (see C3.4 Nols on Laske —Noether Hreoew)

«—Noeth. . g

To reover the scheme Spec (R)= U WY(q), V(4 Sé }{&c\\/(ﬁj) 7(50 ”;;:fs,d::tn;‘{)
Meﬂ{ |>r§mar2 O\Qt.ow'poh'"\'of\ <—(l..'ke 0Mm‘10\¢ foactorization” but for idedl:) ' ‘
{0} = 9N qz(\...(\clnn.-.(\ﬂm w\r\efe_ 9; arR pr;Ma_r? deals sk 9c 1QLO|J

9 € R primacy ideal i€ er0 ali:inr:oi R/q are niefokn"‘ Rmk. P=\/'a'l is prime ideal
(Equivalontly : abeq = acq or beq someN (i€ alL¢qFH:\‘oz\°a,L.e‘\/{i¢ l ('/a.rso.acaﬁ prime idead™)

E'xame\g P Mo idead = PV primary e.9. ( 3“") <2 EE‘ {: iﬁi)gbgfgﬂ}']/(x:z) ?X\;’:S“;‘nwi?:afqrm

Exarple (18) = (2:3*) = (2)n (3% eZ is pn’mo:rg oU.'oovv\aos-"Hor\ . |So: a\oecj/ L be?
The q: Are V\_o'l' Mn\'qu-/ LM{' Hhe ﬂ::@: ore Mﬂl‘?ve- (Mp"v Peoro{en'na) '
(-\-ke_ P are freo.‘sel-a. Hre prime deals ar.‘sir\a as adiaals o}annihila&ors of elts of. R) (Ys[z_li)os;;)\.s/'e(g; ))
The W(4;) are called pn'mo\ra components : not unique as schemes, bt are unigue -l-ofoloa-l‘ca"b.

- WloG P =Vq,,- Pn= VZ]:\ ave G5 in peevious exeTise: the minimal peime. healls
(S0 NiQ(R)= pinn-npn, which is Hhe primovy decompasition for Bl o))
Five the isoladed components V(a:) (as top-subspace =Y(P:) icreducible comp.)-These. 4,9 are unique.
*The otrer Gy, 9ve rise to the embedded components Y(@;), jantl (not unique).
(Note Py2p; some ¢, so W(p;) € W(p:) € W(q;) ae closed subschemes, but W(9;) & N(p;)as scheme)
RmK Con apply above 4o R/p 4o 9eb VT =pn—apa, T=9,n~-A4un-Nqum , eFc.
X

ExaﬂE\Q = (\9", %A 9) c klry)=R , X=Spec (RT2y)/T) = —+— /] <as Yop.space

nnihilator of x& R/T . .
(T =9, /I =9 N9 for 9, =(9), P= C*a)r::\i'\ prime,  Y(9q,) -‘s” isolated ||r\r\e.MuLb-
Thiak : {imch'z.r\s vanishing. on o 9. = (=~ ,‘3?)3‘ P.=( '2(,'-9) embedded er.‘ng\\/(‘lz\: (?H-ened orgin is ewmbedded

x-~Axis {n A’; and # onrderz.at O. R_notice pPp2p, so not miniamal mulkpkiah = | = max |e,\5H‘
not uniqe, eq. could also pick (';7} x). of Rinite km_\,[\ ideals in Gx'h_
3.S |n-kar_ql Sc,l\unes (max length ef chain o] ideals
‘1031‘3"' ;Ie =o)

(XIOX\ —a—ink ral if all ex(U\\ LD 6(‘“5‘5m| domain=no xero J{V“-"‘_S:#o) (PN exA:‘pie:*/,(foY)
Hwk2 & Ocw) ID V EE!"“ opem Uk To=(X)2(d)=1T,

Fact Localisak non &aminale
-D;o:ezl_tsaﬂf’\-_‘v; Lion preseve ID propec -La" fack i€ Xis locally Noehy
saddiy 2 Key Non-€xamples ] . connecitd
Cor X imegaalm O Tp (bt not &) 1 J=Ts | o [¥iMo™ é’{ X=useeck:
Hwk 2 | X inkeqral & dvad and ireducble| RI% V()| R )= ki @ kiy)
not Rduwd reduchle : union of two axes

Spec R ink?fa& < R inkegral domain <« Example All ireducib affine varieties XS A" (Spec hDCB



Claim (X,0x) inkamﬂ => resieickony Ox(U)— O, (V) are injechve (for V+2)
=« al| secfons can be ompoved in Oy ., 7 4= gneric point
- Kty)= Oy, = Frac 04[U) via resiickion (any Utp) &— called fonckion Feld K(X)

P_-F- QXUA) — 0,(V)— 9;(,.9 So e,b\oll% Shov! S, =0 = §=0.

|6 show S=0 on every ofen afline S U then s,=0 all xeUd so s=0eOx(U)-
= wog U= Spec R, y= Nil(R)={0} (since RisTD), so Byx(U)—> (9x,,9_ becomes

Res Rey=Frac R, ri— & inj sing R isTD-Thus S,=0 = s=0.0 .6,

Classicad A'Qf, Geomelry X< A" imed- afgine vor =5 L9|x(><)¢—> O,ﬂ(b,c)—;%,, [ //k(X)
(so Spec R[X1) k‘[x) c klX), < kLX), € Frac RIX)
3.6 Propzrhies o‘_ Morphisms <all prvprHes we list are. presentd  whin compose sudh monghs
A wocpw of schemes T 5 XY is: (Wil svppeess £% 6, 0y kom notation)

@ afbine - qw;valent condihons : o —F"' (aFA‘ne 0/%) 5 .
o J affne open cover Viof Y, ‘F—{Vf) [affine |
- V affine open cover Vol Y, £(V;) |affne]

@ quast —comeack : replace by [quasi-compact]
(D) focally of Hinite type = -+ ¥ affine opems USX, VEY with flneV,
- N

(Qit\a-s: A8 finile hype ) £% Oy (V)— Ox(u) Haile type

means B f.4.as A-aly.,ie (’“{a""’\a : Gy(V)ﬁ Ox (F1V) =55 O, (1))
3 svrj A'['tl’—)X-\) -8B GJ,A'“QQ .3 open aF-Fme_ vers Y:Uv;/ _F-"(Vb')z V), U.\.‘) }
‘F# : &Y (V)= O« ((MJ') ;inik Hype

@ Karte Hype @+® : quasi-compact & locally Haile hpe (ﬁ.&%omﬁﬁ;m

@ closed immersion : So onto a closed subscheme. |dea : fonchons

|~\. . / on X are
Cxphietly : £: % e £ Ty e 114113) ot

-F# H 87’ — ‘F,' Oy Sdrjeuh'\’e (So s deal shea] J=Ker -F#) (-ﬂ.UlnMAkm"j_{-
- ~ Qvasi~cohecent .
v aff- open U=Spec REY Jideall TSR st. '(;J,(u) = S(’eciﬁﬁtq)wk“}r RmK Con specify
U —= > SpecR  RoRg|an ;d'e:(If—K\oy
« 3 abt.cover Y=UM:/ WU: = Spec R;I—ﬂ ideals T.CR; s.%. ab‘;\;eram for uiR: T, ?zg:;’g v(ﬁg::;:;:{\

Converse l~3 ven

Exaﬂ\eﬁ)(—_- yﬁeol cVY closed subscheme @ X=Y as k/abj:wl spote and | T consider 3_;=R/I

(redvckon 61)’: w s)ae.aj'(l ideads J(W) = {seﬁy(u)-‘ s(p)= oeK(p)jvre u} (so 84=0y/3)
Nole loca|l\9= on W = Spec R, 'J[M)={Sé R:s¢ Np= NIQ(R)={m"f¢kn‘k}},s‘o Zoca”; J agcees with

Ni€(8y), indeed T is the sheaffication of- Ni(G,)need not be sheaf e.g. Y=LV, Y, = spec(Zsr)
(6y), indee e sheafifeation d}- MiX(Sy) 260y(Y), 2 € Nil(Dy(¥) but 2€Nit(By (%)), 26 TX)

ope\r\ iMmmecrsion @ 1So on'I'o an o'pe/vx su‘oSoheme_ <_opcen o = O |
N (+] (o] OP [} - -
EXP\\'GL'H_\J . -F D¢ Lﬁ) ‘F()() é“ y (l.\'g' on S‘-I-afks \iAo\e:/:) v(\/:,kons ZV\MX e
‘F# : SY _ ‘F* GX 1So % 'Fx 'GY,FX._)GX;X. He same o, 2 4 Y |o<‘A||D)

imN\ef‘SiO(\(OY' \oCﬂ“:\ closed immersion) means f: X Closed imm: MMY
\€ view U & Y opem l‘w\a:.c,'l'" Hen —f(X)g W closed subsek i-e. ‘F(X): Un(cloreikSubSd'DF‘Y)
HWK 3 © immersion is oo dosed immersion & (XY C Y closed subset .




@ H.oct all. Gy(_. _>(9x,c are ok ing Porms

Not m{v\{\\lelg clear, bat ensuces 4{,\«} Llersof £ Varg in & controlled way :
Ha\v\a mvw\an‘K of ~bess ke dimension, do not Ck"‘“?" wnless You "&Kpcckd“ k!
It is wWeaker Hhan saging Hae Fbes ace Qocally 50 2.9, it allows two points do collide as vary Rber

A\gg‘orm R-wmod M s ﬂmjf it M®g- s L¥Xadk fvadoron R-mods

@RS Wrmga\ovv\ means S flat R-mod (using C.s= Q) s)
Basie 'Fad.’&‘ lf\)td'Ne. (hom of R-mods)

D H®R a.Qwa)r flw_ ZMU\' so M P{:J‘ R MOA S NL)N?_ uv\a,.(; M®N|<——)M®NZ
fact Enough 4o check M@ L <5 M@gR VWV g idedl T = r.

2) M fee = M Hak (P%M:;@IR = M@d“—;@IN. n)
E-Kanp\!. r] Z s ﬁ .Ff—ec Z—Mook_, L\A\' it s -Ha{'. . An abe_l\‘mn ?‘0 \S Rx*' Z—Mn.;\ <=>4Zfé;e°'\

so no elts£0
of £ri+e. ocder

\ '\I

N on- example Z/,\ is not fat Z-mod : Z <527 Heenw - ®Zy, get Z/n i)Z/n not inj.
Fact (Lazard) R-mod M is flat & M= L:m Mi some £.4 free R-mods M;

By ey local
3 R Lol , M finite R-mod (o n=2 R+ M ak &3 M mﬁ/‘b::fgx:‘s
Carely finlke over it

) A—B ok  BoC %}- = A—>c Wt < ,c
PL N <N, A-mods = B@ Nie— B, N, B-mods = cer ) B@,N |L—>C@B@Nz Q

5) A—>B Hat = Ap— B, = BB, A, Yok ¥ e pec A B@AAPéDA:’ B@N\
PE N s N, Ap-mods => N‘C—) Na A- W‘"‘*‘ (via A= Ap) = BN < BN, o

6) ng Pom €:A—B, makplcakue sels SCA, T B with @(S)S T then Iocahso\.‘hm

Y :s-p —S"'A® B— T8, 0'8\0'—) Yb  factorres as 5_'5—3 (o)™ B_’T 'B

wts) a Wb s Q)b
Since i50S of rings and Locakisation are exact functors, get ¢ flat. S s®L— @S @0s)

Example : pcB prime ideold, 4=¢ 'pc A prime idead, S= A\q, T=B\p = B,|=B®AA¢|HBP feat
Theorem W: A B Yat cing bom & @#: Spec B—y Spec A ua\}

*p (%)
KO AR U = A8 ok for 4= by 6) Bg— By At by (6) =5 A, b
2 2
@ RQ.CA_“ KU(B® NLB@ N)#ésg w* #’O VPGS?Q(_B /'/5 BaN, /,Bf@A”z
Kee( Ny 5 N) =0 = ker (A @M_,An,@ N,_\ =0 = k(8 ®A1®N. Pgﬁqq“z\:ou
Hakness ‘\ 9

Motivation : De-foﬂnaho‘\s (See Homework 2 &x. 6) « \ defined "'3‘°’V"SIB lader in 5\ fornow

F lakness ﬁ -owamede” famikes o schemes fave bimds - | x =T (k)= Spac K(b) X, X
Fack = S‘PQC_ k[{:} —SPQC(K(B>®hrt'SR) |FX—SPQCR

e =spec k [t “
EE“BY/'E? < Wy desed Y LT et over 0 & Aber Xo s “imit" S X,
= ( " X s s(fber overo of dosure of X*=T"YE)
“ T ’B \wll define later b e =

vork ! ‘ R x\x
So @ X X s *
€ 0 IS"H\ e |
he Q_CLDS A po here,/ SFCC k[ ly==<, ] {Qi. X—)/A‘ meomms§ Yhe

i Ha deal (ﬂclztt]
awr\o\ vam_x I‘)t a_ basic open amd E> A‘ c_loSure of X\ fiber is X, V-RLu-




Culborol RmK g 0P, Se_’cs BR— [ X«—b P"x 8B / is representable by Hilberk scheme -
cNon examinable F ;\, y \So5. F(B) = Mor (B, l—\il\o“,n)

Fact Ancher ni proper-lg. of Flat morphs -P X—B , for BX bca"g Noedl..
dim £7(b) = dim X — dim, B whee 1, fFex)

o |
So AA.M%S\OV\.S o,F fibers don't ‘)ume w\ex,oeakolb} '\ i’:ﬂwﬁ 4'?;1::2{%%%2&2
G\Comel-r\CaJ M+\Vﬂ+tor\ (Vef‘a Q.OOSQQ‘J\ i_x} CZC 2 C_ 21 ;eZAE WA
‘\1(1”‘ )C /'A x V(XD) Mm\M\%\l\a over open ZGUQX
\ 4'7 7§< 7% eYNIple.-' A" has dim=2
{f} C finec plane
how manyg £ have a 1 I Il
L — A’ kmﬂfi &Des Fff which -nkrreuao-\ HSBER
t O Lne in R numdes is constant, A Such oot
=\V&(g—t) < :Spec Rt%g)  inkesedt “U? ik may be easy fo \Ijou“;.l\ mﬁos% :\luujs
. codenlate for o see the {;U«h\ess
Y Al = Spec KT deynenit Kbes "‘““":“‘T‘
Remarks about calculakng closures of sets in X =Spec R RC‘;“JforfC;{a‘mm
)P eSpec R = [ P =V(p) 77 < xmte- Sabspact
PE peV(p o TSV (sha VG) clesed) Seoed

So any closed ¢ 2Y
ConWse : p & P _\/(1) = :E‘P}=?ICT 7 =>9€V(T) O Sed\?agscygccc Also :

qeVip) = pcq ]
g*=Spec RCt,t™'] AT \/,u...u\/.\
Examfle x*z VJ?,P; T rk)g A%*ﬁ.i < RCX),-_,X-—,,“:.{'-—‘J prime ideals P_~C Y: € Yu--v Y

=v~(?')" o Vo) N vhece \L(-) is V() calevighd ia A} = 7': RRVE A
onvS/ SR

= 7" — V(P)U Y V(flt)c /A S PgéXiT Y v-wVA & 7’u UY-\
= Vb pye) omd P e\, (P VIp)=TF; e

= ‘/,a--\,‘l,‘ < V,u-- u‘7,..

2) for ¢: RS cing bhom, of : Spec S — Spec R , K(p)= ¢ p :
Given C= VI(T)E SpecS , |&(C) = V(e™'T)

tl‘adtCn( Sﬂ‘}
PET=|F= Dr= @' T=0¢ 'o Sinte o((C)Cc((C\ V(I), T<¢™
s . Jsp @ f = T LY'T
PG pec 2(P)=¢ 'pe V(g"T) VOL"C‘S?“S V@2 Vie"s) .o
PREC e Vi) €T =f 9

Example S=Rp localisabon ,fe R | if Q:RIR, injechon them @ 'T=RAJ

¢9. X'=V(T) S A% Hor B=Spec R[t], B"=Spec RL+,47]
B so AN _s‘oec_ RCx,,.. l’(n,‘t]) /A';n= RCX),—DX-—U'&,{'-—O

= )F = V(fol,--,7(n,t3nj) s Mg is the dosure

RmK Also Know inverse ima’,ts rj closed sets: | o~ (\/Cl__)) =\/(<L(’I >>
P+ pe o("(V(I)) S <p= Le—'(F)éV(I) &S 7T §Lp"(?) & YIcpSpe V(<$I>). 0




4. GLUING THBoReMS
Y.\ Gluing sheaves

X = U WU opn oV, dbkrﬂ\h‘alr{ u‘,) = U, (\\I\J- ) MCS"“: A:n uo.nun
F; shea b on WU;

Q\;)' : F\'|u;|,- — FJ|uﬁ
Cow\pa,'k\o\'lf'\'? condiNons D W, = id
2 Y = ‘(’%‘
3) L‘el- = . o ke‘-
- l“¢.i"~ e |Mi.)'k
Eyam\e. F sheag on X, F‘- P= F|u: (so FtV) =F|M'(V) = F(McQV), Vopen VSb(cB
@; = ises induad by dovble reshichions (iso o) fanchors .|u“u 'l“s )
'n\w_rew\ 3 ,up o uniqr iso, a ske.a% F on X with ics i w;

m

Flhl - F‘,l .

