UGA Qualifying Exam Questions

D. Zack Garza

Monday 18 May, 2020
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1 Spring 2019

111
Let C([0,1]) denote the space of all continuous real-valued functions on [0, 1].
a. Prove that C([0,1]) is complete under the uniform norm || f||, := sup |f(z)|.
z€[0,1

1
b. Prove that C([0, 1]) is not complete under the L'-norm | f||, = / |f(x)| dx.
0

1.2 2

Let B denote the set of all Borel subsets of R and p: B — [0, 00) denote a finite Borel measure on
R.

a. Prove that if {F}} is a sequence of Borel sets for which Fj, O Fj.q for all k, then
o
li ) = F
Jim g1 (Fy) = p (Ql k)

b. Suppose p has the property that pu(E) = 0 for every E € B with Lebesgue measure m(E) = 0.
Prove that for every € > 0 there exists § > 0 so that if F € B with m(E) < ¢, then u(E) < e.

1.3 3
Let {fi} be any sequence of functions in L?([0,1]) satisfying || fx|l, < M for all k € N.
Prove that if fy — f almost everywhere, then f € L*([0,1]) with | f||, < M and

k—o00

lim /01 fr(z)dx = /01 f(x)dx

Hint: Try using Fatou’s Lemma to show that [|f|l, < M and then try applying Egorov’s
Theorem.
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14 4

14 4
Let f be a non-negative function on R" and A = {(z,t) e R" xR :0 <t < f(x)}.
Prove the validity of the following two statements:
a. f is a Lebesgue measurable function on R” <= A is a Lebesgue measurable subset of R"*!

b. If f is a Lebesgue measurable function on R", then

m(A) = [ fla)de = /Ooom({:n ER™: f(z) > 1)) dt

R’Il

155
a. Show that L2([0,1]) € L'([0,1]) and argue that L?([0,1]) in fact forms a dense subset of
LX([0,1)).

b. Let A be a continuous linear functional on L'([0,1]).
Prove the Riesz Representation Theorem for L*([0, 1]) by following the steps below:

i. Establish the existence of a function g € L*([0,1]) which represents A in the sense that
A(f) = f(x)g(z)dx for all f e L*([0,1]).

Hint: You may use, without proof, the Riesz Representation Theorem for Lz([(), 1).

ii. Argue that the g obtained above must in fact belong to L>°(]0,1]) and represent A in
the sense that

1
A(f) = /0 f(@)g(@)dz  for all f € L1([0,1])
with

19l Lo 10,11y = NIl L1 (jo,17)v

2 Fall 2019
2.1 1.

Let {an}o2; be a sequence of real numbers.

a. Prove that if lim a, =0, then lim a;+---+a, =0.
n—-aoo n—-ao0

a+ -+ an

lim ——— =0
n—o0 n

= a

b. Prove that if Z — converges, then
n

n=1
lim ML A
n—o0 n

2 FALL 2019 4



2.2 2.

2.2 2.

Prove that
d" sinzx

1
<
dz™ = |~

for all z # 0 and positive integers n.

1
Hint: Consider / cos(tx)dt
0

2.3 3.

Let (X, B, i) be a measure space with u(X) = 1 and {B), },—; be a sequence of B-measurable subsets
of X, and

B = {x eX ’ x € B, for infinitely many n} .
a. Argue that B is also a B-measurable subset of X.

b. Prove that if Z p(Bp) < oo then p(B) = 0.

n=1

oo
c. Prove that if Z p(Bp) = co and the sequence of set complements {Bj,} | satisfies

n=1

<ﬂ BC) ﬁ — 1¢(B))

n=~k
for all positive integers k and K with k < K, then u(B) = 1.

Hint: Use the fact that 1 — z < e * for all z.

2.4 4,

Let {u,};>, be an orthonormal sequence in a Hilbert space H.

a. Prove that for every x € H one has

o0
Z (@, un)|* < ||

b. Prove that for any sequence {a,}°; € £?(N) there exists an element = € H such that
an = (x, u,) for allm € N

and

lz]* = ZI , up)|

2 FALL 2019 )



25 o.

2.5 5.

a. Show that if f is continuous with compact support on R, then

tiny [ [ (z =) = f(z)lda = 0

y—0

b. Let f € L'(R) and for each h > 0 let

1
Auf@) = gy [ s =y

c. Prove that [|Apf|[; < || f]/1 for all A > 0.
ii. Prove that Anf — fin L'(R) as h — 0.