UIJ-
Nl l\&,
M.\J MJC Flu" " FJ' |UJ-'_-

\A
Pflet E= U L_J =, ‘
¢ - (F) / C1u;\/a\0v\c_€_ elakon (F) (0 ( F.)')x. for xeMl.J-

(“S "a Cond ik} Ov\.ﬂ

F(M) - {s.. u_) E : S is ZOM“"?' o SLC'I\O"\ 4 Some F } -0 (F)
(Vxeu 3¢, 3 opom er u AteF, (V) s(g)= l: V\aé\o
T‘\wfem Gm\\lev\ Sl\lﬂ\&s F Gi COV\.S"WC"I'Cl as ﬂLOVf— -I{‘OW\ ‘bd d‘“k"‘ F\., (e\, on u

S.t. \'PJ ° Le‘_‘)-

4

is the nabal (s F|u-

oV
o mcfp‘/\ F:F o G caan be unwqutly defmed fom datn: sm' K
Morp\\r 'c; . F; ) ~ & F‘l Q
ARIh 0. . W
COM(a’n\mM-\, tondikon : \|; -FJ ° Lec')_ # | l{-
u‘d Yje YWy
Gily —> G|
St via td&t\"\'&‘u\]\‘am F|“.":FL./ Glu\-:GC eV ,F[Mz
#-2 Gluing schemes ™
W V@ "
(A; schemes, u;,- C U open subschemes (Uee =U;) “?ﬁ}‘ ji
\ , (185
cp. s U —) W::  1Sos <—(Hn‘m\< "?.-, from u;%uj) Cor [~ uJ.
Ji S d =xd uki U ke
g cnbions ) s uS P
case k= 2) 0y (u\, N Wk\ < WUse n Uyie
LeJ:"l=(€‘\‘)') 3) (Pk k _ \J»\QV\ rt.fh(.""(JL as m“'fs u f\u k-_, uh



EKO\MflL T(‘ u; g X ofw SU\.L.\‘(:‘\CW\CS/ Coan '*.'a.k{. M;J's u;ﬂuJ.g_X \,J\H- ‘(U--"A
Claim {exmise.) 3 valque (up +o iso) scheme X with open wver X = UX,
-l hemes U =5 X,
sos a‘a_:-c, eme TX

Mji ;ﬁ X:a XJ'

J
G(“"‘a Lemma Supposo_ we built X as above
= ‘F X— \/ morp\/\ din be Uum'qvelj defned Lom w\orpl\r -F; '-Xc — Y st.
OOM(’a’H\oiM- ondilon * XeaXy — Xo §;

1 Co\l \\y ®
XJ‘I\)(‘_' —_— XJ /,-'FJ.

E Conkavous Mmap ¢ —F-_ X-I—-ay defsned L-; £ X;: £ (uwvn-\\-u-as
on sheaves heeak —F 9\/—) SK —(recall 3,9_4- ‘97—’1‘;9x 4,3 a-{,“vnch'm)
(’9—\6'\,”)(: = ‘H; G\, = ﬂ-l 81 4—(X\~ ﬁ,X indusion, fhgn ‘P;lf—'Oy:QFo?‘.YOY
'C;#é MOF (G’\/I(’F;)q e'x; E Hor (-F;'—‘&YI 8){‘:\ QMA- GXL = ex‘Xi S.nee ap&h SMLS(.
'F\'{\A“\Q- we Coan %&,{ Hre 'FC#:'F;'0V_’9X|X; by @ 4o gek £7'0y — 8«. Q

Consgquimce A | : Toe (X)°f — Sets | he. cek
v Toprserot P e S a S ol_ .
(X,\/ SJ'\QJW\C_S) opX) U+ &Y{M) =M°r [MIY) comes w:‘J:jmor,k
rA'\ —’S R. |.
.3 A&RM Sprce b\a._a&)ir\a, (see Homework for prjedhve Spacs) / mé*ﬂﬂ*ﬁﬁﬂ-",&x»-:*l
Affine n-spa over SpeeR: AL i=Spec RO, ., o0} (=2 AL, o) ¥ ik oo

Spec S— Spec R
Rmk. R— S ring hom = hom on poLr (so:R[_x.,,,xA—wS[1.,...,1.\]) S;u) A:. — /Ahg
Exavple R — Re = ,{4'&{_—) ,A'L is #e basic open set of A';{ dor £€ RS RO, %n]
I (RS SpecR opon = U= UD,, = A" =V AL, C AG gived alon

(Some £; C{UR) w Ri: T\of’e.E Svnlo:-( Spec R'fiﬂ'_§>£'(\b@'
X S'(J\evne y a-F-G‘AE_ N\~ SPAL oves X+ Aﬁx== U A?( wk&'( ><=UXC a.'FR‘M_ open Cover
K =UA". P R v n

( lx ‘lx‘) ' | " A alon? /AX;nX'

x = UX; (V\o‘I\Q, AXC = S_)A)(mxj, Hhen M?Mi\'(y these cop{e;a" v—»é_//oPen in affine X;

Claim A'= Spec Z0x, 2] represents funchor F:Schos Sets XH{ Morphs 62" — 6y st.vu, }

4 » B¢ 1)@ 8,(1) s hom df Byita)-mod
E FlT‘ofa(X)of is a sheo\{_ 4 seds (ea.sa to heack i con 32»1 morphs since Ox sheat)

,Anl.rop(x)of 7 La Conbe.ﬂvfma- obove - ‘I\/\U\.S if H\Q-hﬂo {u\r\c-lorr/‘qs;pq_g_ on Af,ﬁ-ﬂes .H\Q,\
bg S\nem{_ fw‘uzrhg .H,\@g_ Gpree Mrtaw{ne,{__ (natra L ise)
Tor affine. X=SpecR Just need 4o idenkfy. global seckons (cpw\pn-h'\,\, witn localisations R=R):
F (Spec R) = Hom, (R, R) <—(here : R-mod homs!) in both cases jusk fo.=(0..10.. 0)—r:
n need 4o eJ‘f A A N
P jn(SrecR) = Mor (SpecR, A") = Hom (2%, %) R) specify |

wWhere generaders 9o

Ot yre

a



Non-exomineble = in addikve cat, AxB= ADB (tnendud')
5 . PRO-DMCTS P use 2= A}Tg Wse 2= B°§$ define

0 i @:AxB— AXB
L0 Pl in clipey thaory: gk paoAE | g Boane S
TR ° 1) 0@ = uniq :

C QA’-, Cc € C o A—v'—i} b: B—v‘-!é le+:—:’o~o1h+\n-1\':eA:Bc—>cz z.::;‘dmk

M C, X -.- )(C,,\ (l"F QX'\H'S) IS am ob‘)eck \,JMH,\ mor‘:‘ru T\_ 4o C; s.t. colz=a,coj=b v

C uniqu:C=cow=
V = CiM+CiN, = car.+b11',_\/

al :_ % < Yonea(o» /'KMC*OF OF POI 3 |‘n+€fpre+a'f\'0n : /Pnootv\c'} o€ sets

C x C L F:e%—Sets, F(2)= M Mo p(C:/2) = Mhe(2)
\(;-' = " T M Is i"- Nfresevﬂ-nue ? \“F 501 Cﬂ" ‘I"\Q °bjec+ ﬂct:/ e\nc:i’ F= nﬁc;
coprodod Cy U .- D Gy Explicidy :(pi) € Nhc () gives unigue € Lnc(2)=Mor(2,c)

vz AL
al : \ Wlma, 3 maps TTJ quJed\onso“ sets e\a?;) ﬂe\ (%)—)B, (Z)
Gu...usCa <L Ce bud T’\or(ﬁnc e\ ) Mor((C: C)a'ﬁ
Ebéaﬂles Sets /Tof. spaces © X = PNA»U", N:= .m,ed\onS, U= A‘S,)O"’"\_ V"“b", T ot inclvsi ong
Vzc-lorSpaw/abela'qnWs/mo:loles: V) , U= diceeh sum , T ace iaclusions.
Rings - ” , U = Hnsor prodwet ()= 19.0r®.0)
. / " IMPORTANT EXAFMPLES *
Fix BelC ( base ) / All schemes X have ('o.r\on\'col X’_)Sfeca
Carl-t_‘z;or-g o& B —obgavl's' : C/B L‘} a&'nr\a nonial N\a\pS‘ on
obj : morphs C— B y merphse € — 5D Spec R — Spec'Z  +om HR =1
o inC \ / Schemes over Reld k. means ‘/\av{
(‘H'\m\t of B as o. paramews SPM'- X — Spec R, same as saging all) Oy (1)
and C as o FM"\'% pacamedrised by B ore k—o\l;y.bm.s and resintchions are R-alg.hor

fbe product ¢ X 1) is e produdk in C/p 4 cEy dhy (Fout)

-
@or ;:,\-Il-t?;‘f Squom&) : V@ N | Fanchor 4 pa\‘/ﬂ‘g ‘mkqud'n%'an'
Siml 1\| ¥ CK D T_’ D H"""(2’ Cx b} Hom(Z,c)x Hom(ZD)
imlarly 3 13 So we MMK‘ hethar ™m(2,B
Cix - xCn Vh T ¢ ) w

E)(aﬂle— for Sets or Top.spaces: CxagD = { €d)e CxD : ‘F(c):g(o\)éB}
Pushout e opposite dictram (reverse ovrows)

Kav_vée Yor B—a&}dms He pushout zﬂ_ B¢, B-D is the temsor pmo(wl' C® D sec 4.2
Example : B—>C B 2D inclusions of open subschemes, then pushout C D is -l-l\e_?&ma|
Exerttse : (o) prodwdk, fber prodect, pushout- Are Unique up + Unique iso if tham exist.

( Hint : compose unique naps behdeen them (s.¢. diopcomn commutes) Hhenn composides=id by unigueness of self-map)

Examples of Ao products in cat. o Sets orTopSpaces: Cxpy D= {(5d): $()=34)JSCxD
R= fom‘\.‘ = CXBD_. CxD

C_)B D%B — C,< DE CnNnD (via (¢,c)em )

E: _>§ = CxgD = 47! (]))CC for @xamde D=point =beB gat fber £7 '(b)

L (£q) $O=%ageml = E: Cxl?> [(gby:£(cr=9()=byx{ceC: fcey = (c)}"eqm.w'

C B
EXQFC\SQ_JI_B;(X y e using g=id:Y Y K(alua-;s me.on « if the Rber producds exist, Hhem 9et canonveal isos

G VX Kogd 25X, (XY} 2 2 Xy (Y,2), Xota(Rxg =Xy

7/ F sk H\MI\CK sty .




S\ Rbe podudy exist in Schemes/B kL;x 325;":\/2 Fves
Ax schene B,  consider U‘"ef""a Schennes /B :

Theoctmn  RKber proddks X‘xg.--xBXn exist

If\(MCH\le\j soffus do do At n=2. First need some alyl,rm'c. Petliminaries

A P(—’\I.‘V,Lm— R is & T?Aa R %adwr IMMA o (‘\‘t\a ‘e\OM ATR
(Ar'\':\a—) .

(= Ris A-mod wa a-r = ylr)

RS A-a?bras = (R ®p S )= free A-als. on RX S &(So 9eneral elcm\e,w\' is L1, @
relotcons  "genecndors” ace r@s

re,\ockaf\s: j.) ® 'S b%\fnw oflen deo ¥ ‘P from nohm\\'on)
M) a'(r®5)=(%(&)-r)®s = f‘®(~[’§(0~3-s‘). [1( F lets
In pohekar A— R®S is ar—sa-(10))= (@)@l = 8Y@)
A R
The pmAJC'l' on a—cnefo\.-lors H (r@ 5-) . (rl®5l) = vr @S‘S’,

BmK RS rings = R®S = R®,S
Facts
|) R®RS = S (Vfon- ZQ@S;HZQ‘S:)
2‘) REX,, ‘77('\1 ®R R[\g'u-'v‘g- m] = R [-x‘/"vx"fau-')"ém]
NE/HHR, T = (SQT) /(Tel)(se,T) whee STae Ralpbm
4) R feld, A k-olg, for A-alys R,S get: R®, S =R ®u53/<wgtas®\-|@ V@) : aeA>

Affine case : Spec R XS‘pec A Spec § = Spec [R@RS) exsh ia A‘FfF/Spa:A- :

S— 1IQ®s
have eushouﬂ' : R® S £
C'm C"‘ha‘".‘) o'x_ A-das) A T /Now 4\0(% S/ec.- |
e | P ¥ *S ((mwir\u_ yoursq!l: Haak uniwsal.
R & R A Progerty of pushout for A-olyn onves )

yow Mo univ. prop. for frhe~ prod. for AF% A
Claimn = Has is £be produw ck also tn Sch/Spech - Lt X=SpecR
— 7= Spec S

akRne wver . (. B = SpecA

Sheme, Ve, [ AHtcnokve proof :
¥ el : ¢ < Homg(2,F) = Mo, “,}(&F(F)J 0,(2)

(sd.fmrs) N(in £ offne seeSec 2.3)

= Hom, _ (R@ S, 92(%))
Ham in 3»?’3; A—All;.uue_ rhat :U:D

are un;-\vd, spewfied by -‘R:g;cc:)
. N
Cmm:\a fram %:’; by P“skoM'fMQf'\')

used universal )

Recall Rbe produds  are unige Vpie uniqe t‘ia o ‘”47_0(;5{'. propech; in Affy
Bv onsinvbon  (as U aﬂ-:neb al y; —»F wm\f-iv A;a}rm commute




I con show Hrese afcee on oves|aps Uy =Uin \A)\) Hnem soue fo unique 2F

|-€ MEJ weee affine , Mass would have been immediate .

u\‘j S afbne U; <o cunning Same af‘aumbv\‘\' w2 replaced by HU/

We Can w\r‘U' Uis L? basic open adfines 'D;hs U, amd now Dﬂ_r\ D{c= D'the affinel
= e “'““l"‘l‘} to gt Wj—>F -~ "USEFuL TRICK™ in 3.1

Recall Ik Haok can pick open CoVU‘gju,‘J' hatave basie opens simultaneously for Ut;/uj

wnel

=>u\" F d u~; .
ok e e ﬂgmﬁy

Execcise 2 W £: X B inclusion of opem subscheme Hhew 97 OXVEX %Y 4917 |3
X T8

Lemma & X xg Y —sI existy them T7(U) = WY Yopem sabschems UEX
T ¢

XT)b

PE of Theorem
Genecal case  buitd schemes/morphs by 2 aluing procduces (ledions!)

) case U; XBY with B Y affine ) X=0UWU; 'Aﬁv\t optn covet |= 3 X X affne
akkne
D) case X% Vj  wih Bafhe , Y=QV 4 ¢ ¢ |3x x Y

arHne

Y o witk B=UW, » #» =« =>3x%7

k

PE W (W) = Uxx(XxB\/) = UxgY o

Exercse 2 Exerase 1

3) cuse X X,
GI@U;A.?S work becanse a ent on o\lveqos IS emsured b»,u.m‘iuenes_s' up to unigque
1Somocphism -:j_ Lbes pro etz . SKekch:
O 1€ know (A Xg 7 exist, Hiem T‘_‘(M;j)’-‘_—’uij XB\/ by Lemmoa. By
uniqueness (up +°un:¢1vt§) of fber produdts gt ;IT,—'(MCJ‘ =57 (Us) . Wse these = 4o glue

(and us;:\a u:j=ujc wira leu@ WexgY 7 & S wy xgY e UixgV Fo
® a5 in O, sungping roes X,Y. A et
o ariNne

@ Lo\ Xk_—_- -g_'cwk)j yh = g—\ (WR) = Xh KwhYR exists Lb @{X:,Yh general)

Wi € B opem suescheme Lmme ) = 9=\ (W)= Y
X (W_>th:w2u\ ) Wh XB
Xk xwk yk = xk Wi ka ) = XKXB\/
Then use ar30m8n¥ ‘m(D~|~o 3&2 e Xk xBY_ 0
BmK Proof shows Haak X xg Y has affne open cover by U(U: % V5)
wher X = VUi, Y=0V;, B=UW, arR  # # wi —> We €B k

E xamf\es Y= WKQLB/ E%fﬁiﬁﬁmh
Y ’JAE ><Spec.K A? = Spec R[x”'P'x"\J‘?H‘? Yml = /9\‘;*'"‘ g'zkﬁf;@x,ﬂ @
2) Spec @l Xz Spec 43 = Spec (%58, 4 = Seec (0) =¢f <—] (0)'—)(1)%(1')
5.2 Fibers and ffeimaz: £: X— B worph 44 schemes £ (b =%

Fiber over pomk be® : FT(B)= Spec K x; X — | |
PrRimoge oé_ closed subscheme YC B - -F"(Y)z \/xBX SPQCK((Jb?:Pl’o




Exaryles k = alprbonioallly losed feld (50 classical aly.geomeley)
3) ( FrA— B indvad by FF RGO kIY), 0y
/A\Ik_ -F;loeroVefO : (v‘sew ?oif\"‘ O as Specle — AL so k’—:kc/x])

—— - o (x)
\I/f ' fber = Spec k xSpec_ ke[ X) Ak = Spec (k. ®k[x')t[l9]) . )
0 ° Ay — Spec(k[#) ® kh)= Seec(RC)/, ) whece £ ()=y

“Tqr) R4
. 9 -9 use Focks about ® from 5.1)
Rk _ Notice how a product of affine varieRes gave a scheme Hiak WAS fok am afRne vaciety.

L|_) Mumford s pictvre of Spec Z[x]: _
c;_)‘ (3)‘ <s>, () ﬂ
V{(x*+1)) x4

A

(3,2+6)
X=Spec ZLx3=|@, 4 ah) ¢ Grd) (5, xH) 329
‘((7,z"+|) l

¢
G [ (5,x+3) P

(3,2+3)

=, x+1)

(S,x+1)
(5,x)

T @]

(3; X))

Viey-=| ViEy-=| V)=

v a
B=Spec 2= (2) (%) (5) S (0)
T s indvad ba, inclusion Z —> ZE"—J
= W) =V (=3 (P, (p.f60) : £() mod P is ineducble in fFe X7}
(S'o (p) is & dense\—" i peT then Z[*x)/p ¥ FI/T vhea IF=25
ot in W (pY. S~ : ‘
pow P PID,s0 (\C) pr.me_@# red or O
Rmk curve V (x*+1) passes Hrovgha (f,x+5) E X+ vanishes ol Haak
point, o 1FE CHi=0 in Fplx) /i) S/ s 00 W =i
C\.ﬁ.SS‘\CA,\ numbasr -\‘(Aeorva_ SaMS o Square rook s{, -\ 2xisk jn \FF Q(P—;\me;—q)
Bher over )+ Kepy = Z(P)/P'Z(P’ - (Z/P)CP\ =h =24 e ired 509
= 17'p) = Spec (kip) ®2 Z[*])=Spec IFPD(} = {‘(0\) Fx0))Y nonconstobnt
Bl over (0) * k(o) = Z) =B

=2 T Yo) = Spec (k)@ 2.[%)) = Spec QDAY = { (o), fex)) )
[GMSS'S Lemma. : For £€ 2[x) Pffmiﬁve(%cd(weffs)=l)] fred in QLYY 50 wiog icred in 20X,

Nnanconstant > Nnoncownstank

£ itred €Z[ )& € irred. e RLX)
Conseguence  Spoe Z[x]) = {(OL ¢, (£), (P,_(_sz}—peZ[x) ired. mod p

noncovstant

&?EZ prir‘V\e_\'Fé /A4 ierA/ nontonsant



Foraz{-f—'n\ frackor |1+ Sch— TopSpaces, X > |X]| = underlying topologiial space .
“  worgh — vmwly\‘r\a @NRAVOUS mayp
o . -1 — | . .
Claim £:XDB morph schemes = [£7'(b)| = [F|™() Rborls e
P‘_‘f‘ WLOG B affne = Spec S and b is prime ideal PES ttﬁoba\ml
fR) = U Spec Ry gven by @.:S— R,
WLOG  just consider one affine, so R=R; , so WLoG X = specR
= IR \ocalised
= Spec k(b) %y X = spec (K(k) @ R) (Re = s8% -(«*« wvr-m)

W(S\R)
K(b) = (S = B = —
( /FBP = ktb)@.sg (S}P)r O R SF®SS/P ®k = SF QRQ(PXR R%‘RP

(M
= S'pec (K (b)@ii ﬁ\ — {ﬂ cR Peime ideal con'i'a.\‘m‘r\} @(p) bat not \‘nkr‘sec.-kna te(S\?)}
9. RP < q (= preimoge 01. 9Rp via CocalisalNon R— RP-:SP@SR) ‘Fq:F

SNSRI oL w3/ g o8 i
-1 N Chee ar Clo a9cee
12 W(P) = 9 o‘, 2 P Viae the 1:1 wn'espondef:ce.s.eﬂf ?
| do diagram defining Xxo¥ Yhew by yaivesal
Cor Given F:X—8 3:Y—B, /?ﬁiﬁ?ﬁy'fﬁ ey} iy comes 30 onin. v @
— o Where fexy=g(P=b
fle of | X Y25 IX] x Y over (z,9) s [spec (ke @ K6
ﬁ fbe of XXB\/—) X ow x : Spec K(x) XX (XxB\/) = Spec K(x) XB‘)’

Kher ot Spec Kcx) XBY—) Y owr 9 S‘)ec Xx) xBY xyS(u K(g) = Spec ¥tx) XBSpeckL:p)

£y ofF Spec Kix) XBS'/ec Kl(j)? B o L Spec_ K(x) xSper_ K(b)SPu' kla) = Spec Ktx)g‘\:)(g)_
(ands in Ib}E B )

\,‘.ojo\?—-KCt:m .(I,c&;) ot QI%LLIOL |ew,l S A,,A,_avi Ca-\{a.or\Za"a : Seec Kiy) = Spgc KC‘J)

in Sch before modvles over S= RP/PRP Hem

o |- S S (b
appluing |- S%(A, 8 A?.)% A, ®5 A, pec K(x) — Spec K(b) — B

so by Exercse 1: Spec k(x)xgSpec Kiy)

— la -
i namely: = Spec Kx) X (Spec v(b) x5 Spec k(y))
F @4®a,—". Spee k() —~ 2
RRBBHY | £ BUOL -0 = seec Kup)

_ — o sia M fader 1 (2)
Exawnples -|Sf’-¢c % Xspec2 SP“'Z/S\_ |Seec @’Ll X|Srcc z| |Spec 23| =9 m":\l Z“Fa:-]orr-»'_—’a(a))és‘mz

c Ay = A(k >§rec;..AL= spec RC% 3] then (L+4) 2 (0) via bothh Prejeckons o A but (3+y) * (o)
(&{Q‘o\ k)‘ So |~ + |'A|k| X |AL|: Hee ‘f-;lae,r“ over (o), (o)) is cowplicated .
Rnoke Speck = point = (o)} 5o ofden omit “Spec k' from notabon.