3 Spring 2018

311
Define
E .= {x eR: |z — p‘ < ¢~ for infinitely many p,q € N}.
q
Prove that m(E) = 0.
3.2 2
Let
x
a. Show that this sequence converges pointwise and find its limit. Is the convergence uniform on
[0,00)?
b. Compute
. o0
Jim ; fn(z)dz

333

Let f be a non-negative measurable function on [0, 1].

Show that

-

Tim ( L f(:r)pdx> = 171l

3 SPRING 2018 6



34 4

34 4
Let f € L*([0,1]) and suppose

(x)x"dx = 0 for all integers n > 0.
[0,1]

Show that f = 0 almost everywhere.

355
Suppose that

o fufeL,
e f, — f almost everywhere, and

o [1tl= [l

Show that / fo o / f
4 Fall 2018
411

1
Let f(x) = —. Show that f is uniformly continuous on (1, 00) but not on (0, c0).
x

4.2 2

Let E C R be a Lebesgue measurable set. Show that there is a Borel set B C F such that
m(E\ B) = 0.

43 3
Suppose f(z) and zf(z) are integrable on R. Define F' by

F(t) = /Oo f(z) cos(zt)dx

Show that
F'(t) = — /OO xf(x)sin(zt)dz.
44 4

Let f € L*([0,1]). Prove that

n—-~o0

lim /01 f(z)|sinnz| de = 721/01 f(x) dzx

Hint: Begin with the case that f is the characteristic function of an interval.

4 FALL 2018 7



45 5

45 5

Let f > 0 be a measurable function on R. Show that

L1= [ mas s > tpar

46 6

Compute the following limit and justify your calculations:

. n dzx
sy ()
5 Spring 2017
511

Let K be the set of numbers in [0, 1] whose decimal expansions do not use the digit 4.

We use the convention that when a decimal number ends with 4 but all other digits are different
from 4, we replace the digit 4 with 399 --. For example, 0.8754 = 0.8753999 - - -.

Show that K is a compact, nowhere dense set without isolated points, and find the Lebesgue measure

52 2

a. Let p be a measure on a measurable space (X, M) and f a positive measurable function.

Define a measure A\ by
AE) ::/ Fdu, EeM
E

Show that for g any positive measurable function,

/ngA=/ngdu

b. Let £ C R be a measurable set such that

/dem:O.
E

Show that m(E) = 0.

533
Let

fu(x) = ae™™® —pe ™ where 0 < a < b.

Show that

5 SPRING 2017 8



54 4

a. i | fa] is not in L'([0, 00), m)

n=1

Hint: f,(z) has a root x,.

ifn is in L'(][0,00),m) and /Ooifn(x) alm:lné
n=1 0 n=1 a

54 4
Let f(z,y) on [—1,1]? be defined by

flz,y) = (xziyyz)z (z,y) # (0,0)

0 (z,y) = (0,0)

Determine if f is integrable.

55 5
Let f,g € L*(R). Prove that the formula

h(z) = /O:o F(D)g(x — t)dt

defines a uniformly continuous function h on R.

56 5
Show that the space C*([a, b]) is a Banach space when equipped with the norm

I£1l:= sup [f(xz)|+ sup |f'(x)].

z€la,b z€la,b]

6 Fall 2017

6.1 1
Let

0 n
fx) :snz%ﬁ.

Describe the intervals on which f does and does not converge uniformly.

6 FALL 2017



6.2 2

6.2 2
Let f(z) =2 and E C [0,00) :== R™.
1. Show that

m*(E) =0 <= m*(f(E)) =0.

2. Deduce that the map

¢ : LIRT) — L(RT)
Ew— f(E)

is a bijection from the class of Lebesgue measurable sets of [0, 00) to itself.

6.3 3
Let
S = spang {X(a,b) ’ a,be R} ,
the complex linear span of characteristic functions of intervals of the form (a,b).

Show that for every f € LI(R), there exists a sequence of functions {f,} C S such that

lim |[fn — fll; =0

n—oo

6.4 4
Let
fu(z) =nz(l—xz)", neN.
1. Show that f,, — 0 pointwise but not uniformly on [0, 1].

Hint: Consider the maximum of f,.