RmK 1€ 29 cosed points of schimee XY Raike fype over k k alpebaically closed,
Hen Rber over (49 o XXV 5 Spec (_K(ﬂ% K(4)) = Spec (k %k)=5p€6 le=(o)
so over dosed pomi‘s You. 3»2)‘ Ha FNM(A' bi_ seoks . <—(S'o Massicad o.?ﬂ.ocwh )

\I\)M"‘\f\z /A1=AL><//-\L does not have Hhe fmo‘ﬂcl— +°f°\°3'2/ e9. consider V(x—'-a_}

Non- examinae Rk Working over am aCV.LrMmlLa dosed fdd R, the stallc of X ¢ Y
ok (%Y%) is Oxy @) Oy,y Gocalised ak max ideal mx,;c@e‘//'}'f' Sx’x®my,




5.3 Rase okmar;

X=X x,A — X S base—ckmngt«j,X—)B#aA
all schemes —? v b

Vi A—B
A— B

Example A"‘y — //‘\Y\Z XSpecZ y is base d\av\gz "j— A’;aspecz to Y via \/—)Specl
Mokvakon lyis gemenlises the idea 4 c}\ma&na He “bose coeffcents™
exomple + X =Spec R{x, -, xﬂl/(ﬁ, yfn) ol affine wviek < R"”
E: SST:; '2\ } amd A—B via @: R—sC indusion
XXBA is Spec oj_ : R{x5%A) ®R® € o € [x,, -5 so afbne var <"
(e ) R (e(&),--, -.((.Fn»@(iame.pdas
Same works 1§ replaa_ R—cC by any r\‘r\a bom S—R. W viewsd oter@
FACT Many poprhes of A—5B are inhenied by e base olnomaz Xy — X -
Qaffne ,@quasi —corpad @ locally fail dype ® finite typ2, ©/@)/@) closed open immesion @ Hat-
as Well as propukes from S.4: @) separaied univesaly closed , Q) propes~
S.4 Moce propertes of schemes (il proper Kes we Nist are presentd whin compose  such maphs

Nokvaton Topelopieal spack X s Hausdocfl & dogonod A= (wx):xeX] & XX closed
- £: X>oB Mor‘a\a of schewes 15 §

-\e s for Product +°P olo%\j
eporaled V& £k A oS

HWR3: Ais | X314 Y
D=/\ t X — X x X is & closed immersion— always an A\ U xx X X
X/B B iMMersion @, ) S l‘
+ /3 opom cover Uk of B, 47'(U)— U separated SRORY WY !

; X—8
Rmk Oftenm write A do mean Image € Xxg X o} morphism A. in XxpX clased subset £

Rk Any subscheme SSX over B is also sepamted sina Dgg = Axjp O (SxBS)
Rmk X SQEOJ‘WRA means Separated ovUT Spec Z  so AS XxX closed

Exanple Hfor affine variekes (similar Jor- projedhve voriekes) work over B=Spec k-

see next claim
Seec RCX) stpe_c k[X)= Spec kEX—)@kkEX]Q A has idead fR-1F: fekDX) >
Why 4o

od 1 1t disallows fn\‘f\o(oaces Like “affne Line Wik, dwo origns" (Hwk L ex. 5)aris:
-]} N —
by gty Stes RELGTASee REN by Z2f (F e 133

N
x— -1 them ae* IPé: Hwkl,ex%
Claim AfGne opens are Separoted (Same pook for SpacR—Specs)

) RE e R SS
PE A :Spec R— SPecRxSpecR  comes fom RR MSR o RBR<R Yo 1@ses
I =Seec (R®R) wultiely 7/ 2 T T™ 1
swjeokve.: m(r"l):r (armd kKer=<r®) —1@r:reR.- O Re—2Z -
Claim X SQ(afaka\ @/’v affine opans U, 4, () W AUy affae e Muthply ceskichons
A_l(u,xul)

(enow

.o Suqy
gl i€ holds foreover Yu2) %) r(u'/ex)®r[ul,8x)_>7r(u,(\uz,ex)
P_«CC=>)‘\U,AML'=“(U. XU N A, so Uil € Uix Uy closed tnsihe affine U, so affins

U afbne 5 C(W)@TIU) = (U, x Uy). Say  WixU, = Spec A, ¥hen:
M,ﬂuL = Af\ SpecA =SP€C A'/I- Some IQ_A/ So r(ulxu?.)_) [_((A,AM-L)

i v

@ Cover XxX = U U xW; by projuds of a#.‘nc opems . A 2 A/T

TIUx U) = TIUN®TLU) E% T(U ally) o Usal = An(Us X U5) € Urlh closed ;;:skgdeo;!z
So A dosed immuzion (use 3™ dekinibon in(®) Sec-3.6) . O “aitine Ir\omr(CC)

HWK 3 Claim holds also in case Axse , ofter Mmking condikons S‘|\'?M*lo.




Claim X sepaated & V@, @ Y =X if ¢=1, on demse open subset & ‘equalizess are closed”
then ¢, =¢, as toplogical mogs (so if Y reduced then Y,=v, a
PE O oxu: Y XX, (@0 x0.) (AYS Y o5 dosed Ademse so = V. .
@ Hwk3: A lom“.\g dosed : A= UnC some opem WEXxX, cosed € € XxX. Lot D closve < XxX
UNnD = UnURC € UNC = A so D is opem & demse inside A in Subspac topology -

By 5.6 con make y=7 c XxX closed subscheme. Apply assumpion +o ;= projechons +o faclors,
nokng that Y, =Y, +orolosically precisely on setr A . QO

: X \¢
aim XY, ¥ sepnded = gogh T2 X—p Xx], czed lom O
PE£ ‘FxM:XXY—)YxY/ (jpg (£ xid) A closed D(—E?n also view Hals | 14 L

s mocphisms
R seep. 2.3 )

o base chonge, ™ _f"L,xxxY
(9) Mohvakon For 4op- spaces, X M@(‘d\/, X s clased 'Zt?fd:«&) \94'\/], a, L E
—2 77X

Y to dosed sets
'(‘:5 X— B ULV\\‘\IQFSQH\A C(OYQA" Xy: )(xgy — X Non-exonyple :

\ Spec ke
every base chomge is closed mop — |, v LT is closed map ] K‘\xk_/&i/\‘

Fadt f univ. Closed = £ quasi —compact . Y > B ﬂt;";Zo'ﬂsf’m
£:X—B proper < ©,@, @ (§ritchupe separaded and) | imepe i

Umiven'a\ry closed s AN\O

Mokvatiow Av\o\\.o?\,c in SmaooH~ world is ¢ peei 5 e&_ comPack sets are cowYo\dc“
Exaryle Proedive n-spact [P.g = [P;_ XB  (buitd P> b? glw‘l\a in HkaZ)
Fi XY is a projechive morghismy L factocs

Non-examinakle m K
X closed ionmersion ﬂ)n Proyechon Vv, | Quasi-projekve morpla XYif
M 4 ?

0pen imm.y _, Proy-magph,
Eact £ XY Nottwrion this is propes. l>§- XY Nod‘/\?ﬁ.:‘.‘:”g&
g.cs Var?ekeg Mof‘ abstact Var-'ei"a: ’/aiaebmicdlb osed field | (—R«\‘\k’hpe&sgfwa)
Def A Vaﬁe,i"a. is o scheme over k means we're given a morph X—) Spec e
s-t. (V) in-\-eﬂ—m,Q = SX(VO ) R—o\ll{x\om. ol:no\ rZso—}(\'cHonS
.t are - .
’ X— Spec k finike +‘7P€ @ 59 2.3 same &3 7\\/«\9 o Pom h’K_) I'!?;,Gx)
@ X— SFeC k S'&PW‘V\."’CA @ ie. a la—a!}e,\,m shvtivre on F(X,G,()

° &S X iredvable Ox (W) reduced &— Somehimes don'+ rRquire ieredvability , just
() & X 1uo..s.‘—Cow{,ac;\; ﬁx(u) ace ,{.‘.%_ “'-—OAQ%Lms rquire redvcd. Buk con’ stvdy one

iredveible componemt- at a fme.

The defniRon includes all quasi- projeckive varehes from classicall alpebarc 92m .
but 3 more: Nagata (1956) 3 varieky can'} embed inte any P /(R_mls.ﬁm‘k unionoFquasi-Compacts & quasi <ompach
You ot variekes b ing doother fnitely“many affine var
(*Hw_g:warn#ed ﬁsu«i-}?ﬁ p.-em?!"es fn%\olog{esaiz )
A \rou-ie,lﬂa (s cog\glgk. i+ X— speck proger (), so exiva condihon: @ universally losed @
Motvabon™0ve € for hlowophic spaces” you ask whether o folomorphvic D'— X
on Haa (Jumdweo\ é&sc/ mww\o,flm‘c af 0, can be exlndid +o o dfo

t-e. ‘H,\Q_re_ ol o 'Miss{n

eRes Aﬂona common open sets

vopphit e D— X

Pota¥s 1 X' (Made rigorous by “yalvehve cilanon for properness”)

Hwk?: g inkearal dosed smbn%\.o{— vaviey I vaviehy <— exclude e-9.iced. closed s“bgcl\_Spu(k[x] <A},
irredmeibe open subsch. of variely I vaviehy

&2
Examples ComelereVoriekes: P, projechve variehes (W <k), Nagata's 1956 example
Vacienes: Nk, aflne voriekes (M Ay), tvasi-pojehive voviehes ([ € peoj-variety)
N ot complete (except point, B) o (uses Huak R T aly. dosed)

Kx-a) =k
Rmk A point x& X of a vovieky is ddosed & K=k . E.g. /A‘k=5f¢CkEx)’ K((;g))a-z R (6)




5.6 Scheme shvcivre on subsets (]”o-\'ivdx‘om classically, a projeckve variety is « closed subset of lpz

A quasi-peaj- Vor is an open € Poj-var, 5o & locally closed svbret of PR
Claim Any closed subset CSX of a scheme = 3! closed reduced subscheme (C,Gc)—ﬁ(
PE 3(“\ r= {SE O, (W) : slp)=0€k(p) Y FGC(\U} is sheal uf ideals
Lo cally : U= Spec R, CaUl=WV(I) for uniqnk radical igq,[_‘_]_:___/___j

Hen s(r=0 e KCP)=(R/P3P VeeV(T) & sefre\vct)" =\T =IB=)3(st)—1
Same HicK shows J(Dg) = Lo, 50 3 is Ha quasi-coheant idead sheaf cocresponding 4o T.
Nole : C =s9pp (Ox/J) amd CnWU = Spec R/T , and we define O, = Ox/q . O

see \.\5 K(so sheafi€y

M call Yhis e induced reduced scheme skwihre on C . couU I—)@xwu\

AL
Example Whem we consides om irceducile Cowponemt Z < X, we wse Hais scheme siwdtue

Exervise Tor €= X E€X get He reduced schome Xred (see B in Sec.3.6)

DQ‘F‘ —Zg X bfﬂ.lb") donA means V:Z'GZ 3 op%%éu s.t. Z2nW s c.Lose,d n .
— < ! G.2. 2 closed CE X with ZalU =CalN)
& Lemmao. 2 |o(_4.u_\3 o(ose.rl S 2 open n Z (_((.e. 2 =Z NU some open UEX) Q-log Lermmo., C= Z wocks

M &E: 2=ZaU for penUeX = ZaU=2Z2=2Z20U _
=: 20U closed in U so equals its closure inU which s : Ceu(ZnUL\='%/\U. .
= 26 20U=Z N UL Z 50 Z conkmins an opem neghbourhood of 2 in Z o % € (4 (20U)
= - | s — & opem erQlA)
Rmk ZE X dosed, so 3| induud edoud schame stiwehre O on Z VA2 = &
Z2CZ isopen so sk 4 4 u [02=05|; |(s0 62(V)=635 (V) $e X€Z bukalse xell

The focall desaiphion is the same asabove s 2a U = Z AU = Spec (R/1), 83, 26,5,
I

RmK I& Z credmctble (= Z tredwcble) them T= Pe SpecR whert p is a generic point for botly, 2,2
Hwk 3 2 icced. QDCG.OL& Jose_ol < Vow‘:e:l'\a- (X, Gx) = (2,9.2) Vow:e~\~a.

Non—examnable

Z hos valqe
Hwk3 (x,9x) Vagd—?, 2 X icceduble subspace Ji,},‘ ‘Mﬁ,&%}:‘j c;tzi";.r) ‘:E?i?sctfé :t_z"
Define sh 2 on 2 for opem VEZ, ¢ feani Jiigh e
92(Ve)q4-= {S :\/— U k(x): VxeV 3 oper xe U eX, te I_(M,Gx)} ; P;V?p)
Prove Yook s xeV Such that 504 = tEoekox) Yxe Val oy
(2,92‘) voriehy =5 2 Gocally closed amd 92 is Ha indud redved scheme stvckuce ‘?:'V:\S:’:g-“s on
\[(univen-al Proparky for the above sheaf) zﬁf_‘:-k:;c‘allj

Lemma. With that dd\‘r\ikov\} i€ Y reduced SJ'\CMQ/ £ Y X morph o} sch.  |oe lo‘c«l
(6 HY)SZ (a5 doplogical spaces) Yhem £ fackerizes £:Y—Z—X fonchons o X,

n classical
PL Need check sheaves : se By (UaZ) Sor WS X open them 3 open Sé'—‘ffeql.?l‘:d

CoVU# UnZ = L)u:n%# arA 5;& B, (U:), s(x)—l-— s‘-(ﬂek(?;y&iﬁnc}idh RMCNOVK,M
— . -1qy. . - ; - . . £4)) whi Ilo: al
= 4% (s:) € 0, (W), £40s:) ()= F4(5 (g)eKty), VyeF (u‘nud)*(‘;,‘fﬁ{’;’%_f'ﬁ:s? i [,
= by Sec.3.3 since Y educed 1 F£¥6:), = £75)), €6y, W ye T (Ual;) x I5 closed

= £%(5) 9hre Yo o uniqut seckon re 0, (£110). Define Og [W)—> 6 (W), 51y ¢ | oy

and. wnole Gx(u:,) SN G;(U;(\Z\)—) Gy(-F"Ue), S — Slu\-r\'q_-H rl-F“Ul\- m]
M_KAW(a-‘"‘a%e lemmato e case Y = locally closed 2 € X with induced reduced sheaf implies 0,':4 9,.




M'EAVES OF nobulﬁ (X,Sx) fir\al_o\ SFACC XAMPLE
£o| Ox - MOAU‘Q [ often G-LL“(V'AR- 2
Det  Ox—modile is = . sheaf FeAbX) /( B = Oy |y, ) F=@®0,
(or sheaf offin G -mods\ * FLU) s an Oy (U)-modvle €T
X > . skrichons art comparble Wit mod e shubre free ox"'“"d
Morp\mm F—oG6G oj, Ox —module s : mo:}: F¥%G sheaves
G¢ W\onomot‘p\-\’]-e_.Qmin:)ed:'\le_/f:\‘g 05 Submod u’_&) v FlW) Ly G(U) is bhom 01. OX(\A)—W\M{S
RmkK gl—a!k. F'x is 8)(,7(.- Moo\’ omd. foc Morpl\S FoG6 g»d" F!-—-)G,L ¥} Gx'x"Mod‘ boon .

Exanyle A sheaf of ideals is an x ~submod of Ox ¢—(justlike R—wwfsa&kfimm
Fact | Oy —Mods = (Cajfa"' 9 of Ox-mods on K) is an abelian cat {:) OA \97;4’3‘0«0;:"\'““

of: NOJUK(X)’

|ndaeh nokKens o} submod , quokant mod , Kar) Colter, In agree with what get in AL(X)
9. FmG = H exact & exXact in Ab(X) & exact on stalks

Wil weile Homax Jor morphisms in Hys (o\Lqmra ,
6-2 Modules gemeraled by seckons

. o Hom (R, M) = M
Homg (8, F) ¢ F(X)| ¥ FE8-Mods <—I“““ 3¢ 4 R(géy—),qn)
(W: 08— F) > s=¢l) sine (V= @, (r1)=r-s|  Yredylu)

C\‘Milar|3 Homex(e,?“, F) &S Feo®n defined by n global sechons s,-,5,€ F(X)
Def F is genvuled by global seckons if

see 1.9 Facts

(&n— Bx ~mods E‘Jnseli?‘sed\'m DOx T F o O-mods (& sily gomerahe Bxx—med Fp WxeX)

el
epimocphism, so cartful : it o e : . as Oy—~module
Moy vfo\— be sour,'. on sechon) sez. 6.6 ¢ s fucku\? seckons S"'GF(X) 4 @é‘“—» F\u)\»

Def Fis Locally gentrakd by sethons i¥ VxeX 3 opem xelh s.k- Fly guneuhd by g{olal\‘seckm\s
. oSsibl
RmK Con produce Ox ~swomods fom gven Local seckons s:e FlU <—|s|"m€‘{3 u“’%%:l‘u\—'l‘mv

omboS
Def A sheaC has M if locally generated by finikly many sc(alw'oﬂf_v (s£|“=(/tgu;)
6.3 \Veckor bundles omd coherent modules (qu.vqlenuek,.;){.ns) [so aE"_,,FIul
Def Ox-mod F is focall, fee O-mod o’J. Rale rank (’br“\ledor bundds.) i€ Ssomzopcev.geu
- ome n
VxeX 2 open xed : F'lM ~ @b{@n <—(ro.n|g N can depend on .(r\o'\-ﬁﬂd)

2 |

le A\
W unless we say ofCank n

) \O-S eu—m"d.s
-e. locally generaled by finike # of “independemt sechons®

. W l = N
M&( F “-\VU-,H\,\Q_ sheof (or line \au Y\d(e.) i€ n=1\ ('&KQA) éoecl\ntllzrl:?\(tj one?:c;aniizll\
X,QX) loCAllb f'-'/\ad spo(e /(Q.S 8)( 'MQAJ) s
Queston |5 it anough fo ank T = 69,: W .Somexr\GkI depnding on * ? (Z;ilf;mle)

= Dn . . .
(s[:"‘:l—‘:l‘;\q)l:' Rnite +ype, Gx’,, —=> Fe Surj = FxeUeX with surj 9&«\ o Flu) ¢l =co, .

P Finiletype = 3 sugg O™ YL, Leb s = () € R (i) so Fe=T8, ;5. . Now s:€FIut)
some xell:. Replace U by UnU,A.alhn so WLOG §:E FlU). Let £ =1 eu:\-k copy o} 6")=$qz(fj)|_‘_= SIS
Some '3‘-‘50","' So qz(-F.,-)IV’.eZ 9.5.- scly; Some V; SWA, again WLOG V=W (replace U by UaVin-—n )
DY eE Im @ G @: 02" — Flu with @) =S: on U- So ¢ hits O,cmod agnua%d\/a({,'.)_u
Continving above Queskion: We know @, s inj ak X, but w& doa't kmaw i€ Ha same ¢ works also

for 9 dosedo X, so0 We do not Rnow Whether @y inj (e @ inj & @, iny ot afl shalks ok \gev\)'




L-CW\MO\- |n previous Lemmon, i Kery Failk o, Wy 50 = @ 09'\—) Flu iso, Some. U‘

P{' Skr./\k.u\a u, 3 sve, 6@""_; \CU'Le hemen Gem ¥ 66“ — Fl — 0 on«-d?

Peely lamma -|~= Ker ¢ : using (ko) =o dodn e (Ic.e,— «)| =0 possibly ‘tmck F are called

after sheinking U fckher. So @ is also injevhve .0 locally Finilely Pffs"‘""’l
\7’6 -wod boms

TWis motivates Hee definition :
. F me{-e. VopoMu VneN
DE{' FGG,(—MO&S is coherent if {KU (6@h_7F|u\> (;_“‘J& _I,v(m_
RmK FEeGh(X) = F !Lomlty Railely presented

PEF Gaile bype = 3 Sury GUL o Fl I-Hr\e/v\ consedys Ko QO

VECE(X) = {vedorbwndles on X} = OX — Mods J but “L\_ an abelian cat (V\neidczﬁubckt

Coh (X) = thgr@ni- 0 —-Motls}' < Foact abelvan C.a\:\"e-a—vf‘g l (explains porrHy ks imporfonc)

Claim, Fe Gh(X) ond F,x 087 VxS Fe Vet (0 (%0%070 " 'C'n\e%

C(@'-M followss L‘p Lemmas. Converse Of- C(owv\ We Kx Hae FomK
Cor X Qam“\j Noeherian sheme = Veck(X)= {FGCO\-\X Vx xz"’ (9 xs‘o\mz n}gQL(X)

E Fe VCC"'(X\) =S F faike ')"1{92 in }!mm NOA'L‘" o
Ko (0&9“ ;,%),\ Flm) ({o?ﬁsl«ow 'F:M‘k—’h?@-) skrmkma W wwos U “‘M’\M- = Spec R

|n sechons below we will prove Haak Lecawse 6@'} Flu are “guasicohecent” the Problem
reduces o Jmk\‘f\a ?(pl)al sechons : Ker (RS F()) amd Hais 1s fiailely gememded Since R Noak-

(o g% exad sequenu R™M o RN F(U) 50 amd Hhas wil imply e@"" a@"“’p—-ao exact). O

Gl Oy-rmodule X on X = Spec R, for Romod M R ézu‘im’&ua

S‘!\EA{" M on X = SPQC R b S?.C .12 lV\»med MF: lo“‘gﬁ*‘.ﬁ“‘ 4 M af £ Sinee @ Noeth.

0 = M R £
M(Dp\ =Mg 6 “(x A (p,)=M) /M =S$IM_locaksakion d M ok S=R\f
. b,}g ])15 = M, _>M3L indvaed by Re — 2& = M@, R,

. stolle M = ﬁwm M(D;) = lim I"\{_ s <_(19._m, M®124_ M®Iy_;xf2 ZM@Re
>p Dr3yp
. M(M\ = {S \A—) L M : S(r)eMP which ave ﬁamﬂ‘*} compochble :

Pe SF.ec

/‘7\\ (Sc)e '_l M s — VPelA 30\09/\/\ Y\\M PGD Cu wita S(x)= ‘l:
see \-Il { F) Deslh £ {-l S Vbac‘ )] J+te M ( ‘.F') L Vxéb.l_ \\u }
i, the obvi bei 4\ el Mg some fER oy o
W\M\ OLVIOUS eStiChon MA{)S. £ meM Mz_
Rk . ol assume ‘t:%‘ sine can replace D with D £m (— -F) ;‘I‘;&‘h";m:l
« ol Juik ask s =1, on a smalle open ?éVCDf P’I_F—wa
| P = sheaffcakon of Ur— M®, 6, (W) EXAMPLES . B =0Qx  (X=5pecR)
Call M Hhe sheat associald 4o M . @F\‘."—_— @’F\'; so @R ~ @g
el (€T / lex {el

VPSHoT ﬁ ) QX*MOML o~ X= Sfec.K
\P:H—)N R"W\ad a\omé __5N 6 w\od Y“Ol‘e\ b UL M{b\—)N(D\
(st nead ducK shlks, then use Sec.3.0) '\fo‘,:/\wm,v,e 4.:|<_¢_ 92, bal ged‘:o,\, 9 9t ¢ Tt

Mg — N
¢ il £ —Ng

fu




o s . . _ 2€40x (W)
65 Dirteh imapt_amd ineve image (1 F)(U)= FEFYLY) b5 O (47 U mmed
0 -mod —? F|: £.F LF s £.6 1 Example o: spec S — Spec R, o= ol st
| S -Mo ~ _ =N viewe
Fy—y * +Ux N Somod =5 [, = GRJ-eT=N T00
fingeksp. 7 Fop. 5p- i @"N){D-F\= N (Dm:3= Nige = (&™) c\fm\eﬁﬂi%ﬁmn
Ayebra: Recall RES hom ef, rings, Hew Sis R-mod yoao s = Q(r)s .
£:XY mocph 4 rt"?}"‘}‘ spacas, thewn «—(r2call Mo (8, £.0¢)= Mor (£7'0y 6,)
‘p—IOY(M)_) GX{M\ Makes OX oM .F'le\’—mock on f\'f\g,ul spact (X, £76y)

=1 & —Mmod ({-lp)(m: h_v)vu F(V)
f IF ﬁ( Y L(F) is £7(6y)-mod <_(Pf,,mf) ijfu 63‘“”

X — Y \ So can act by 4
e R . -1 — &m (
fopsp T Sringd sp. (F0pW= B3 6,
le &+ exact ‘/<warrﬁr\a :Homox“n(F(V\)IG(u))

6'6 Ofd‘akov\s on ex"mds in Fand in G would wot work since do No¥ get
resiichon weaps: can't IFt SEF(V)
uniquely 4o FlU) 3§ velr.

is & shead of Ox-nmods.
coprodvct in Ox-Mod: F; Ox -M”(S, @ F. = ShCQF"‘F?— ( U—s @F:(U‘\)
(Need sheafify: could gok 00 sums when globalise, ey X= N F; ={'¢o 2;‘:2"3, Sa= (1, ,9-) ak {n}, try 5\,\9«1\'::)
Fact 3 (tanonical iso Mor (® F:,6) = 1) Mor‘ex(ﬁ-, 6) nadurnd in ¥, G.

e rioht exactin F,G

Product ta Oy—Mod: | F®p G = shealefy (U — F (W) B (u) G (W)

Home, (F,G) + U— Homg (F[, G|, )

Fact 31 Oy-mod shwubre st F{u)@oxw)élu)—)(f:%xé)(u) fom of Bx(U)-wods

Universal proper “H F H)=Rrlin H -~ Hw e M Rakel
Propedy : Hom (FQ, G, H)=Bilineary (F x G, H) o s requice M Rkl

\ R M
Rmk Stalks art Homg (Fu ), ®(F), , E.@Gx’xc;x . a-%f_’ gk-’ =0
N A~ vy —— ~ —~ ) ~ ~
Examples on X=SpecR: @ M; = O M, M@N = M®g 1, Hom, (M,1) ZHomy (M, )

Jo ®AH M
A\a&km Mow\R (M®ﬂr\l/ P) = HQM&(M)HOMR(N' P)) Man?ca”g,'ﬁ’r R-mods M,‘\J:p M’td'ljm':"')

Fact  Hom o, (F®, G, H) = Homg (F Homg (6,H))  canonically & fuachericd inFGH.

CLor F®0x' ) H°MGX(G/') adda,‘n-kj F®9x- ﬁ# eme-J Homox (G,-) L exadt.

Fact 1( t X —y Y = 1{:—' (F@eG) = ~F_I F @_\ £q Cou\onica\"‘a. (FJ.G BZ'M?A)

(3 _pulback * 9y con o 1

Rmk R—5S rings, M Rovwod, N S-med bzhand Hinking about®
= M® N js {R-Mod sine N R-mod via RS (r. (m®n\=(rm)®n=m®rn‘)

" S-mod b-a. S. (MmN =mMB®sn

S;Milﬂ\fla'- ya EK’BY—MOA =) _F*F- — ‘F-I(F) ® 9 IS Om ‘FAG\/"‘W\OJ\
&@J\ 46y X1 but allse an Sx— mod |




fack 3! Ox-mod . peshentmior £7(F) (U) @

Ox(U)— £7F (W) is Oy (u)-med hom
Y1)

" O (W) -mod as by RmR .

Example £ 6 =0Ox (s.'m_,a_ -F"Gy ®F"G Ox = Ox canonically)

Exerise - X £3y. 2,2 = £, * = (3-4)" S(ase last Eack in 6.6, using sms)
o (F®9 G&) = f£*F ®OX-F"G canonically 8 ﬁmolornl

UESko 'F X—ﬁy morp\,. uﬂ, rnazA spaS = Mods (X -—)MOAo (‘/) anJ
T‘ACO&M FJ 'C* e M‘)ow‘- fackors - Hor, x('F‘F; G) ~ Mor; */(F’-F"G)
(exerase) heamee -F |e 4 eKa.J‘ F r\jld- exact

HwK 3 £ commules with Lmiks Lm forexavyple 1, £ Commales wikh Colimity Gy for examgle®
A,uc"— N ca s copro " ok.

Examf ‘FY@GY) @'F 97 - @ex . \(pgx ~Mod 'S J‘fn J) (0‘2 Od:i\;ﬂodi

Exercise Deduc fom’ Hat “(Vect (7)) € Veck(X) -

6.3 f’\ on an:;:d&me.

ASSUME fiven a ffn; bormn R-[(X)
M R- MOA (ﬂlnoh\'CJ . )_ 9 \/ IS X/
) )( - ? S'per_ [X, le PeC R H\@v\ 9,2,‘" FH_=°< M
ot GIVEN
Easier: (X x) = fi«alJ spact. (point , R) (on sheaves T, 0, =T (X) «— R)
Fa:=T*M

= sheati fy (u — M@ ) (u)} <—($inm T 'M@® Oy and ('IT"R)(\AFR
TR (o) (=M
(gh same amsver sina X 25 Spec & = (porch,R), R =M by conshvckon, T = o*T)

C|A\M Z;" YHX 6"0'{"" SFALU) -
M X) - modvte (@;?g = 7R

= Fy whee N=M®_ 1Y)
o X)) N s T(Y) —tnodule o
ks y —f ¥ ik,
Ty, L7 = 1:7 ¥'M
(point, (YY) £ (point , C(X)) VM= M TY) = M @ r(V)
using £# weI=INA) ¥7'rex) rrx)
Cor |o¢: Spec S — Spec R v

<~ ~— S 1s R-nod via
M R —wod => < M - M®S &(*\“‘\Q_(‘\I\ae\ow\g—))
Example D :Specﬁg < SpecR = F’\/|

Py

o= MR = M, ﬂjkwwwmﬂ*
6.9 Clqsﬁ-ﬁcmkmoi Ox—homs W > F

an sa.yn

p\’(D{_) = M‘F
L.Q-MM X = SfeCR = HOW\ (M F) é HOMR (M [—(X F')) VGX-MF
(compace Sec.2.3) Y — Lp \\F(X)
.?_ L (X ex) — (pomf R) Morpl'\ 61_ rmy.o\ SpaceS ( 1(# : R f, T.0x = Gx(x)=k)
R =T*M , TIXF)=T,F

J

= Hom (M, T, F) = Hom (M,T(XF). 0

vt ‘ﬂ odioint
= Home (r'\ F) = Hovv\gx(T' M, F) = Lo X
Exercise Using 6-9: Homg (Fm, F) &L Homg (M, F(x))

9ivewn

wsing R—— r(x ¢, Ox) +o maK& F(X)



G .10 Flakmess

Def Foic Hak 8y-mod ¥ FQ - s exact N
—_— Sinw exacmess Cam

so & KRy w QX,I —wod  Vx. be ndK:o\ on shalis
Exarple (A =5X opem subscl.. = i,0, is Hab Ox—mod (_‘st-\ﬁ ‘%zfésj:rfcﬁx

‘/{See@ir\fu-'ﬁ.ﬁ) .
Rk Morphof schemes £:x Y is flat & Ox fot £7'0y-modle ;;Tf;,?y)":“eyc

Claim £ XY Mok = £*: G\I-Mod—)Gx—-Hoo{ iS exact (not just moht exact)
?_'F‘ £7is exadk =2 G\/—Mm\ 'F—_\) -F"(Sy-ﬂoal exaol',

(S'ec.\ﬂ)) F +— £-F
.4@00;( exauk 57 Rk = £*F — rtF_,:@ Ox S cowpas'\'-k r; wo exact funclors D
4 (X,9x) ringed space Oy Taking shatks
P so Kernels ace flat ow
Facks” - free = ftot ke 42:‘.‘&;&.1: ,
. Shak
Non—exami t\t\lolceq"aci;? ke @ of Hak mods FI,F3 Fa, F:; for év-‘-‘y?«od:
N { O- F,3F,DOF —0 exatt : oulr Mo or last tuo Hak = all flat
(iz::‘z?i : 3 v, F3 lat = sgvema ® any OX'MOA G js exact
SES’s show © " FRAF S FaF 50 exack, ol Yok = /4 Ox

images'(Fa-1F,.) £ (so #£lat resoluhon of Flat Oy -pod F™)
Fact 7&" holds

also 1F Jus')- assume.

T, (QUAS|-)CoHERENT SHEAVES
OX IS cohectnl

1 QGh(X)
I;M F Lo'}\erf‘ﬂ\'l- = F focally Failely presented |7, weaken Hhis
(Sec.c.'&) O&.Y\o\ é‘ lr\o\AS if X IOCA.".‘7 No&n\uian Sc,Lame__ Londikon by olmpfll\a Enileness

Def F quasi-coherent &=5[F is locally presented , i-e- Vx, 3 open xeUEX
)6:)419&: %ﬁﬁ?%e/;g’ "Cg—)'.t Gu — @ S, — Fluﬁ O exack,
(o‘\zma tinged space (X 6x) 8,-mod. ¢ I€T < where Gu= 0yl
summpRy ¢ coherent = locally Raitely presented = quasi-checent (=10 cally presented)
veckor bundle =S locally generated by Hnilely many sedions >7 Locally & nepuied by sechions

Lemma. For X =Spec R -,(3 exéokeiqu_)mtg 3;(2‘]’_:“1:0><=>(F'=~' ™M some R-wmodule \"\)
: indeed M= F(X) works

el Jéj
PE @ et M = g_—) R /I (EIBK —)é?g)\(-l-n,ka\v\.% alobal sekons of Hhe given D0 ngyex)
. GID(SX — (439 Ok — F —0 exad | Lyuniqutnessof

So DR DRHMD0 exad
L ) I ( colarnels up 4o iso:

now agply exad fndor IE/ & F =
7 from Sec.b-4 9ot %R %?Rﬁr\—)o exact -

@ F=M: prck T = set *”J—%’e’“em%rf m; for R-mod M (€9.7=M)
prek I = 4« 4 R. 4« # KU(Q:;)R—>H)

agely ~ 4o BRHOR— N —0.0 Nsend 1 in 3ot
T ORI A in K oyl R 4o K copp R +o



%—L\QNQ X 1:€’Q COI'\ (X)@ V)CEX 3 O-H/ine OPGY\ X E ME SP'QCK/F |u’__‘:p\’ S&Me_ R—MOJ M

A FeCoh(X) & in addikon requice M is _cobecent R — mod \(“w‘ =L
. ) / -~ =
(E%CXJ ‘i‘tﬁm‘i) { M finidely genemied gn o vt st
. 2 .4 SwoMmo
opelies - - Rer(R" 24, M) is £9., any neN o M«manm?mmm,

'\\.av\\g, hom of R-mods

indeed xadh seguemet
Rmi_ [ R Noeth. cohecent = f.q. (sina R"£:9,50 its submods ave £9. a5 R Nowk) e

R™M o RM" 5 \my—0

Ox is coherent ™Moe do gens.o kery
Example X Loc. NoeHn. schome g ;:@& sheal of any osed subsch. is coneremt -
R;,‘—k ¥scheme: eQ Coh (X)) 3 abfine open cover X=U W; 5.t F .= A for Rc—ModSRMf
@v.:\“mg{:) FeGh(X) & # amd M; coheenk . (WloG : R; =e,<u(ﬁ§,=nsf=¢;(&¢))

Rmk  pesirickon 4o opam \[SX: QCoL(X) —)QCoL\(V)J CoLx(X)—) Coh (V)

?_'F'_ X & V(\u = U D-F for ‘C eR ‘HVQIV\ F|\A |D =M | ~x M Qomh}::\tv\fnﬂ.ﬂfﬂ)
: — £ D e Veahtoont™properts
So ﬂ%mr\ QOCA“:, wodule - O ' \E"“'*Yo‘o- inG-§
Wh‘g [ QUQJ:—CO‘AWUL o 5004 r\.o-\\'Owr\7_
R{naso" — AFE ) R (pec (R), Osyecr ) eguivalena o caky ot
R-Nods — Gspec(ﬁ)—ﬂooks/ M — 'F'\J not  eguivalence ol',t caky .~ Fe0;Mods
Example X=Spec k[x) = A, = Skysuape sheaf o O : F(w)= {‘%Ex] ;ﬁs:eu

= iF Ha above Wek am equivalence 4 cats, Hats, FXM some k[x]-mod M

So \QE‘X] = F(X)":"’F\’(X)=T'\ . But k[x] = GX 'S ot I\SoMoerc'lﬂ F‘!
Solukon restrict whidh (9)( -Mofs jov\a”ovd : want then Lmﬂﬂg fo fookK ke M,
Just Lke whem we sivdwed sheaves o idoals ¥aak Locally fook Like T