1

lim n(l —z)"sinxdxr =0
n—oo 0

6.5 5

Let ¢ be a compactly supported smooth function that vanishes outside of an interval [— N, N| such
that / o(x)dx = 1.
R
For f € L'(R), define
K@) = joa),  frKy@) = [ f@=)K;() dy

and prove the following:

6 FALL 2017 10



6.6 6

1. Each f * Kj is smooth and compactly supported.

2.
Jim |17+ K; £l =0
Hint:
tim [ 1#(e =) = f@ldy =0
6.6 6

Let X be a complete metric space and define a norm

If[]:= max{[f ()] : € X}.
Show that (C(R), |- ||) (the space of continuous functions f : X — R) is complete.
7 Spring 2016 (Neil-ish)

711
For n € N, define

1\" 1 n+1
en:<1+n> and En:(l—i—n)

Show that e, < E,, and prove Bernoulli’s inequality:

(I4+2z2)">14nzxfor —1<z<oocandneN

Use this to show the following:

1. The sequence e, is increasing.
2. The sequence F,, is decreasing.
3. 2<e, < E, <4.
4. lim e, = lim E,.
n—oo n—oo
7.2 2

Let 0 < A < 1 and construct a Cantor set Cy by successively removing middle intervals of length A.

Prove that m(C)) = 0.

7 SPRING 2016 (NEIL-ISH) 11



73 3

73 3

Let f be Lebesgue measurable on R and £ C R be measurable such that

0<A:/Ef(az)d:c<oo.

Show that for every 0 < t < 1, there exists a measurable set E; C E such that

f(x)dx = tA.
Ey

7.4 4

Let £ C R be measurable with m(E) < co. Define

f(z)=m(EN(E+ x)).

Show that

1. f e L'(R).
2. f is uniformly continuous.
3. lim f(x)=0

|x|—o00

Hint:

XEﬂ(E+w)(y) =xe)xely — )

755
Let (X, M, 1) be a measure space. For f € L'(u) and X > 0, define

o(A) = p({z € X[f(x) > A})  and  ¢(A) = p({z € X[f(z) <-A})

Show that ¢, are Borel measurable and
oo
0

[ 181 du= [le0) + ] ax
X

7.6 6

Without using the Riesz Representation Theorem, compute

sup{’/o1 f(z)e"dx

e rom), Irl <1}

7 SPRING 2016 (NEIL-ISH)
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8 Fall 2016 (Neil-ish)

8.11
Define

=1
n=1 n®
Show that f converges to a differentiable function on (1, 00) and that
oo 1 /
!/
flla) =3 (W) :
n=1

Hint:

8.2 2
Let f, g : [a,b] — R be measurable with

/abf@:) dx:/abg@) da

Show that either

1. f(z) = g(z) almost everywhere, or
2. There exists a measurable set E C [a, b] such that

/f dx>/ g(x) da

8.3 3
Let f € L*(R). Show that

timy [ |y =) = S(w)ldy = 0

8.4 4
Let (X, M, u) be a measure space and suppose {F,} C M satisfies
Tim g1 (X\B,) = 0.

Define

G = {a? eX ‘ x € E, for only finitely many n} .

Show that G € M and u(G) = 0.

8 FALL 2016 (NEIL-ISH)
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85 5

855

Let ¢ € L™ (R). Show that the following limit exists and satisfies the equality

i "W)'"dx)i = 9l

n— 00 R 1—|-x2

8.6 6
Let f,g € L*(R). Show that

Jgngo/f gz +n)dr =0

9 Spring 2015

911
Let (X,d) and (Y, p) be metric spaces, f : X — Y, and xp € X.
Prove that the following statements are equivalent:

1. For every ¢ >0 30 > 0 such that p(f(z), f(z0)) < € whenever d(z,z¢) < .
2. The sequence {f(z,)}rr; — f(xo) for every sequence {z,} — zo in X.

9.2 2

Let f: R — C be continuous with period 1. Prove that

hm—anoz /f t)dt Ya € R\ Q.

Hint: show this first for the functions f(t) = e*™* for k € Z.

9.3 3

Let p be a finite Borel measure on R and E C R Borel. Prove that the following statements are
equivalent:

1. Ve > 0 there exists G open and F' closed such that
FCECG and u(G\F)<e
2. There exists a V € G5 and H € F, such that

HCECV and wpw(V\H)=0

9 SPRING 2015 14



94 4

94 4
Define

L1/3

f@y) =1 (1+ay)3/?
0 otherwise

fo<z<y

Carefully show that f € L*(R?).