Will shows lader s for X= Spec R : R-Mods — QGoh (X) equivalence of Ca\,kfor‘\cs Q)Z)T)—rlﬁF
3.2 Overview of general properkes of QGh(X) omd Coh (X) for X scheme

) Coh(X) abelian catepory amd C"\"(n>|0 indy § —Mod &(&rfnl\)(pﬂpu)-;:&\
V4

enough if X rin
QGoh (X) te 7 BCoh (X) 4’60_ are exact }w\cl»ors

In parkcnac cam take ke, Coker; Image in boHs (not in Vect (X)) Easy for Qloh since

‘ locally hom of mods M
2) 0 —=F,— F,—F —>0 exack in O5-Hods. S0 ot vorkrm

Two of He F; € QG h(X) = || Hiree are. Same lholds for Co)'\(X) (not o VuHX))
Trick O— F, 3 Fo— Fj exadh, amd F,,Fyore, Hem F is. (P F, ZKer(F,0Fy),use (1) a)
3) Com dmke finite @, -®p, , Homg () in QGoh(X), Coh (X) and Veck (X)
4) Gabriel-Rosenberg Hhm “or QGh, Home (F 6) need assume F locfinikly presented

X quasi-compact & Sopovaked (2-9.varieky) =D K is delrmined up 4o iso by QLoh X |

5) - X foc. Noeh.. scheme, 255X closed subse. = 0 — Ja /0 — Ox — 05 — O exackin GhX

, *fade L) sabsheat FCG, & €GL(X) = Fe Gh(X) }c_wm\,-mek_,p,?u

§{ € F— G, GehX, F &nilk fyre = Ker g Fnite impe Kernels exist in c::;x

T W F—>oG, GeGhX, F fRaile tyoe @.: B, — G, injechve = |, Flu— Gl fn‘i. s?mu
Hwk & : Picacd 9roup Pic (X) = {isomorphism classes of inverhlde sheaves) Wt Proved it in case

F=0 ia Pf claim
Youp oprakon is o @ex- (abelian Yrovp as Foe s = 6®g, ) in Sec. 6.3




7. I\ quasi-cobus
3 Pullback preserves cohirene wilhou Hhis canfadl €:9. £20y = O
f: XY morpl,\ r:/\}%\ Spaes So 1€ 8y o, Oy Mot coh, Hhew £ails

lain  £*: QGRY) — QGh(X). 1§ X foc. Noeh. scheme =5 £ +GhY—GhX.
vl ul
PE ¢ (‘IB 67|~L_, (})Oylu—) qu —0 exack (fxeUsy o;au;)} Veck \/?vmx
" { e¢. .
“PP":) 9“ where d= LlF"u: fFh— U/ using 4 r.‘yLl- 2tk £ commukts with @ ¢
B0, — 8| .. — F£'G[| =0 exact amd 1€ £ U open
I |C " J |F W £'u ’ —using X loc. Noek,
FEGWY) = F locally fimdely presented = £¥F  Loc- faidely presented =D £*F cGh(¥a
avove proof br T, T £ar)e)
isswe is £ \(afRne)

3.4 Push-oawords for X Noedsian
R e e et 7
Claimy £:X—3Y mocph of schemes, X NoeHecian = £:QGhX— QGhY 5T % by Secs.
PE 0 F o MFlu; — MF|,, exad by sheal propecty, uihere X=UU: affine opem coves
reske. R Uijle. e 4 4 n
Sec.6-3 Fake diffecences of seckons on overlags (Sectl)  WeNU;= Uil & 7
Reaall fi left-exad & commabes withh Limids e9- wirk 1= 0 — £, F— 4, (Fly,)— ﬂuFlu"l} ract
ij

wlo6 Y opom affine = Spec R (Lg replacing X by f'(spec R)

w6 Fl,, = Fluo), So flF,.) = R‘F(u\.) by Se<,6.§> and similarly for Wijke.. eés’?w)
“Flw,
1€ show TTE,(Fl,.), T4, (Flug, ) €QERW) Hhen £4F €QGWY)e(byTriek@in32) [ | = @raa
Sec3\ € Bloh(Y)

A .
X Noeth = U quasi -ompact = Lnde covers = [1 s @J butk ™ commules Wit @ so Anally done! O
RmK X quasi~compact, separaked = £ Qb X— QGhY — f’(f“c chowe but easisf —see@in 5.4

sk = Uinl; affine!

Non—examicable fact £ proper, X, Y Loc. Noeth. = £,: CohX — GhY

Oterwise in 'ganroQ fe can ruin qwa%!—-cokmu_ amd coherencl

(e;. JZJNA'L A bvions moceh, F = F1k[t), {.F = I:Eﬁ} by 3.6 if assume e QCok\ &9 A Speck
but aoee (L)€ F(UDQ) =EF)(D,) bu 4(ﬁi’[ﬂ)(mz(ﬂkmﬁqerl(kmt)\ (‘*%'f}:f:j,::;\

2.5 Gku.i:\; modvles

Similar 4o Sec.4.1: R cing D -F,,_)-f,\ st- Le<a 4> @

da'_-\u': ¢ M\', R,F: _MOA (—(SO hadc?’\-: on b*‘g_Ypu&
' kP\.J : (M()_Fo,_) (M")'F,_' iSo Oj_%‘.%mods

w Oe.ﬂ . \Pik =
eade (Mo =5 Mgy “[oate o et

. Wi Wik . Y0
Yoo = id o T = on D S Spec R) J (M’.)ﬁe" ::\':i’;;ﬁ"
Define M:= KU—(@ M £ @ Moy, <—‘ sy .
< 0 F) aLjre,cS on O\IUleS
(Y\'\ﬂ _ W:c - q’»(ﬂ)})

Collll T M= M; Y projeckons.



(Mo e (M)
Gtu”\} s(":':‘e‘“:;' T indwas isos M,F — M, and Yy ,Tr(m\ TI'JJCM)‘/V e;c,\
e <

P—p EnouXL "~° show TI'2 \So Q'H-Cf 'nca,(,\.rmz ao\-.e;\le.r?, er.Me, qés_pec R.F coﬂ\;:-r.?;:::f)
%Gl = FR with £ ¢P€§()CLR B‘.’ exachness .{f_ (.OCAJ-I‘J'\W\
(Mg)q = Mp = Kee @ (M) 35 (M) ), )

ﬂe? it unit so WLOG replace: R~Rg ,MaMe, M; ~ (M), {
A“ﬂ'{\ll&‘k— N= MQ So: -“-2 n er‘PP c (N ® @ M; 3 — N

— e V"\OAS

IMJLOG" in Semse 'H\Aj'
loc-Jn\;M'F PANTY
Uulmnad- I siace
{C is & unit in Rf

t?m reck do N summand,
.F _7 (M )| = ., v W
wWLoG M = N-F (lo\?mkﬁ, VN \Pe,,) so C001(,QI~ cond. bewmes - _ Tl IS Mou 4
¢ Ngg sinc fp= N-FF — (M\JF
~get O— NN ? N, e, @ Ng f, :\)(M)ﬂ\h'h.\mnu
< Fe l- ;
MO T (¢, (%) »—»(ﬂ _ xa)sKe:) observakon: e, T
i#H / D ,)=£. Case : I% — x_g € Nf&?\ N-f
\ ¢ ¢
" et g 5 xeene) xemgeth (bt Ve
3.6 QM (X), c.\\(x) \Ied' CX) fo.— x._ Spec R
T\'\w&m For X Spe.c R 4 eq vivalence oF calepories 4'22“4’:3; ven foaclors
R- Modr — QCOL\(X) Covv;oa;z%:- Fonchors
which ar® natvraly iso
FO)= COGF) e e o tabiby dondels

PE. Easy direchon: Mo F=Pe— F(X) MX)=M. Converse: givem F want F2 F(X),
—

- |oc_o\.|l.g, VFeX BPGD'F s.t. F|'D —> N Sow R ~mod N 5_;,.1\(;’-‘-4::*‘:;" are

n, so decall £ | basis § Fopolegry
7 amd. Spec R quasi - conpack

=0n overlags = @, * (), )= 5 Flhy 20 (5 sty m,&w.kw‘mﬂa

O”s!f*wa
Are jdemifred
=) b‘g_ ?Cvu\a'Hnm I M wirh M-f =N' Cowpn'lx‘ola with e ¢, eﬁb“h_
But -H/\?/vx M, F have isomorphic Local gluw\a doaka for cover X = 'D_p,u D so M=F.
a
E#flwd-(n meN — me=12 e Ve =Ny oy ) —f 5 5, € F(Dg) amd St |D4l_g), |°-f'.?j j
so %‘\pakm o unigt S€ FIX). Reall M— F(X) defumines F\—)F by Sec.6.9
5 F(X) if R Noets. get:
Coc X= SpecR F e GhX & F=M for coneent module M™ <—| & FX) £.9.R-mod

Pt F= F{X) by Theoem. |a o\d{m}\o'\ of cohesent take %L\ml sechons = F(X) tohergnt R-nod,

and ‘—°h\f¢/’f€('3— if M cdherent 98k M coherent sina 7 is exad & Ly fadhul . 0 'L‘g’;:‘?n"‘\ i;’:if)

Fact X=Spec R: FeVect X & [F=F for finilely we,m) & f.9. projective R-mod M

Har R-—mod ™M E M is adirtet summand
see Hwk 4) lax s & dirt sume )

e X \03 'Rmkha sv\om\a mdn S"“b‘ I\h 0aDg =)

7




8. Cech Cohomologry <8t ation o cohoreioan: asrgn St o en2y| [ notahion
C e.9. if H*(X)%E H*(Y) thew X 3 Y are not ise.spats Uj =Uraly;
8-' LCL\ waleX X _‘cf Sfa.tﬂ-/ X —_— ch OP?/V\ Cover ‘11?:1,_:' u‘-f\ujnuk
uI = U a - n WU For IT=Cumis) mulh-index  abbreviate |T| =n
&N e
an En _ r_.' I—l (uI F‘S—s F € Al': (X) ordad)allou I'Q-PeHﬂol'\S S%. I'ls
{M{} IZl=n ! €— so seC” i5 o llekon SIGF(U:Q acialy nl
dzd" C"N — C""" Ncalled cochain
n+| ) «— whee T. =(i. .- /‘,\ - \'.ﬂ.,.,)
sy = ~\) s g
@), = S en' s, -
J=o MI omi

lode.c olso use novrakon Id-k iF omit

o~ uj’tkl.h

EF(UL) So sum makes semse .
o d
Exowgle  C° = l:] P(U;) —>[___lr((,{.-j) =c! wWIC, 4=
‘)

(Su) —— ‘S-| - S-‘ I= (l:o,l‘..)
| d
= r(,M\" — r M\" = C*%
C l:l ; ,)\ ik ( JIJ C ' you _rok .
Sc' | e— . —_ . .. Cc3.\1A oue lop.
J) (‘ SJhlu : Stee| ¥ S"-)l \ no¥ice ?:m‘\\or-i'op

] Uitk Ussle. 'molretal diffetni
C|aim dz:O  So (C*,d) s OLLowplex .\lu |=J.| Simplietal diffetnial
PE M nt2 e v klug Uy
Rt j—
@dds)=Z ' @ | = Z (T sy | 3 en™ s
J  keo jbuj k=o| j<k K olug jok ——— ki Us

. ® .
=o.ad ("ez- “J ,..)\\L,---,.)r\-\-l)
,\\. +. ‘Lr . . . . .
anti—Symmeny i€ sWwep j k (nohw Pl sum is over all j¥FR)

n von _ n n— <—(Hn(XIF d d on choice OF \A;
Det  |H(XF)=H, (X, F)=ker YATY S d“.)a"%‘?:; o \mdie kerd,)“

Lewima HO(Y,F) = ("(X/F) ‘ callfd canlev(

Cobovndaries coc;des
P silug = sifuy says s glues 4o glbel seckion. T ] ~

Sinca Jk m:ssh\a in Tk

e

“Co" somekmes

. omited . 3
T42_€‘M‘A°\° 2 Dhom a‘IL comploxes §:CN—=C" s chain map 1€ fod =dot Zm:;g”}
?-)f\: C"—cn s chain koW\o"'Opg_ belhweern, chain "Mops :F'g_ (L e 9 = dog\ +e\od

Consequencs : ) £: Y 5 1™ yia £lc)=[fc]  well-defined [cY=Lc+dl]
but
2)f = 9 :H"— H" <—(dc =0 =)[-Fc —3:]: [dfc) =0) Fa L] =[d£b)=0

ken ek To show H¥=0 can £ind chaia \norvm\c(»?_ betseen Ad,O .
Rie C 'S QKOLC*‘, also Cnllzd aqu.‘c

Rmk H— o LoMoMore\m'sm o‘n'- C“—>C“_‘ decreases the degree l:) \, and cln fd‘,\'—'O

fhen Han = Kecdn /Im dnyy is called +he homology of (Cx,d.y . In this cose o
chain homolepy is degree incasing : i Ca—2 Cnsy Witk £a—=9n = dos® An—Anodn-




8.2 Jecw complex with ondering e9.if [X quoss-compact
Repehhons oF indicws act anaoying since CN#0 al ny0 evonif R # Us
Trick piek +otal orokring on indices Se ik Faije cover
n . n — . . . . . N NI“\ N S€+S,
Ciias C but on(\a. allow T = (Lo,_-_l )i L (< L Ln, d as befoce s Ch=ofor nyN

= Cn < C" sub lex H:_‘:o y
Cla * Hn ,XMH:\OWP I'm doirg o hands—0n prooF based on
Claim + = Serre “FAc™ | ff;ecgo, f"z";‘”g ‘o
- 7 A ° "Thion N & -
Non-exam-r\aue_ PmoF( Seccels Tr.ch) é‘-/g:'z::'.;-g Sken:d“”g:ﬁ?:;m:7 Ab'T‘T"“ /9{2/ VI.C
Let S'_\‘:'Frec aLe(Can 3«;0‘0 gg_r\erbd'eak Io\} adf \ndex sets I , So: Sa=<I: ITI=n>
Diffetenhal: 9T = 2D Ij So ?: Sn—>Snh_,. T is really a Amehon {O'Il...'ﬂ}—)zl'ﬂd.‘as}
+ . . ot o .
S¥ = SUL:?-me 3,%2/14-&& b\a. s'h(ucH.-a,.ord.?rQo( index sets T {—(.fﬁﬂiﬁ‘;fk;ni?;}
S"‘_(-t i S-v.,s_,, are acyc.h‘c /-ff=M-mM0~} tadix fotl oke on set
BE o Stoask,,, Am) =BT L2 o if gae: 2T =24 T)=T+760" (0 T)
= T =0QA+83) T . Exerwse : check same holds if-€=1s, T=h 26005 =165/ 1)
= Ad-0=2h+ 843 VvV TFor Se it s aver easiom: A(I)=(4,I) works. O
Step 2 F(]’.)=:ZO £ 3 cepeaked indiasinT oS i<
Sen(a) « 6 (L) oHerwise, where = unlque prrmubnkon s.t. ¢ T ordetd
= { chain map, f=:d on So, -}(S})g Sj‘/{nc =f (i.e. £ 35 td on S'[,f'/ £ is a projedion +o $H
PE T(T) € S} amd ¥ I ocdsed thew o=id. On So: £((ia) = (o). "
2FL = T =) sigmie) a(T), fr k=c"(}) get same set, sin(d) = sign(T)-E) " in
1 =T (- :;n(—c) 'c‘(,I:)7 0 does an exim k- #nnSpo.s:Hms*o'“""{ o to posikon k O
Sep 3 General Hrick: C., Free ac-,d.‘c tonplex, a chain moy £ C,—C, has -F°= id:CsCy
e £ ih ae dharn bromolepic : Ak €, —C, ., wirh, f-1d=0k+k?
QE Bu;QA k ?nduc%‘\ld-) L’J ¢7uﬁ+.'on 'an_Ho hh:-Fn_Cp(—kh_lo ah
062 C <= C, [Warn =0: ok =f,-¢d —k_,*?9, \ : =0,
s i) e el ol R e s,

. =0 =0
d\agmm“"“"\“k Assume true for n-1: D,k = "'n_‘—id—hn—?.?r\—t ®

Cr\-?.;E Cn_|€a—n Ch fan ('F-"\ - ia\ - kh-—l ° ah) = -Fy\_,l ?n—?h—('a,fk“_‘) 3,\

‘F"’z\lf Rn-2 bl \k‘MlF" Ce 2Xact ®ﬁj (;F n;\ﬂzn’_agr\_—(‘i:\\;\l ;K-*s :f:\-:_\f n_‘)’an
C, .S C'\—l?Cn V ’ =0 o f
n-2 a“'l n # cneCf\, (‘ph_l‘d_kh_lal\)chzen-\qcv\f‘ Some C'\+‘€Cn+l . As Cn ¥ 'ﬁ'ee
we Con pick basis elis ¢, of C,, and I-ﬁLKSuck Cat,then define. R, (C):=Cny
. and extend Ry linearly fo 96 Ra:Cn—Chy ) get requiced equaron for n v’
Sdeple chain mogs/ homolapies on Si,SE indwee cocesponding chain meps/hpies on C%C%
PEIE == nr T N, €Z Hen deene_ (c\é(s))I=ZnII, : SI"IAI
@ fiom on Sk or s3) (@ hom on C*or C% rRSpeckivelds)
Exarvle d = %, amd for £ of Slep2 :(£()); =00 £ 3 tpeated indices inT
s oy . . §ign (o) SC‘C‘-\'-)'U\I else H:_
Conclusion: L: c* 4" chain \r\pfc Jo id and sucjetts onto CY = [#]:idf H*<’:al'<—\'g“i"&‘_n
¥
Cor . He s indegendent of choica o} lotall ocdering on set d. indids  (since HY=HY) y
v R . %
‘ H{&\}(X,F) =0 Hor Mz N if X=UU; if fmte wver with N sets (S-‘nULUf¢ inCy

Exorple X =P with cover by N=n+| affine sets U =AL (Hwk2) W I3




(_(coW\owe H¥C")=0 for xz\)

8-3 Abfhnes have no aolnom% exapt H in algebraic fopologs

Theorem X = Spec R
F ¢ QCoh (X) = H"(X,F) =0 for ny\
>< = U u; fmile QF'G'I\Q Opef\ coveS~ nse O(’AQI‘Cd
PE X SQ{)qraA-cd (since akfire) = U1 all afFne (Se_c.f_'sl ) Cech '\C.O\ﬁ.omoloa"a—
4+ Easy case : minimal indey L sahsfes U, =X :sref(‘ hs & C;'
:—-dd ('J'\ . \’\ 'I'O e‘ o 1(-_ . ,Q | \.o<l.| o'é\“—‘
a a\n Mo . s = T = tn-
C’:‘? ° P(a- ( )-I {SQI s |'.°¢.Q (Sc Q(Co\ (—MEI—UQ(\U
S8l e Twi \‘O:f;Q ,E,\MT
- ( _ -
g d (&S)BI = (9\5‘) = ¢ » . /T = id=dh+bd <—crercse check
E (A (ds)) = @sy, = s +2 (-} s = KeyTeick v ease T[R4,
I E,I z'IJ (SQC' 8.|) also works.

Genesal case X = Spec R = UU_;/ (A;'—'—Spec R
Blg easy se, know result for spacs UQ with (.oVerma U(UQ(\U\ for minimad €.

O(‘alQrma of indices does not affect H so know resWlt for b) ony /4 L» Gor of 8.2
€ C* exack w\\w\ restict -|~o U V\ Me Cexact

= Reduce +o clainn :

F e QGh(X), U afRne say Spec Ry 5 FlU\x = s some Ry-module M,

=T Flug,F)= T _@ (i pwtiedor o R-mod)
IT}=n L ) = Ti=n M1 (‘&':\'j:— Eﬁt_’ng_u )G') (S\AUL R—Ry from Up—X

= ce At .l s a conmplex o} R-mods —

And by assurplon o4 exachness on U have : (_I‘U n} FIU,II —MJ;IW_QMIQR‘. L'a ¢
C ® Rb ] C @ R —_— re- CXQC“' Vl- &nd @N —eﬂ‘: lé: Foe\/&l‘sxomc‘

=) Ioca.b\.rmg fuc - L‘j -®, (‘R) get exachness o} Localrakon o Cak cach peSpec.
= by Sec.3.0 duduuw zxache_SS of c*. O
.credM;le

Schewe

R Chain \nomo-lcp-o ik above con be wsed Yo .s\novJ H (X A)’O e x71 i X
ij R indx io ‘)

M valv \ ¥120-given ¢ cycle
amd fr is conshant sheaf witl valves in abelian grovp A. ( AFine hedo by, P 5 es flu,, .) =A=T(U;

8.4 \ndepemdamcs of cover Geyle=g; =9, +a,so(o\&) -8, =94
Theorem X Se‘oo\ra\{o{ qua.si~compact — H ()( F) tndepemdent o(-dwtu. oF
P-C Will use ocdeed Cech cohomologry - FeQCoh(X)f finite af&ne open coves

X S'e,(JoJ‘ml-Cd = (\ abfines s offine (Sec.$3 (@) .)

i mk'_oovers\‘ Reile
X= UL{ VU\/ take mixed interseckions: ¢ ™M= |'_‘\ \""(U\In Vi | )
<= |I’—||"C{V ”U‘I}L| g fiaite. atine wv eukm \ “
\Tl=m {ucmVT}&v,.SM\(e\r g°-’-—e<1:"l—-)g"’~_,..
=> rows { columns are Q.Kq.c{— n_xc,qﬂ— for dngde o To,‘ ’[‘” ’[2‘
Hoe™) = Ll (U, B =& (F) P
He (™) = 1 (Vy,E) = c{v} (F) Co® —CPm

['.)‘l ™m



General fact from homologica| algebra P A"

7
C™ b corv\ele.x H (C )"O \7’\,50 ¥n H (C )Corv\plex in n g
't‘wJ7o H? (c* )-—O V\.)o Vm = H® (C ""‘) B 72 N W‘R‘J(S;)Li\::;éﬂ?\’
Sketch PF 1\‘ T : ’r /‘NO\H oW &cols ore exacﬁ so
0~ B - % — C"‘ - can dm\f.mmn chase, and 3&4— a,” %—‘zo% .
oy G doe . Sue Ja e o HE
- ” T r H(B) 3¢ —¢—o o HIADDHIE)
(Nojcc o, ci A = A e — I —0 Wfl: :3
g‘ = g(gc C”) 3 8 TH'@ a

8.S Induced Long Exact Sequence on )

Recall (X.): Ab(X)— Ab is always left axact (sec.1.9)

Lemma L open affine € scheme X' = r([,k,. ): QGh X —> Ab is exact |recwll Sec. 6.4
R-mod — QCoh(speck)

~ o~ - is Q:QJ—;\E\'\MHHMI

P£ Given FiotFo By exack . Exadhess 5 ocal condibon (indeed sholis)

Claim X separated, 0 F, = F, =K 50 SES in QGh(X) |SC§§ :SL.,LTLQH’?“J' e
= PFLES 0> H°(XF)— H°(X F)— H (xc)—> H'(%E ) RI(XF)— -
{

using affne cover) e.s. Kar measures failure
0 ( X F ) \_( X Fz_) rCYIFB) (oF T(x: )b?\f\} right -exact

P—f— O——) F (MI\ - F (MI\ 4 F (UI)—>O QXAC"' L Lgmmo\ /"I\OW\O\ODND;.\ a\jehm

(Ux abfine sinee X separated) SES of chain Conplexes
= 0 C (F) _)C (FL) — C_ (F \ —0 Q)CG.C\' C(Oum -Ia“o\,.ls a induces LES on cohomo

(25.5¢¢ My C3,| noles
8.6 Dealing wit\ Wfnile covers ’

L Fop-space q"{“’""'l
A refnement oj_ open covem X=UU; is an optn cover X=UVj sb. V),V S Ui some ¢
o VLG /shco\f- (on Vr y.}-rcsk-uhon&om F-'(U( )....4,"))

Make choiws =) resticNong F(u“.‘h — F(V ) = C{M }(x F)— C‘{V S(X F) chain mop,

Fa.cf Hz-u }(X F) — H (X ) does no¥ Aw on olr\ol(zs W\au‘e_ C&m FAC- Sec. ?.l)
DQ‘F (_(/So ead- OLU‘! iy ftfmu,.le,! [.,7 o &OL\ Coa,.,& Lor

tdan I—\—’{ (X,F) = .@\‘W\ H{u;)(X,F) fome Cov/, amek idenhy cocycles if Hiey dible, by
& a bod«AWy afHr passing o some Commen @ Ginement

Nor\ Q.Xa\m;/\a\ue. RKRmk For any ~|opol.oa«CA.Q qum homoi'o(\) e7m\/afemf' +o &{C;J“;?Wr\'ii‘ u)

C
H(X A\ H (X A) = singular conomologny. an Wil efRlonts s A ] so or Smootn
(A is ‘onstant sheaf witls values in A :achvally means sheakfy so A(u) ={locally constant U-A MM‘H“
R""K X quas:-compac’c scheme = con use Finide covers L;g aflne opems, omd

(e-9. affine) con refine any cover by sudh a Sver -—
= can calelale @ by only using Raide affine overs (U = VA
COr TL\QOMV\ 'A 8 3 ll\o\df V ovel (\ASH\& Aecsm)-on @) = (’) Aaﬂ:"\Q
Cor~ X separated Juasi-compact sch-=> can calevtare @ wit. one cover bick Finie sbeove

(53 Theoem . 4= Ma?s" n 0,.,.,\ for sudn Covess
are isos So Hm\(x,F)_)ﬂ,\,h is iso



8.3 Aplicakon : lim bundles amd ﬁ'(x,o;)

called o. dvializahon over U
X Sdewe , F e Veck(X) / RLLEL = it

- 3 OFQ/V\ coveS X:uu. W\—H\ F[q —)E 6®HL

Some n;eN
omd cam compoud -Ir.‘m‘ml.'%a.lxbru on OW‘eAfS

F I _) O ®n: <y allad hmmsition maps
L(I‘-)- Q; :U.J / Guﬁ_—moolule 50 dseribed by inverd e
|| o~ Efo(b nixng matax with enlnes in O J[u 3
_ e See.6.2: Homg (69", 8,) 1(x,8,)9")
Flu.- %: &@H 69'\ (he«-e We use H\: aralogue of ‘Fad"
v ¢ Wi Uy Hom (R", R™) = Mum“(k\
== n;

=n; i Uy +J, so #e ramk of F is ﬂoc«% constant .

Conversdy | ivens sud dabo. @, sakityig Hhe coupele condibon dyeeely =y on lhye

dQ_-LU‘MmQS Ln ?ﬂ\m\a a Vector Lu.r\AQQ.

R K — \'ﬂ'\k is ha achual oh{,,u{l\‘o.\ 4\&(}& Lundly in

w) °( .J ferms :4 co»\fq,kl,& Lol dpivalirafvons.

Def oF \ € Ox sheaf of laverkble fmdions. S Gx(u) {Fedytu): TG0, ()st. £-9=1)
Nak fak 0g(u) is am abelian grone Und~ mm"i\pl\mhof\

M {(Somor‘ol’\,\fm clod'S'eS oj- .&ne_ lownou-u& < H q-)
‘HxO\.\' admit OL‘}TM'AK%a.‘)\W\ over W fu}

amd Pic (X) = H'(X,0%) as groups. — (PscX tepnad in 7.2)
P-f- o( Ou —_— eu quf% 5‘7 ,vw(‘l\pe‘od\on ba Qﬂbmﬂvd‘é@'u‘

oL@

‘|'?4430f'l/\ Lae LWV\MS »f@\a" MW\J’ o *‘IV\AA%I\OV\ On ul“: 0“; = U."®6u; _) (9“.__@ 9‘@- = Gul._
3 J J O - J J auy J Y
‘Cocyfe condition Can be rewriHen: O(Iz ¢>(‘,c s = | M 4/*‘
(Whid 15 He stakmemt Sji = Sik + 55 =0 mlipliakim by . s éGu‘),
N mJeJ\p&Mue no)-n."san)
Vo x (s;)ed?, dsH=5;-5: on U
é (°(U c He \(x eX) K( ) in MAI)WQ vw-}-q-)\ov\o J)

In H' we ni!ml\(:y [(Y,J)_S ['(“'J\] & °( —°(\ (”J(‘: Jome (’; G@
TS Correspondts precisely fo how the C' class ckw\au ar\oler an 5o of Line bundles f"‘i’ &S in claim:

be £ ﬂ_._wmpos-l—_e(ﬁu.<—i|u =f| _’O \eoui

o

in¥ae cose L=1 fhe dicgram shows Hod

Z” l “ J “(AJ ‘ l N He &' class changes by a bovadary Aoin F
) o :J‘ we dhange Hae cdhoten
@u..é fl o~ fl ':_'—,‘ '\"\\I\o\\\%a}wn on eadn Y; —P F| _> eu
V& N T, e g | Hena B Y clast does AR
w not Je‘ow OAM(}*"“(U Fl ié’
(£ of Hw ¢,. W;



RMK ‘f 041\2 LK.V\ML Wi, dcamsihon Mop € °(\-J }%4 (@i 8 ——-Mme
Ox

=) i—‘ P ¢ Vs V di) lm.na"(
FACT line bundles on A are always trivial Semes Gonjedvre 1955
|I\AQQol \JQC‘iOF Lu,.,\alles on A" ore alwa.q_r klvml < (Qw"b\ SKS/.A T)\.eorem /996)

EXAMPLE  Pic(pY) IPI& = A, o A, wdn C3Y course: view II’ = k" \/*"”"‘J“‘a

4 \\ Have h Ye
S, ) S'peckf-t'l oMogneous oo nlinaes [ X, : x‘)
pec kf‘b J oA A Co(‘ees,onots Jo {[| {—,] tezﬂ} where. £= -x./xo

2 Bacbundle on By = Ly kil sne A
C - nodet
(d\ol flA‘ — Z\Ao) € k[kk‘lj* R {ﬁ-*-b :“Gk CG Z} <_|ﬁohA|=SP¢ckE‘-it—‘J

execcise
r?>o € k [{-3* = k.'-, {sle k[t ] = k" so can rescale o, by ® ﬂr\é k* so thot 0= !
A

= |z ARy = Z So dekae O (G) byusing Y‘:
: O(lo :t; ‘-

oK) «— (°<|°=4=) —> ¢ :

= ¢
Rk O(0)=Gpr Havial line bdle . I P
Hwk HWk Y |Je.aﬁ sheaf of a closed point in k is € 0(- l) {for Aisjoont union of n closed pts aet ""O(—Y\)

for ordssr n point (‘l: ¢ RIt) (i.e. closed Sulasc\qe,m Spec R oy SA LS \Pk) et O(—n),

Non-exam nable Rmk (-for d fecendial g.ume-\&r.s) { delvmmes Hha Cheen clags ¢, (£): (=[¢(2)
Tﬂ" is O(2) saw Z—X(IP) X(5%) amd C,(TIP) Eulerclass aj, 'y omd T |?‘ 9(-2). e
<9(—|)—) B is bow-wp of €* «A‘ O : Ho lines +km54,\ 0 n € are e Kbees. . ponstes fart

{ ‘X/ So ‘\Dw\o Nneovs poiras
Theocem ) A (R 0i) (<o o s homeginces » b
He )=
Cublornd RrmK < { fek(t) : ob.a'F\<¢.}_ k[x,2); <o
S‘t;mmelvlj
is “Se walipm - ua 2 H (I I.) = l.?,
ﬁ"?e'f:;dw(:( o OO Vet k) =hOmn) i<
t s
=9 (~t-2) ) ([P ok )) =0 Yor hy2 noise

P'F 3‘_9 86 S\ rP -‘efmk)\ &QUM\——COWYQG" G\Aouf«',— caloAate- H{A A) (“’k' 9“))-

2) no Myle orAuﬂo\w- S or hight~ r'/of‘)lA
) e or o 9€0, %OA 3> f whee %o is defined on Ay N A,

M2 9(t") ekel(t] on A,,HHekm or Ao on ortlap: ig{t D= Y ekltt™]) [example O(1)

e

= on Ao

= J«’-g 'Fé C ﬂMA 2 5 *CI—VM"\L* Ly r— R-om qdukon} s;-__::—l IMA|
D £=0x) C(Ao,f) @ M (AL 4 s r(honn, 2) —25 0 e 9&?612?;

\—VQ_J \—‘—_\/—\/

The—1[A 0, (A ——L(Ae)= O, (Ao "
(S‘k‘\d’g S(N’Ak"\a' \ R[t] IQ"[ l_] { ) ) k"[-t't-l_] f{A \) er( \\ l‘h ;?l‘;
Z(Ao) 8y (As) = RLE] 5,9) | ; ’c‘-gH") — Fl4) A1e €

\__._Y__/

H' = kit kie) + £ kit " need o deansikion Sromn GI7)€ O, (Ao o
75 all of RLLE™ if tp-(  OafAa) ik X0 By =L]y =1, =8,
* does not conbmin £7IEE L. EMH € (<) 0



EXAMeLE : P ok X

b A

called X = rr: =A°°A| Ve v AL A = Sfec h[?/"; ﬁ‘3
h {ane v p 2

Zf:ﬁ‘:’:‘ 6= |i"e bundle Wit of; . =(X: : k L | A X Xo An Xy B case: t=Nf,

- ‘) x; ’ "I'—'l—]_)kL—/"'l—)_l‘] e
S:rre's ®m J ™ X Xo Xy k> x xJ X ¥oy* h[‘ﬂ—‘k&-j
iy | O = 6" w0 ey = (L) Lo equmd o TlAn;8) | Lribriken
* meZ HMsor m hmes ’ ! * =

Rmk G- called tantological Line bundle becawse in C3.4 course ead (closed) point of L
ts a l-dtm vedor subspace VS R™' (RS = k““\}h"""““’l""&)
So 9el- obvious Line bandle: over the foind [yle P have Hhe lvne V,

HWh l+ P\'C (W:\) s 2 au\era-kd b:, He 6("‘)@‘

C (Y, 6m) ={ & IXe,n k], iE P20

So homogeneous polys ﬂvle.;:m.
?o on A: 4 faljs % .u.a <m
on Hae vasrieables ﬁ) Ln

o € m<o X 7=,
2-8 DiV:;o rs stalk :p
. . . . ex‘a
Lel (X/GX=B) be an integral scheme (e reduced & \rreokuu‘n\a.?:;tﬁ:- Sec.35 //(5%;\‘1? P‘\)

Recall from Sec.3.5 Haak Y opem gHUSX can view  B(U) "= K(X) = fonckon feld.

Abbreviae : K=K(X), K*= K\I0) (non-tero cabione finckons art incerkile) —~cofional

O O subsheab of sechons of & admithny inverses in & (50 canview O%s K*

X=U WU OPQ“—FCOVU Hais Aotz is called a. Carher divisor
» " ] . o o®
‘F; e K s.k. A e O (U, (\u.)) t(iit% o O {Mg K* “or .
. Can also view k}K
=) 3(’.[— line bundle IQK, Vie _Z((A):: 6(“). - C |< as Constant sheaves on
Everri f. = X withvaloes in K, K"
=xercise ‘\(sO‘ free. 8 (U)-mod
@ Obvions Hivialisodons (e\-:.i((/\:\—HS(U\;BJ 3--}-_._»9 with basis Vg
Yeelds deansiko s S _ £ .
n map °(U QJ ‘P; wan J (FI'OM U +o UJ)

J ¢
@\{: DF(UI,'{:)J D2_=(Vk’ %k) ot two Corker divisory on X b}e\o\in% line buadles f.,fz Humn
D+D,= (U Vie ;%) is o Carker divisor Pelding Hhe ling bundle L, [.-A packodar —D,
% ’r

D—-D,= (U N Vie, ‘g‘) / 4 AL x is (u;,-}-;)ﬁd.l; Zz

K‘CI EXG.ME'C Recall |P“ =U u; for WU; = gf)e(_ Z [ 3.;—: 177 X;_-‘ ) xx"_':'l,---, DDCC_':] ~ AV\
Let me Z, £f.= l,‘cc '—'(x?"_)me K(IP“)={—‘E-6 @(xo,--,xn):?,‘162[%,..,11:3 homogeJ\Cous of same degree.}
Z(U)=Opn(Uo)-1 < k(P R—(side cemak: K(P) =k () = R(A") = B (21, 20))

-UU;) = eiP"(ucS .(%\m e ransiRon 0(;3: (ﬂ E)”‘: (‘:C; Y‘ (GNOM W, 4o \A‘b so L= GiP“ (m)

o <; X, X;
RmK This does no¥ look very “symmeteicin H:e_ L. One.Jc.am define om %Pn'n\od\rb. F
L% F(w)= 6‘?,\((1;) + X which is a lire buadle with Hhe same deansihons °("j =(‘%Y“
So F =L above,butr we cannet picK £ = xT' for the Carker divisor sina xM¢ K(P") .
®zl\c‘|~/a”3 Want do idenkfy Carker divisors relakd by R fining e cover | so

i X=UU: = UV amd V; € Wy & omee $2¢ 86 Yo tdanbhdy (U\:)(\:) omd (Vj,ﬂ(j)).
Also idenkfy (W, #2) witlh (Wo,FiB) i€ B:e0™(U) «(i-e. rescaling £: oy invertible faulov £ns)



\/M.bhl\a, K K¥as constamt sheaves, have an exadk sequenmce
00— 6% — K*% K/@- —0

Becanse o?—@ a Caokhe o{rv-sor‘ is JVLS'IT o g,e_o\nal sechon of K¥/0™ 5°éH (X K/@“ﬁ

Take LES:O —H °(%,6") )= He (%, K*) 52 H°(X, K9 — H'(%,8%)=Pic (XY H(XK*)

/~/

\
A CNLQr A\v\sor 0N \ma\a& of ' is (A"Q* principa k(l €. use CO\IU‘XN\A one fek* > \

or (U §)aw\d~F € 0*(u;)- f Ve
Two Corke Aivisors -D'D ore. |\M.o~r|3 QquwonvJ' if DD princpal . Wrike b~b’