95 5
Let H be a Hilbert space.

1. Let z € H and {un}gzl be an orthonormal set. Prove that the best approximation to « in H
by an element in span-C {uy} is given by

N
T = Z (X, Up)up.
n=1

2. Conclude that finite dimensional subspaces of H are always closed.

9.6 6
Let f € L*(R) and g be a bounded measurable function on R.

1. Show that the convolution f * g is well-defined, bounded, and uniformly continuous on R.
2. Prove that one further assumes that g € C'(R) with bounded derivative, then f * g € C*(R)
and

(g =1+ (10)

10 Fall 2015

10.1 1
Define

f(z) =co+ crz! + oz’ + ... + 2™ with n even and ¢, > 0.

Show that there is a number z,, such that f(z,,) < f(x) for all z € R.

10.2 2
Let f : R — R be Lebesgue measurable.

1. Show that there is a sequence of simple functions s, (z) such that s,(z) — f(z) for all x € R.
2. Show that there is a Borel measurable function g such that g = f almost everywhere.

10 FALL 2015 15



10.3 3

10.3 3

Compute the following limit:
lim / " in <x> dx
n—oo J1 14 na? n
104 4
Let f :[1,00) — R such that f(1) =1 and

f(x) !

T2+ f(@)?
Show that the following limit exists and satisfies the equality

_ T
xli)ngof(x) <1+ 1

10.5 5
Let f,g € L'(R) be Borel measurable.
1. Show that

e The function

F(z,y) = f(r —y)g(y)

is Borel measurable on R?, and
e For almost every y € R,

is integrable with respect to y.

2. Show that f % g € L'(R) and

1 glle < 111 llgllx

10.6 6

Let f:]0,1] — R be continuous. Show that

sup {[|fglh | g € L'0,1], llglh <1} = ]l

11 Spring 2014
111 1

1. Give an example of a continuous f € L'(R) such that f(z) £ 0 as|z| — oo.
2. Show that if f is uniformly continuous, then

lim |x| — ocof(z) = 0.

11 SPRING 2014 16



11.2 2

11.2 2

Let {a,} be a sequence of real numbers such that
{bn} € P(N) = > anby < .

Show that Zai < o0.

Note: Assume a,,, b, are all non-negative.

11.3 3
Let f: R — R and suppose

Yz € R, f(x) > limsup f(y)

Yy—x

Prove that f is Borel measurable.

11.4 4

Let (X, M, u) be a measure space and suppose f is a measurable function on X. Show that

lim "du = o0 or
5 I {u(f‘l(l)),

and characterize the collection of functions of each type.

11.5 5
Let f,g € L'([0,1]) and for all 2 € [0,1] define

F@)= [ f)dy and G)i= [ gy
Prove that

1 1
/ F(x)g(x)dz = F(1)G(1) - / ()G (x)dz
0 0

12 Fall 2014
12.1 1

Let {f,} be a sequence of continuous functions such that Z fn converges uniformly.

Prove that Z frn is also continuous.

12 FALL 2014
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12.2 2

12.2 2
Let I be an index set and o : I — (0, 00).
1. Show that
Za(i) ‘= sup Za(i) < oo = [ is countable.
iel JHCl ies

2. Suppose I = Q and Z a(q) < oo. Define
q€Q

Show that f is continuous at ¢ <— z= ¢ Q.
12.3 3
Let f € L'(R). Show that

Ve > 0 39 > 0 such that m(F) < § = / |f(z)|dz < €
E

124 4
Let g € L*°([0,1]) Prove that

/ f(z)g(z)dr =0 for all continuous f : [0,1] — R = ¢g(x) = 0 almost everywhere.
[0,1]

125 5
1. Let f € CO(R"), and show

lim |f(x+1t)— f(z)|de = 0.

t—0 Jrn

2. Extend the above result to f € L'(R™) and show that

feL'R"), ge L®°(R") = f *g is bounded and uniformly continuous.

12.6 6

Let 1 < p,q < oo be conjugate exponents, and show that

feP®RY) = |fll,= sup ’/f(x)g(x)dx
lgllg=1

12 FALL 2014 18
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