Get abelian SrouUp Ca_CQ.(X) of Cake Awvisors hr\oclul.o lineas guivalme . r

ecavse K>
5 conskant
sheaf and

~ . D, D' \Jndo\ is0. line. -~ af and
= C&CQ(X):P\CCx) \"g He LESJ n PW\\CU\\GF ( NMQS -Z(b)'df(b ))@ v} Z:n:[;(:f*ec‘gu;)

dme
CMdpcal RmRs (Nor\—emminab% The is anola,- nokon of divisor: Weil divisor

ok act\enc pom’r e
This means a formal Sum Z'\ 2 rf, m-\-Qa-f‘a& dosed subschemes Z: of ood.\m-l ,\%“"k
'\.n e

v pecrsurfaces

Exdm |Q_ Tat{\a r\m\ ﬁll\d\or\ 'Fé' kCX) =3 an “"orde of \mms\r\ug OFAZ(-F) of f AlO'\a S\ACJ'\ .S'V\Lfckemes Z

=T (X) Y orda (€) i
= Well divisor div(f):= Z or.\%(G) Z called pincpal Weil divisor t(h%jf/a)zluaﬁ\;(&b) ()o:R- Ox 2
EXaﬂ\e_ Corker A\\/.sor (u”-p) ‘O\tw\s Well divisor W= SZOFAZ u(":)% :ﬁi{wquum:ﬂt\)
alon N <
On ®': Carker divisor (U, '|), (U\l :;Cc‘l’\ yields W = + point [0 I]i—( z

since £ =32 has a sismple
Carke divise (U, I) (u, ( ))
x

200 ok'x0=0 Lufuanore. pole =0

fields W=m-p hee meZ p=lo:) ¢ C" oJ¢U,

(ua,‘)/ (u;., . ) ‘3\&\0\3 W = H whece Hz= \P“— is H\Lk\’mﬁ:k‘z\:?
o
Xo =0 «so HAU; is Spec (Z[h - iw\ 1;4-\’ S 'S/(’(°)‘> :é?:(xf:o)
The |lack of ,S\jMM!,NJ mentoned in MK above is Le_cowsn. oF involves o chotce of Well divisorH,
We corld hhave picked om:) hypeelane to get LZOM). More cowplicaled choices are possible
e.9.Carker divisor D on P! with W=2n;-p. any goinds p:, amd ni€Z, :j(ﬂl‘h i(b)"’)& (Zn)
tompore Hwk 4
Weil divisers DN(K) modslo pnMAPnl Wel 0{\"'!0(5 defsne Har class 4 Ce (X) (alydmv\ 3""‘6’)

Weil divisor D defines an v module OX(D) \oj r(u Gx{b» =[o)o {-FGK diviE)+ D20 OARJ
Buwt ex(D) need no+ be o \u\a bundle (\ 2. invt-hble skm#) When tis & line bundle ‘\'\ne_f We:\ divisor
is Cacker since on some Cover X =UU; have tivialisatios O ()= (6, 0),U)| Means Hu “n} above are 30
= Garker dvisor (Us ) and ZUY=BIN)- £ = (U5 Oc(s), 17 Fe€K TS TD B AUE and 20
Weil divisor is Cacker i§ Iocally principal:so LOaJl looks IvKe div(rakonad £) [ Fo'e of ocdar £ n along Zal

<q|s° need M\Qlﬁ Ron: X is “normal’ ) K( 9 D= \V(-F) AvVes Ic n <o ‘u\-l!\ 'Fm\:ri' Vanish

0, (D)= O via 5'_73 § ) [ with ocder 2 —n along Zal
X ron-singulac varieby=p Call(X)ZCUX) = Pic(X) 3.9t Z for P~

~more geneully if local rings are UFD.

On

For X singular ik con €2\ : X= Spec k[xvz]/(,j 2) < A has (el (X)=0 but (LX)= Z/2 Yemermied

by He hwxr,rur(:aUL Z (g-—z _o (_( At 0€ 2 we re,qllj need 2 <1uq+\°f\j Jo et ov\.\'z one is not

enou%\ So not Localb princpal. Rmk n\auFD kc\a‘rﬂ' Lprl.:\e
ideal -Cswl so asKing
Culiucad Remark : Riemann—Roch Theom (non-examinable) |k total Sings (ace UFD easucets
iviSo alt u¥ b
C proJecH\le NnON- S\f\bu\a.r— A\y.‘ormc ClM'\fe/oJZg closed field k Weil divisors are localy cur outr by

one equation, henwr Carher.
F = 8. (D) for divisor D of degree o &— dim (global seckons) oftem writhen £(D).

’X.CC F) = Z@I ™ dim |—-| (C F) — ,RO(}:)' ‘E\(F) _0(23 D + 'X(C,SC) [us.mlaums

Righon o
= od +1-9 Q’\ J.MRHk(C ) Zr\ i D=Jn; p; “

=1 — genus(c)




3.9 éeck ‘J\Dmlﬂn compukatons on P

con work. also overany fin§ R, 50 ﬂ’:)
Reca&ﬂ ‘Hr\e \(6:9 Cxouvf\e, 1o Sec. 8.8 2.9 . R=k feld
n xo < ,

\-Ph = ik___)ou; w\nere MC = Spec_ Z[:\ﬁ"") 1, Xit!

x. ! xXo /7 x?':l’; A”‘
Line bundle [£ = OGon (A)| for deZ has:

Lwiciten: (Z [xp,.__, x"][_"c_c])o
F (UCJ Z) = (Z on) ...IXJ [ 3‘{;])& 5o poly.in :::Nof'degree N+d any N20. sayasklzcc?l:se.
txample : d=0 ges L=Opn amd  (U;,2) :{17(—92  pe ZDe.,---,xJ}é&“I”M e

Fonchions on desree 0 part
v X, Ay p=N, NzO u?fu%n-o\ck-\u when
Use ordeced Cech cohomology wsing obviows ordurt

ny of ie [0,y rescale Womogtneov) cooals.
MU, ., 2) = (20 ) [, ]),

|
Ly Xy, e(“t:o---\ln = Won-allsy \
n
(N

. x:—k

Wacrm-up example 5’ (IF", L)=o0

0€ig< - € {p &
Proot vy xo tx ™ % hore otal e Sm. —2N=d
ro_o C(_j e€C P) Z—'corv\Lo of— -\grmg (‘z—x)'“‘ where A,cbrc :
* v
< Coo;de:) (O\C)on.: O = C

9.6, el(u, I

2 c"07_ +Coy € r(Mo\z J i) <_(93m\A ve "‘k:‘-i'*:’u)mz
\IJA(T\"\'D Sl\O\A‘ Co(,y(,le C \‘s a. boLoUnJ_arD re. 35;6_ \_(U.;J I')_/ (o“o)‘:) = LJ_L". =
Want b; e V(u;li) So 0n|3 X;: oenominadors allowed .

|'J' .
K€7 DLSQ,(VQ»}\‘OV\ :

3
e.%. 111_3 g xl‘x3
‘:c,‘(;_ \ X;_

Ci2 anv\L')- have ot X, Xy an‘s;na oS o A-enomil\ar)-or'(a\ﬂfr:{q\a\:ﬁ)
LCCGM.SC Cor has no x, ‘s ak ou,novv\J Coi has no )Cz'.r oA Janowmn.
Expand derms dependi

g _on denominadors : e.3. Cp o = derms of C,,_W\n\'d\ havt o denomicaters
Ci, = + Pn_/ P;j ol |9.H-0Je( er,s) 50 no denoms
'So polgs of Atzbree d
—Coy = Co2, x = Pox <\'F d Z o, ohewise 2eco
1 %o
Cor = Co\l*o + Pol

musk cancel by K simlarly Yhese pairs Cantl by &
they are vhe oal) krms with o, In Mnominedo -
. _ C = ~b +p
= C“”"‘&' L’Z_ C'Z'X'L b\ ——-_C'?-;xu ‘°o = - Coz, 4, gb\_ i - = _2\;7_+‘L -n_
Z\(a;l-;oum\tl‘g so does not (J\m\&; Coh.clags [c) = b, - b+
— . A \ Il ¢
= rep|aoma C B;j ¢ —db remains o consid e case c: 5

j = F'J (f\o Aer\om'\m*.rs)
Tkl Take b= p,, , bo= Pox , b, =0 then erlqcing < by cz=c+db does not A'F-Ftci-Cc]:L'ZJel'vfl

A [ond - ~ ~ "l
an Ci2=0, €0, =0, Co = Pll_?o‘)_'*'eol:o sine de =0 . So Teldz=o0eH'. D

Lemma  H'(P" L) =0

P &~ TRY ON Youg oWN FMST!

Col —

V h7/2 — (V\:l ‘Fﬂ.\.‘s LCC“M.:Q don'{ L\GVQ “Y.‘PIQ O\IC(‘\%PS
e \We ompuled he n=| case in Sec. 873

70 The firsk part of prool of =2 case is same: replace 0,2 by indices to,by,La.
So reducs do case of cocycle C_eé‘ wir Ci having. no demominedors (:o ‘o:_l-,:(o{l)
Doing Triek 1 now is messy | rhink, so I'll use ancther trick first,

whena & 20
Trick 2 S§ e (20, x3[%,]), = ZL2y,-520) = global seckons on U= AT
Yo' R_for 0l S =t /%



Ci; A V\
TI;\‘\;' 4} |s a |- c,oc’cle_ on A omd we Know H( ’OH“BZO \:’ ;Z;Fogr;:,:u% afﬁme)
<
k)

S 3B, e 202,-2005) with @Rdy= 4 £e 15i< drop dag# 2
Since c; has no AWM\Aq-Iors (3: cannot have any 2 Ao minator. “\Sﬁ*‘?{.&f

Since C\J S homoa of o\o.g A i -\'ke x’s, WLoG (S is homogeneovs of deg=4 in 25
=) Take b= 9C B ——lf\omog dog 4 \oalvaf in 2's Wit (o\b) = CJ for \gi¢),
= RCP'O\(L C l::) C - Ab/ an &Ssume 43/—0 for (Fo.

Final ¥ick (o\c)oc.=0= O—caj+c°;, so all ¢, . are the same say = (5,50 use

Taick 4 wirh b =0 dor ifo b,=-p them (olb);j ={g :’;‘#% se ¢c=db. D

TL\CO"CW\ For £—6(a‘) O(EZ V\7/L2./—- degree d "\ohaa.fola.‘ (S'o {05 l'-FJ<O)
v n e for ¥ =0  <—Huwk Y, glohal seckons of Opn(d)
(9,0 - [ 20 s st o O

0 {0" 0<*¥<n /(X&-_-xr?.
of tolnl deyree

.x:"‘)
(Sow\e foc ‘PR) Z {'xoxr - Xa x— and all m:5 0 d.} for x=n ‘_( &‘eie Z}-:\‘E:(:fo_s

v ceplace Z Witk Haak loasis
by ouring R 0 for ¥50 <o n+2 overlaps or higher sinw ntl sels U; cover

M 0K ¥x=k <N is same as for H' . exercise {or yowu.
(H;n;- +L, : : = s C'c < ¥ A:b. W;H'\ no X'b"‘k&ev\om:m}or

A'b Ak s Aa ee Ap ...
nO'\\UL -W\ose_ mMmust coneel W\-l'L S-M.\ar -hr‘ms in C.o o Ko nns "b.
Pk 3ign it has as a derm in Cd'n) . Ao €SN wm-\- %\'S"‘O ove Coo... m ‘K

Cose *=n : only one possible overlog : UOW_---V\ , any chain ce " is cocycle since
no higher overlaps. Queshon bewmes what are possible (db)g,...n for L-ér(uo__@___,\,i)_

(Ab)m---n = Ll'z...v\ - Loz-.r\ “+ LO|3...n T e So Can ad'o.ﬂ DC— with some m: >0

—— (i-e. some X: not in devnom.
K no %, a}'&hno =, ok Aeaom --. Rwk (non-examma.\o\q )

v
= H" = Z{-x_'ﬂ : Z‘M;=A}/Z[3C'L: I m:=d , some m;?,o} Secre dualiby Yo foc Py
" ! Hi(PD LY=R" () KoL)
= Z{x—: SM\':A, a;“ MC<O~3 wWheee K—O("‘"),LIIA'-UI!

So explains

= I < Z{ _me :rm:=~c\—'\—';ﬂ m;7/0}- O ”"“"“"“"““,;/(Zﬁﬁ"ig)
Ao o+ Aa - n+d
. V. . ; b=°
E xercise deduce Yhe ranks L= m'\k H" are “‘.('P'\z opa(d» ( d-‘) Fe=n
Motivaion for chagler 9 : Now Hhat we know H(P"6(d), ez | o else

one might hope to wmpue H‘(I?" F) for other F e Cohn( P")
by Krst -F\M\ma o resolution L, DL —F—0 with X, =@G(ol:,) and wbikzxg LES.
J

3-\0 ?NMG“‘ on E«A CJ\OMD'D& (No/\ ex aminable S'Q(.‘\\on)
(X Ox) any ringed space

P H1 (X & Wiax!
H{ }(x F) «x g ) — HMB(X' F® aG) ISR

((s2), (#1)) > (5;8tg) o R& R =R
Rlv\k lb\ 3.C \J\\ert we  took constomt Colékuu."'g F=G= Z ('\Ok- 2@ Zﬁz)
We rewver Hw op prodaick ow J\l\avla\/' cok.omkp?b (vespectiely on hﬁe\am col\_gm(oh)

using F=G = R for




9. Sheaf cohomol rs

9.1 Resoluons —(Reference for more details : Lang, Algebra, Chaghr XX §4-6)

Mohvakon: #represent™ an objeck in an abelian Ca\'k;of'} A LD “nicar ob\j‘e " ot Hhe st
of u.ril\g_ o chaincx (Sec.1-8)

right resolvbion of MeA weans om 2xack sequeals 0O-MaaIT’ LI ST 5~ inA
7

abbreviated as M— T°

|‘e'F'E NSO'UI\‘O!\ err — L-—bpl—)‘Po—)M—)OJ or P.—')V\

DQ‘F‘ I i'an(."\'vQ. \‘C HOM( -,I) CXa.(:l' ?(LO‘H« Al\Jq\[S ‘QH: QXGC'I:/ so we're MK;na -H.\e"\ $o presesve Surjed\'vi{p)

P projeckve i¢ Hom (P, -) @xact yror ¢ 1
Exercise T isjeckve is equivalent to: Y in] A<B  an “extend. - A A
Y p: A— T i\AB"'a

I"'—71':+I—51:*z
?no‘,edw'vc resoluhon P, —m M / Pa #  PpProjechve so: —

3 Ll pridl 42
-9’9: AR addibve funclors of abelian cats (seet?) / ‘FI_,\{-;I)'_’FI
so £1°%is complax

Fack lnjechve resolubon M— £° means TV are injeckve

{ left right - ded\lo_cl onctor n o qn e (see 1.8)
exact = N RED = HICE(ID) ] st ingces. _ [Laferll e why
S e
3ot = left-derived funddor [Lag (M) = Hlg(P) 7] |~ PO [dou K
exack Ker (FI°£T")Z Im(F M FT°)

Warning £ lef} 2xadt only implies 0= FME1°— £I' exoct Deduce : Eo’F(M?;‘F
Sm'\\\ﬂ\flv Loagaj So RQ‘; Log_ mMeMW-H\L‘F\H\Cb(T‘F %

rin -MOA
Classical Examples A= S[ Hg&s f= Hom(M l)/‘ N— I* inj.ees.
= Ext? (MN) =(RE)(N) = H'(Homg(™ 15 (ExtS (MN) & Hom (h )
(Similarly : { Hom (-,N) = S-Mods™’ — AL Ext](MN)= (R =H,, (Hom(P )
left exact P. =M P""J rts.

§ = M right exack=p Tor M(M,N) = (Ln3)(NY=H (MO (Tor2 (M N)= M@ N)

(Similovly : 3= -@sN, To (MM =(La2)(M) = Hn (P. B W) for PoaM proj ‘“)

Tor R-mods : T injechve &= i€ T Sanymod M Hew 3mod T: ITOTI=M &(ﬁgﬁllﬁﬁef\a.ag
P eojeckve & P is a dicet Summand of o free R~mod X basis®

E f:)—} I. i/\j. rQS-/TMOrP\r\:) can Q)(I.e,v\a[ II\ ],E%OU\& anv) 2 chotces = 'F(H)—) H (L »3!
- 3. N N — T acre d\ﬂlf\ b\OMO‘Lﬂf\C -F(M)—)H#(‘F(j.»

/' Mmono o
Keyidea T in) = Hom(.)T) right exatk =y i€ A 5B thenany AT can be exiendsd +o B E.9, “‘-’Io —) N\"?
then consides COknf‘ (Neo1) e T amd conBaue moludwe,lj Tey proving Yhe re';l‘k._)j =7
Coker (N0T°) — T
Cor i) R (MY = HY(FI7) indgpemdont of clsict of inj-rts- M— T
2) M— N induces RMF(MY—R"£(N) , indeed R'F: A— A s funchor.

PE£ ) Apely fack +o M=N, gk H(ETI") = H(ET )= HTFT') composthe is id by uatqveness.
2) By Fact, RET(MY= H(ET)— H#T) = REM(N) . Exercise : check functor. O



L2mmm £ lett exact, 09 MM M, o0 SES = 3 canonical & funcivrial LES

O— g° F(M)—) R"{'-(Mq_)—a R® HM;)—» R‘&(M Yo R'YF(M)— R'ac(M;)% R*HM,)> ...

ﬂ,\' {HL whece these hiples
Sketch P+ O _)I — I = I @'_[_ _’Ig —0 «first pick iny.ce5. I} I are just R™M-
them define T; Hhat wmp agplied Jo e SES
oo by M\r M,—o0

So ot O\o\I\O\LS SES.
use obvious moyp M 2— My —71
and r’\lc——)I° exk.nds v.& M, —)M,_ ‘o l"\z—vI,
Execcise M, e Iz = Io@I is m)e(_{we

Then talke colczrneb‘ n’ —(_om(n :—T))  dhack Hak
0> Y\t—) Mi— r'\3—; (o) (Xac-[' omd .-qaeau{— consuthon .

Fact addiive foncrors preserve @)

— 0L TSR, —fT; 0 < £ mayonly be lebh axack, bt hee
’r T T C—lmf‘la -F-Iz Sursz-j ofﬁo 'FI. sinQ
0 _,.F M, ; .f M, . {'MS—30 have Pmoechon onto -F-I sumMaNk

F-'Mx“j Ve Ha LES assoualed o he SES of C_om‘alexes o= -FI:—)LT —»-f—Is—)O 0

Rmk |ndeed R°F saksRes universal propesty Haok R =£ omd Lemma \M\As then it
fsllows Uk R € (M= H*'(F(T")) -Fcr any iny res. M T (see emd of nexh SecHon)

Hwk 4 A\ (X) has enough injeckives i-e.cam build iaj.rtsolokons of any objeck Fé& Ab(X).

F0X): AbGO— A ekt pock =3 can defe sheaf whomology | H" (X, F) = R (X,F)
ec. 1.9

We now ask how Hais relades do HN(X,E) for F &OGWKX) S ALX) amd X scheme.

9.2 AC"clm l'CSoIVIsg& in an abelian cat ) g
Rmk |¢ T inj object =5 resolubon 0— I35 1T 50505~ = R(I)=0 Vs
So for sheaf cohomologey : H™(X, TY=0 Uny| if T iajeckve sheat.
def An acyclic resoluboa of F iS5 am exact sehtnee O F — 7°— 7'— ... wilk
I—I"(X Ih) O WUn=2i e(Sa wWe W&akened He condifien

u\zam (n), resolvhon

Clain Any acyclic resolvion can be used 4o compute sheaf whomobogy , ie.
H(X,F) = chomdogy of chain complex [(x,3°)— I(X,T") > -
PL Teick “break down fade SES ard take LES™

W exacknesy
Lt ¢ = coker (F—T2) = |m (Tpo— T) so 3 nabrall monomerph. €y T,
Cnyy = SoRer (Ca —>_J',\\ Z lm (-Jn n.H) & “ Crer = Tng
O — F — Jo— C, —o
0 > C, N N ract, and O—PF—a_.Yo—-!T‘—wT—\]'
» 3 — G, —0 L2 % 7
°©— C — In— G0 S ey



Technical Lemmoe O—m F — T — G —O SE5 = HY(F) = H™'(6) w22

(oi\\? uses LES in H¥) Wikh HY(I)=0 n31 H' (F) = Gker (H°T - H%)
P£ 0= HOF s H T & Y6 — WY (F) = H'(T)— H'(6)> HXF)» HiD)» -0
T i 1 1
5'05'\”)‘.50 U F =Gker® (o) So = o

Finsh prooC, ablrtviate R"(F) = RY(X,F), C(F)= T(X,F):
H™ (F) = H"'(GQ) = H" Q) -0 = H(Caa) = Gker(Ho(Ta4)- H(CW))

T left exadk ﬁ/r(r,,_.) B T (Tn) 22T (Tad) = ) Kerdln /Im lamy
exachss of- W N L N S =Kecpn /lm iop,
0T (Cn) BT ( :Y.\)E»F(CHD Hn{F)zcoke-Z //P(C") () : ,r;c:)n // \Lm;vfe.\.\
h%:;"e- Kee I’n=\’“ Un Ho(c“) Vi ;.“./; CoKer Pn~ "
= H"(F)- a

Non- examinable :
Rmk  For o Lft —exact fum.-lor f:A-B 4&2.@\‘0\:“ cats , o cestukon 0T is - acgydic
if R"(F(Ik))zo Vn2|. S.‘mClM\,Ccf(\'WCK«d‘ ﬁ'ﬂd‘rjal-for P.an—0 says Ln(g(l’h»:o Vnz.
Fact ln)e.c-h'vﬂ resolubons owe au7rﬂ~'c resolubkions or lef} exact fomclors

Pojeckve  # s ” “  right 4 %

9.3 och aol\ow\oloa_g. vs sheat cohomolosey-

T’lCotCM X sepw‘n\cl,quasi—wmpmi'sckeme.- Sugpose |Hn1 @Cot\(X) — Ab are ‘r:unclors s.t-

9 H°(%,F) = F(xF). L EQGh(X) Ly Sec.?.4 Rmk
&) g:Uh — X = H™(X,gF)=0 T2y, ¥FEQGh(WY.
affine opom holds for Zeck cohonlogry sines,  Wafne
(W) SES jadwaes a LES on H* AN (%@0,F)= "¢, F)=H(W,F)=0, n7l
{uy [‘?"“a} {uaw)

Thew  H*= F*
P_.@ X = U U; Raile aflne oper coves (use X quasi- cowpack)
Ug afbne since X separated  (using ordered T)

NoRce Huat Ha Z?_C-Ir\ c,ow\ole,x where ‘Y1 v.lAI<—-7)( is He inclusion

= MFM) = MM (ur )= MM (x Y =[x F
[El=n [El=n o [Tl=n (X, o l“l) ’l:I:-I-n?I*( I“))
v " ° ' ——

=) (" =T(¥X,T") amd hawe Sequomt O—)FT>3'—<3' — X call fis T"

TN . /’l. e ithon o defoned on
B\a, Sec.9.2 1t s %ov\.af"\ o hak Has” vs ‘::,3?‘ open "&Z;“’t)t(c&dm’
an aojclic\resoluton, sin them F— @ (F|,) aflremkal on V for coverVnUy

H(X,F) "= W (1,370 = HY(Cgy ) = A (X,F)
By () : H (X ¢ Fly ) =0 ¥nr
IIrth % o fRaide fnoo‘uc‘l' So = fnide @D.
So ,H“(X,Tk) =0 ¥n3, 1 follows by induihon I"fj following Trick :



Trik |f G, .6, €QGh X, HY(X,6.Y=0 WYn2 | = G, 06, also, sina

o—» G —G OG, — G, —0 Ses =y take Les gor H'(X,6@6.)=0 , n31 v

(ll.\)

O-‘)F-—a_f exadt @ exact on s-l—n_ck-s g}) O—-—)F(U,F)—)T{U,T) CXG.C{"VA#\'MOFU\M

00— MU F)—=T(U,T)— (U7 )—.

—_—

~—~ v
exadt sine T(U,) left exact (Sec.l.9) exack sinee H (U, F)=0 for ny|

R gor
. Sinte W\ af’&ne_ wus, iw:;u;‘; n
/S*}rm\agr#«a-\ quasi-compact "y

Coc Xﬂ?amkd, Noetherian = skea\d Coksmsfsga H"(X,F) = H"(X,F) VFeQGh(X)

i Non- examinable
149 .S\r\e.q co\nom.opr\a H(XF) Lo’nowwfs” dj (X, T° —\r(X T')> .- For F—T any
Check Hhe condilions oF Theorem :

iy iechve resolvhon.
) (X)) \eft exact = H° (X,F) = [ (X,F) (_‘ general c.omequwu.seeal or expliciHy:

0= T xr:)_,r(x T°)— Mx, )
MJ\) Lemma. in 3.\ proves 3 LES exalt, so im of Ifmopjw»ﬂblﬂls H°
AL) by Hhe Theorem belew. D

SCka/ml Rk
erre’s Theotwm -
Theorem R Noeth. , FEQGK(Spec R)=> H" (Spec R,F)=0 V¥n3|

X Noeth. scheme themn:
X athne n(x F)=0
Non- examinable proof ideas The cleanest proof is 4o buld madiinery: athin & H"(X,F)

' Vn>

) A sheal Fis flasque if all mskikons F(U)—F(V) are swyechve. VFeQGh(X)
)V ‘KKY‘(MQ F on a top. spac X, bhhavk H™(X,F) =0 ¥ nyl (Harishorae IIL.2.5)
3) ¥ injechve R-module T ,amd R Noe =3 T on Spec R is Hasque (Harkhorae T.3.4)
Cor Flasque cesoluhons are acycdic by (2), so can be used +o compuit HYX,F) by 3.2
HEThm F=R for - M=TIXF) L,% Pick injeckve resolbion of Hre -module M :0oM— T

= 05 I"\ — I Lxact, eacdk T Hasqr ,

= WY (XR)=

So Com use Hax o compuie H(X,F) by Cor

HY(COODN) = HY(T") g0 _Sine T edack sequence exugt in degeee 0 11
Vv\/ h| (in deg=0 RF M, amd HOx R)=Rx=M)

RmR lnjeckve 9 -mods are ceﬂﬂiue (HN'\-Shome.Ill_zq)

Cuxh\)ro& Rmk Fo!‘ any St)ne.me X amd sheaf F o@ a\\:dla\v\ vps have H (X F)N (X F) \_(XJF)

v ~ t an %\ ~
but also in Azaree,l'- a HI(X’F)f’ﬁ H (X,F) . $o for (_xa.m‘,k_ \C(.X) H (XO’ ) H (XO )"\ 8 ?
94 Peodnct on sheat cohomologr,

(Non-examinable seckon)

(x,e,‘) any rinao.d space
Fact 3 produt HP(X, F) x HY(X, 6) H™ T (X, F@,a)

X
idea. OO F—TL°

/row.sfuols i
not e

- O0-H-FRG—I'®wIT’ U\n-ﬁ:rku\nkl; not a resolubhon ol
0607

S~ bi-comelex (compare 8.4)will, maps d@id., (4@ d
then talce fotald complex : lotal dgrer i Sum of dejeees

need III L be * (ure aCycI;c_ resolvhons® 4o msuce .|4,“s (e 5);&%2_1 part is

i€ :-esc(m%on Tl\CI\ 3\\/21\ amj M\) res. F@G - K (Iz®]°)0(1 "Djl)dl‘bjz))

e idembihy FRG 4 FeG exitads o IT°'®7° ﬁ\('.

TAKiAJ_ T(Y,') ‘Jids e cesutt. \(Se.e. ké'—’ |dea vader Hre Fack in 9-‘)




0. QGh(P"), GRADED MoDULES, ProJ(R)
lo.] Gended modules and Qlh(1P”)
M @-rauded riz\g means a r.‘Ag R s.k.

R=R,OR, ®R,® . as abelian Geovfs (S‘o o Mo{ aLel{ar\a{a %md.cd bD N)
Re" R S Reyy  {RmR RoC R subring sie Ro- R, € R,
The elemonts df R are called homogeneous glemends o degee n
GF&AQJ MOdMQQ means R"mod M S".'-
= QM ,OM_OMOH, O N, @ as abtliam groups (50 geaded by Z)
RC . MJ < M H‘J' &(O‘F'LCA write M, +eo o..m(ka.site Eaaulifg -)

A morphism 0:\' arm\e.o\ R -mods is R-mod boin Hi)N wit @W(Ms) < Nn
om nov on ¢

(Non-2xam;nable Chagher)

\F
R h[-xp/ ))[“J RM—hOMoaemw folD: 9.)[ de% m (So Ro l()
X = n’h——Ao\JA,u v A, for

- e Fmeans thke O-Ha Fraded pack
A= Spec k x; 1-1:7 > | = Spec ((’Q [‘Jt.o,_-l)cf\‘)xJo)( S0 P(x"lx"'"’x")‘\po\a
) omi’c’;—"‘; leea(?)
A (%o otm e | _ Recald in €3.4 Hlo O-Graded pwt
A\.I\AJ - Sfet R Z:/"");_;I% = Sfec((hEXo, > In)x; 130) ¢

{E°l‘3‘ homoaeneoud n %,.., xn}
Po \9 same degree

%\ 3 €>(ac+ ,U\Il 2 ‘Fﬁl'“f\{/\‘( ﬁw\(}or ':mf”+ whivh ?N.“. W{”—D(C‘AI\J

) fmtRonS (iavatiant Ander k™ cahn
Pgraded R-modsh) —— QGh(P") o ogen e e ?)
N — M demominator 0.
—— O0—th graded p
E Le«'- M"_(Mxi)oz rak prece M\A M‘J (m;x_ -%> U\s:na-
Defne M , A: = /ﬁ: Hese 3’«( sac 1 | = .J x 7 | ‘/‘((M“‘)o);} E(M*"‘x)o
Exactness is o locad tondition, so it holds since .Jl: ol ds ‘n adfine "

Pl dfuthid < Hom (R, Rl ) = Hom (7 NT) = Homp (M), (8),)
Mis weduces Hha  problem Ln am expose in Goadtd £-vmod.s. (oml;l:ea( here) N

liKe case from 7.6:
\/\‘M‘Ml\g Not an Q_CfvwaJ%cQ of ca:l-laoﬂ?-f LQCaM.Se <_unR‘M:ﬁSs N'sz'(pln(SPeC R)
KY if Mpy=Na for noN then = )

Mt+—
F(M) &« F

Fact |1 work wilk ﬁrm\b\ R-mods "modulo idemkfying Hiose whih would give rise o “Same
M, W gtb equivalime o} cakeqories. So work with {R-mods M)/ [R-mods M : ’P\':O}_@

For X=P", M=0 & M s [oally nilpotent, i-e. Ymen, 34 st xt-m=0 v:.
I+ Mis £.3., fhen W =0 & M is Raile dim vs /k)

In reverse direchon : 270\&4 R-mods) «—— &G;L\(IP'\)
it o)D)= @T(R, F) e F whee F)=F& O)< 55




Fact | F = F(F)

Whewm We mod out by the M witk A="0 as in @, Wis funclor Yogethas Wit Hhe
funckor of cloam defne om equivaline of cats.

Colr (P") corcesponds Jo the £.3. graded modnles uady~ the equivalomnca. _
Rk The prelecced representaive of M in H quekent @ ic Hhe satvcabion (M) of M.
Call M a satvcated module i€ M’E(:('ﬁ) «—(Hink of Hus e o .s\\eqkkca.—)im)

© Shoft the mod " m:
Beb  MLAY rew grnded Romod with MLAY, = Mos e e 22208

- o L 2
N\ n — M = e np M| HL PYO TS
Exargle £:=R[A] onP" 50 R{x,%73C4)) MO = | Mo Muf |~ |-
L(A:) = — 4 o %a = 2.
) (R[dlx;)o '\Q:r:"’ek[ x; 7°°7 i?c -_— 'xg (Rx;_)o € so ‘\'l\e bvﬂ'\d‘e, fl‘nCQ. on Qa(l A\‘
r"“M' bdle wiH. “"j':(x:/zﬁ"‘. Henee £=004). have (Rle)oi’ﬂmc),ll—)xf

o~
=

- Nole Opn(A:) =(Ry),
A.‘j—) ﬁIA:J: '{lAJ':;’ BIP"

 F e xt p e A wod Lp; = 25, Opnly, = GoTA:
Aic 4 ’ = Oprla; = Lla: 47 G th)

. P ~ — o~ ~ o~
Execise M4 = M(4) (— M ®ew“6(d)\ \(Q? R[d]=k(d)= 6@800):0(&\\
RmR [xs,..., xn] = d%or(lP", I))  (but Hus does no} gememlise dueto abowe issve about mb)
The constckon of M is so simby o Hae Spec R cooe .:}ﬁ, becavse 3 anologee of SpecR: ProiR
10.2 Poj (R) and QG (P R)

'ij (R) ={ 3—’}&&0\ prime ideals TS R not ontaining Hoo irrelevant (deald }

(or # homogeneous™ )

(65

Va
R any means I=@(Ing,\) R :=@R, X
4caded "0 tonee in IP" we re
. In w YN\ove.
nAg (ﬁf‘?:’:::j\ﬁd ) Hrt mansc Aol (x"r"vx")

(irrelevant tdeal)

because. don'} Wow dhe_
V(I) = {pePo R:p2T Y defne closed seks of 2arisk: +opology dosed, goint. [0 ... :0]
gcaded ided)

t L"“"?”"e‘o“ ‘j degree >0 = D= PNJ' K\V(‘F)=2€€P~jk : 'F¢|>} qu(sajopov\xk
Warning Py R = U De. R.<\Jlall £ example :

arning Proy R £: &S Ricycal £:> IP?‘=D,L°U L Dx,\ and (I‘b-vx’\):kc"%‘v""}+
fact :D_F. = Spec ((R-[-‘)o) 2 J-ﬂps(oa.cd space s

deg ()
f — I)R,F N (R‘F)a (in\IZrSQ Mmag: Po ._)k?o {qke Rk: ah: c Po}
Sheaf O :=8Pnoj(k) d ’ U
— on D, =D D
GlD{ 65{“(('2&)0) Yoom 3&'&— /( 9 f "\ Py g;d" 059«.((248)033
Wasning ﬂ,.o)- is wot Rndoral Like Spec /more amem/{jlsca%ces,’(?(h)-g =3;

1€ ¢: RS graded &;»«4 ringe W(R4) 25, thew get morph ((#.- Proy S P R
bu¥ not afl Moqoh.f oarise in this Way. I‘_“P_'(I)



Exa-!'j[‘U AN 6ing
) S = R%o,. ’JCn} with ujuad yab\ma = PrOJ R = W (of- S"PGCRX
) R(d) -= @ R i ‘H'*Q.mcLJS\Or\ RM)_;R indS Gm 50 PN Rz P R(d)

"0 (—(reca\\ Ro<—m KR Su\\,rmg)

3) S Y aded Cing gzm.ero\rkd o an So-alpbra by n+l elements 50, Sn € S,
= S, 0%,.. %] 29SS = s S"[@ = PoyS=wvir)< R

xX¢ —375

Ker ¢p Losed .S'u\L:cAemgo
— .
Ekaw\fle ke Cx ‘3]( ’_ k [x2 ,%Y,9 ] rocall Hhis T

R[XY 2] = k[xzxy 2] Xoa2 Vioxg, 2 — 92
= “;I_: Pro; k[zl-ﬂe ij k[z,.o](z) & Proy k(X7 2}/()(2 —)/7-) closed subscheme o [PZ
| ' #-descee 4
is Hhe Veonese embedding v, 1 Ple P S{mR\orb Y IP“;,)PN’\"“";:')“:E v

) evary Losed subccheme A Poj R acises as Proj (R/T) Some Anked idead I | 50 N=(01d)

Fact R=@ R, daded ring = gek Ling. bundles O(d)= RA on ProjR = amd

nz2o

T exach, full £ faitefal Funchor  ANRHSHS us REAC) Yor; srich,

/ ~
M built by gluing an in 10.1 namels,
Z?—(aaﬂa R"'MOAS\J — QCOL) (Pr‘Oj R) M(D_ﬂ = l"\ (€) is komoﬁtn&otu lo calian ok f

~ | — Go localize at £ and +ake O-# graded (art)
M M “ stodk MI M( )- komo neous (oc?;hl%a‘)\of\
r (F) . | = oJr-H.\e_ komoa pome idead T

= 9-H\ omded pat of M
where ) (F):= I~ ( PoyR, F(d)) <—(F"(M F®(9(0‘) and Ox =R on X= P“’J R)

agoin ,wot an equivalince a}ca’rs but C(F) =F O\.nok the dwo fackers defne

om qu.valu«u «1, s ¢ we work with Safucated 8(@10012 mods (M. = [7(R))

| Example:

FQC{‘ |F RO NOQM»@(;M) R ZU\UK‘LCA as Ro_ﬁlalkm b‘\) gnikly man (,\{Sé & ka’o, ,Xn]/I

Hhen ® {-(:g R_mols}/frf,ta_’—'{or.ﬁor\: R—rvwo\j} — Co\n(_Pm" R) |is equiv. of (ats.

M— r’\ and. quasi-jnvefse I_(I:) «—F
Here 4orsion” means Vme™ INeN: (R-(-) m=0. For M Fa A-mod. ; Yhis holds & Mp=0 for lacge. k
So @ same as \,Jorkmale\ (:3 R-mods Mmodulo idenkifying Yhose Hat ¥ ageee™ in \orgn. Aegrees.

Exercse M -hrs-m—)l"l;_ =0 Vlnomo“)eneous fFeR+DM(D)=Mypy =0 = Mm=o0.

(ko moseneow |oglisation at {')
Now assvene on|:9 R Noel Wow\ﬂ.o{ d"&_.

Exervise Show R, Meu\l amd R 3}0\0/‘4.\4-& as Ro—da' ba ‘F-'Aikl_) Many -('—U ---,FA.E'R-
L d:= f.cw\(_t)«ﬁa F\.) . Call komoge.v\epu.s meM icrelevant (£ (1_2+' MSN_‘* =0 focall Lorge N.
M called icrelevamt ;¢ o) “are Tctlevamt. Fact P holds i€ fe_f(a_u. “Yocsion by “Irrelevant™




